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Chapter > Linear Algebra

01.

Sol:

02.

Sol:

Ans: (¢)
2 233
. 2 1 4 2
C0n51der|A| =
3232
31 2 4
R; > Ry —Ry;
2 2 3 3
0 -1 1 -1
= |A|=
3 2 3 2
31 2 4
C, > C+C5;C—> Cy+C5
2 536
0 0 1 0
= |A|=
3535
3326
2 56
= [A=(-1)3 5 5
6
(expanding along 2™ row)
= |A]=(-1)2(30-15)-5(18-5)+6(9-15)]
- JAl=(-1)30-15-36]=21
Ans: (b)
. 6 7
Given A =
o

= |Al=12-14=-2
Consider |[AZ* — 22| = A% (A - 21)|

03.

Sol:

Arthur Cayley
(1821 - 1895)

— |A200 _ 942003 = |A2003 |A _ ]| (" |AB]
= |Al[B])

5 |A20M4 _ 9 A2003) — | 52003 4
2 0

2004 2003) _ 2003
= AT -2AT7| = (2)77 (-14)
=A™ 24 = ) ™ D) @) (1)

Ans: (b)
If A= [all]lxl then

| A= |a”| =dan
a,, a

IfA= [ H 12} then
ay ay

| A |=ai axn—annaxn
IfA=|a, a, a,

| A | = ai ax a3 —ai ax ax + an a1 ax—
a2 a asz + a3 ax as — a3 asy an

. The number of terms in expansion of 1%
order determinant is 1!,

The number of terms in expansion of 2nd
order determinant is 2!,

The number of terms in expansion of 31
order determinant is 3!

and so on the number of terms in expansion

th . .
of n"" order determinant is »!

Arthur Cayley was probably the first mathematician to realize the importance of the notion of a matrix and in
1858 published book, showing the basic operations on matrices. He also discovered a number of important results in
matrix theory.
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04.

Sol:

0s.

Sol:

Ans: (a, b, ¢)
a b
LetA:{ }aa,b,c,dio
c d
Then
A2 = a bijla b _ a’+bc ab+bd
c d|c d ac+cd be+d?
Given that A2 =1
a’+bc ab+bd 1 0
- =
ac+cd be+d? 0 1
:>a2+bc=1,ab+bd=0,ac+cd=0and

be+d* =1
=ca+td)=0,b(a+d)=0

=a+d=0 (b=#0andc#0)
=tr(A)=0
- Lis true

Consider |A| =ad — bc

= |A|=a(-a)—-bc (.a+td=0&d=-a)

= |A| = (-1) (a® + be)
= |A|=(-1) (1) (. a’+bc=1)
- I1 is false

Hence, option (a), (b), (c) are correct.

Ans: 16

The number of multiplication involved in
computing the matrix product (PQ)R is 48
& the matrix product P(QR) is 16.

.. The minimum number of multiplication is

06.

Sol:

07.

Sol:

N | —

Ans: (¢)
Now,B =A" = “U(4)
| 4]
T
1 An A12 A13
=B |A| A21 Azz A23
A31 A32 A33
1 A11 A21 A31
m A12 Azz A32
A A A

where A= |a, a, a,

. The element in the 2" row and 3"
column of B is given by
1 1
_Asz =
| A | A|

(—1)(1—0)=_—1

(_ 1)3+2 M 32

Ans: 0

Given that A and B are symmetric matrices.
= A'=AandB"'=B
Consider (AB — BA)" = (AB)" — (BA)'
(A= B)T —AT_ BT)

= (AB-BA)' =B" A" - A" B (" (AB)"
—gT AT)

= (AB-BA)' =BA - AB

= (AB-BA)' =— (AB-BA)

= (AB — BA) is a skew symmetric matrix
of order (3 x 3)

- |[AB-BA|=
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08. Ans: 46 11. Ans: (a)

Sol: Here, |adj A| = |A* (* |adj(Ana)| = A" 1) Sol: Each element of the matrix in the principal
= 2116 =|A[ diagonal and above the diagonal, we can
= |A| =+46 chosen in q ways.

-. Absolute value of |A| is 46 Number of elements in the principal
diagonal =n

09. Ans: (d) Number of elements above the principal

. -1
Sol: " adj (adj (Anen)) = |AI" 2 Apsn diagonal = n(”z )
= adj (adj (A3.a)) = |A] 7 Asss By product rule, number of ways we can
n-1
= adj (adj (As)) = [1 (0-4) -2 (a-4) + (a - choose these elements = q". ¢ ( : j
0)]A Required number of symmetric matrices
. . ntl
= A=(@-a)A( adj (adj (A) = A) _ )
=4-a=1
a=3 12. Ans: 4
1 -1 0 0 0]
10. Ans:1 0 0 1 -1 0
Sol: Given that B = adj(A) and C = 5A Sol: Given A = 1 -1 0 0
- T -1 0 0 0 1
Consider |ad_](BX _ |adj(ad_](A)] L 0 o0 o |
c 54] -
. (3-1)? R4 —> Ry + Bl _
[adi(B) _ |A] 1 -1 0 0 0
3
c] 5°|A| 00 1 -1 0
ol = A~/0 1 -1 0 0
[+ laci()., ) = A, andiA = KA, SR
ladi(B)  |A[ 00 0 1 -1
| 5°|A R, & Rj
ladj(B)  |Af 1 -1 0 0 0
[€ T 5 0 1 -1 0 0
| ( l = A~10 0 1 -1 0
adj(B 5°
C =5—3:1 C. JAl=9) 0 -1 0 0 1
| | 0 0 0 —1]
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13.

Sol:

Rs > R4+ Ry

1 -1 0 0 0

0 1 -1 0 O
= A~|0 0 1 -1

0 0 -1 0 1

0o 0 0 1 -—1]
Rs—> R4+ R3

1 -1 0 0 O]

0 1 -1 0 0
- A~|0 0O 1 -1 0

0 0 0 -1 1

0 0 0 1 -—1]
R; > Rs;+ Ry

1 =1 0 0 O]

0 1 -1 0 0
= A=/0 0 1 =1 0/, whichis

0 0 0 -11

0 0 0 0 O]

an Echelon form of A

.. Rank of A = number of non-zero rows in

Echelon form of ‘A’ =4
Ans: (a)

5
Given that A.adj(A) =|0
0

S b O
wn O O

= A.adj(A) =51
= |A|=5#0,

(. A.adj(A) = adj(A) A= |A| L)
2o p(Ass) =3

14.

15.

Ans: (a)

Sol: Here, A" is a zero matrix.
- rank of A"=0
Ans: (a)

Sol: S1 is true because, any subset of linearly

16.

Sol:

independent set of vectors is always linearly
independent set.

S2 is not necessarily true,

for example, {X;, X5, X3} can be linearly
independent set and X4 is linear combination

of Xj, X5 and X;.

Ans: (a, b, d)
The augmented matrix of the given system

1S

3 2 01
(A |B)= 4 0 71
1 1 1 3
1 -2 70
R; < R;
1 1 1 3
. (A|B)~ 4 0 7 1
3 0 1
1 -2 70

R, — Ry —-4R;; R3 > R3—-3R;; Ry — Ry
_R,

1 1 1 3
0 -4 3 -—11

AR~ 3 g
0 -3 6 -3
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R, < R;
1 1 1 3
0 -1 -3 -8
= (A|B)~
0 -4 3 -11

0 -3 6 -3

R3 — R3—-4Ry; Ry — R4 —-3R;
1 1 1 3

. (A|B) ~ 0 -1 -3 -8
0 0 15 21
0 0 15 21

Rs— R4 — Ry

1 1 1 3

0 -1 -3 -8

0 0 15 21

0 0 0 O

= p(A)=p(A|B) =3 =no. of variables

= (A|B) ~

The system AX = B has a unique
solution.
Hence, options (a), (b) and (d) are false

statements.

17. Ans: (b)
Sol: The condition for many solutions of AX = B
is

p(A)=p(AB)#n=3

I -1 2|7
Consider(AB)=|1 1 -1]1
-1 k 3]0

R, >R, —Ri; R > R3+ Ry
1 -1 2 7
= (AB)~ |0 2 -3|-6
0 k-1 5 7

18.

Sol:

Ri—> 2 Rs— (k-1) R,

1 -1 2 7
=AB)~|0 2 -3 -6

0 0 3k+7]|6k+8
If 3k + 7 # 0 (or) k # —7/3 then p(A) =3 =
p (A/B) = n = 3 and system will have a
unique solution.
If 3k +7 = 0 (or) k = —7/3 then p(A) =2 #
p(A/B) and the system will not have a
solution.
Here, there is no real value of k such that
p(A)=2#p(A/B)<=n=3.
.. The system will not have many solutions

Hence, option (b) is correct.

Ans: (b)
The condition for unique solution of AX =

Bis p(A)=p(A|B)=n=3(or)|A|#0.

k 1 1

Given, A=|1 k 1

1 1 k
k 1 1
=|Al=]1 k 1
1 1 k

= A=k - 1)—(k—1)+ (1 -k)

= |A|= (k- D[k*+ k—-2]

= |A|= (k- 1)’ (k+2)

Thus, the system has a unique solution when
k-1>k+2)%0

(or) k#landk=#-2
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19.
Sol:

20.
Sol:

21.

Sol:

22,

Sol:

Ans: (a)

Given n — r = 1, where r = p(A) and n =
order of the matrix

=>3-r=1

= 1 = p(A) = 2 = number of non-zero rows
in an echelon form

.. To have rank 2 for matrix A, k must be

either —1 or 0.

Ans: (a)
Here Rank of A = Rank of [A|B] =3

.. The given system has a unique solution.

Ans: (a, b, ¢)

2.0 1
Now, |A|=l4 -3 3
0 2 -1

=|A|=23-6)-0+1(8-0)

= |A|=8-6=2=%0

=>p(Aix3)=3

= The system will have a unique solution.

.. Option (d) is not true and other options

are true
Ans: 2
1 -2 3|-1
Consider (AB)=| 1 -3 4|1
-2 4 -6/k

R, >R, —R;; R3—>R3+2R;

23.

Sol:

24.

Sol:

25.

Sol:

1 -2 3] -1
=(A/B) ~|0 -1 1] 2
0 0 0|k-2

Here, this system is consistent only when
k-2=0

.. For k = 2, the system has infinitely many

solutions.
Ans: (¢)
1 -1 5
Given A=|0 5 6
0 -6 5

The characteristic equationis | A—Al| =0
= (1-2){(5-1)*+36}=0

= (1-2) A =101 +61)=0
SA=1,516j

Ans: 15
fA=2+4/-1=2+iis an eigen value of
matrix A then 2—i is also an eigen value of
matrix A.
.. |P| = product of eigen values of P
=2+i1)(2-1)3
=4+1)3=15

o

= The characteristic equation of a given

Ans: (a)

. 5
Given A = [
6

matrix Ay, is given by [A-Al| = 0.
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26.
Sol:

27.
Sol:

28.
Sol:

=AM-A-2=0

=>A=2,-1

If A; =2 and A, = —1 are the eigen values of
a matrix A,., then the eigen values of A0
are 7\’11000 — 21000 and 7\‘12000 — (_ 1)1000 :1

- tr (AIOOO) — 21000 +1

Ans: —6

If A is an Eigen values of A, then

A’-3)7 is an Eigen value of  A’-3A’
Putting A=1,-1, and 3in (> 37»2,

we get the eigen values of A* — 3A? are -2,
4,0

-, Trace of (A’-3A%) =—6

Ans: (a)

Since, A is singular, A = 0 1s an eigen value.
Also, rank of A = 1.

The root A = 0 is repeated n — 1 times.

trace of A=n=0-+0+....... + An.

= A=n

.. The distinct eigen values are 0 and n.

Ans: 5

The characteristic equation of M is
o4+ art30=0...coinn... (1)
Substituting A =2 in (1), we geta=-11
Now, the characteristic equation is

o411 A+30=0

29.

Sol:

30.

Sol:

= (A-2) (A* 21 —15)=0
=>A=2,-3,5
.. The largest among the absolute values of

the eigen values of M =5

Ans: (¢)

The given matrix is upper triangular. The
eigen values are same as the diagonal
elements 1, 2, —1 and 0.

The smallest eigen value is A = —1. The

eigen vectors for A =—1 is given by

(A-2)X=0

= A+DX=0
2 1 -1 2][x
0 3 1

~ 10 0 1 ZZO
0 0 1| w

=>w=0,y=0,2x-2z=0
L X=Kk[1020]"

Ans: 2
Consider AX = AX

6 -2 2]]1 1
=|-2 3 -1||2]=A|2
2 -1 3][0 0
[2 1
= |4|=Al2
0 0

. A =2 1is an eigen value of a given matrix

A.
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31. Ans:7
8 -6 2
Sol: Given A=| -6 x —4
2 -4 3
2
and eigen vector X = | —2
1

We know that AX = AX

8 -6 2] 2 2
=|-6 x -4||-2|=A]-2
2 -4 3|1 1
30 2
=|-16-2x | =| -2\
15 A

= A=15and-16 —2x=-30

= -2x=-14
x=7
32. Ans: (2)

21 0
Sol: A={0 2 0
0 0 3

=>A=223

For the repeated eigen value A =2,

2-M\ 1 0
A-Al =] 0 2-A O }
0 0 3-A
0
1
0

S O =
- o O
l
oS O O
S O =

33.

Sol:

Rank of (A — AI) = r = 2, number of
variables =n =13
Number of linearly independent eigen
vectors=n—-r=3-2=1
The number of linearly independent
eigenvectors corresponding to the eigen
value A = 2 is one. The number of linearly
independent eigen vectors corresponding to
an eigen value A = 3 is one

(*~ A =3 1isadistinct eigen value)
.. The number of linearly independent eigen

vectors of A is 2.

Ans: (b)
1 0 O
Given A=|1 0 1
01 0

= The characteristic equation of a given
matrix As.z is givenby [A—-A I =0
I-A 0 0
=|1 0-2 1 |=0
0 1 0-A
S - -A+1=0
S = +Fr-1
SA=AT+HA-T—1)
(by Cayley-Hamilton’s theory)
Here, for n = 3 only the option (b) gives
equation (1)

LAT=A? AT
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34.

Sol:

3S.

Sol:

Ans: 1
1 0 -1
Given A=|-1 2 0
0O 0 -2

= Characteristic equation of A is |A-AI| =0
I-» 0 -1
=|-1 2-A 0
0 0 -2-A

=0

SN - —4r+4=0

By Calay-Hamilton's theorem,
AP~ A —4A+41=0

Given that A*— A*—4A +51=B ....... )

From (1) and (2), we get B=1

o Bl=1
Basis(Only for ECE)
Ans: (a)
1 2 2
Given A=|2 1 2
2 21
1 2 2
=A~|0 -3 -2
0 -2 -3

Rz —)R2—2R1, R3 —)R3—2R1

1 2 2
=2>A~|0 -3 -2

0O 0 -5
R3—)3R3—2R2
=p(A)=3

36.

Sol:

= number of linearly independent rows
. The set of vectors is linear set and it

forms a basis of R

k=0
If the given vectors form a basis, then they

are linearly independent

kK 1 1
=10 1 1|0
k 0 k
—=kK+k-k#0

k=0
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Calculus

(With Vector Calculus & Fourier Series)

01. Ans: (a)
Sol: I:Lrgl(x - [x]) = I;irglx - Iigl[x]
4 4 4
_5 .1
4 4
02. Ans: (d)
-2
Sol: Lim——
x>2 x -2

Left Limit = Limﬂ =-1

x—=27 X — 2

Right Limit = Lim>—2 =1
x=2tx =2

.. Left Limit # Right Limit

= Limit does not exist

03. Ans: (d)

Sol: lim X" +x-6 =1lim (X+3)(X_2) =
x—2 |X — 2| x—2 |X — 2|
i (x+3)(x 2)_1 (x+3)(x—2):_5
x—2" |X — | x—2 — (X — 2)

lim w = lim w

x—2" |X — 2| x—2"

(x-2)

. X +x-6
# llm ———

2
) . X"+x-6
Since lim
x—2*" |X — 2|

x—2" |X — 2|

x> +x—-6
lim ——————— = does not exist
x—2 |X — 2|

04.

Sol:

0s.

Sol:

06.

Sol:

Sir Isaac Newton G. W. Von Leibniz
(1643 — 1727) (1646 — 1716)

Ans: 2

(sinxj

Lim—X S X :Lim—x :l=2
x50 ] —cosX X0 [l—cosx] 1
2

2
X

Ans: (3)
lim tan(x —2) (x2 +(k—2)x—2k):
x—2 (X—Z) (X—Z)
2
lim tan(x—2)_ lim = +(k—2)x -2k _s
x>2 X —2 x>2 x—-2
2
1 e +(k —2)x —2k _s
x—2 X -2

In the above equation LHS is of the form
0/0, so applying L' Hospital rule, we get

i 2%+ (k—2)

Xx—2

4+k2=5

=5

. (1 1 11
lim| —— =———=w-0
—H/fn x-1) 0 0

(Indeterminate form)

. 1 1 . x—-1-/nx O
lim| —— =lim—=—
ol m x-1) =i (mx)(x-1) 0
(Indeterminate form)

Using L' Hospital rule, we get

ol
Tmx+ 0
X

Issac Newton(most influential scientist) and Leibniz (universal genius) independently developed calculus which leads to
the development of differential and integral equations of mathematical physics
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Applying L' Hospital rule again, we get 09. Ans: (0.25)
. 1/x* 1 1 N —
lim z = =— Sol: lim vix+22-4_0 (Indeterminate form)
Hl+x(1)—(x—1) 14102 >3 X+3 0
X x’ 1
L (Waxr22-4)(Vax 422 +4)

Correct answer 0.5 X3 (x N 3)(\/2)( 00+ 4)

07. Ans: (c) - lim 2x+22-16
x—-3(x+3)V2x+22 +4)
) xfn(x) 0 .

Sol: lim = — — Indeterminate form

x>0 [+x%  © lim—— 2 —025

X3 42x +22 +4

using L' Hospital rule. We get

1
- (x); + /n(x) o Lefnx e 10. Ans: (a)
x>0 2x o= 20X oo Sol: If Lt f(x)= Lt f(x)=f(a)then
Apply L' Hospital rule again, we get f(x) is continuous at x = a
. 1/x
him ~>-=0 Here Lt f(x):Lt3X;r3:2
x—3" X—>
Alim XX g Lt f(x)= Lt x—1=2 and f(3)=2
x>0 | 4+ X2 x—3" x—3

.. Option (a) is correct
08. Ans: (¢)

1 .
Sol: Lety= limx* i
Sol: lim f(x)= lim f(x)

X—0
x—1" x—1*

Taking logarithm on both sides, we get
} a+b=1"+3(1)+3

log y = }(igg{log{xx =a+b=7 .(1)

. £(x)-£(1) _ i f(x)-f(1)

. 1 o0 li
= logy =lim{—logx — form -l x—1 ol x—1
X—>00 X o0
2
. : . ax+b—-a-b . x"+3x+3-a-b
Applying L 'Hospital rule, we get lim——— = — = lim
x—-1" x—1 x—-1* X —1
. 1
logy =lim| — _a(x-1) . x*+3x+3-7
EAAND: ¢ Iim—-——Z=lim——— =
x—1~ (X — 1) x—l* x—1
=logy=0 )
. X" +4x—-x-4
L, a=lim
y= Limx*=e¢" = xol x—1
X —00
Y Regular Doubt clearing Sessions | Free Online Test Series Programme
& x DEEP
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. lim (x - 1)(x + 4) 45— b=2 Since, fis continuous at x =2
=t (x=1) ., (F)e—s = (mx + b)—»
o f (X) is differentiable for unique values of =4=2m+b
aand b L b=-4
Option (d) is correct. Hence, option (A) is correct.
12. Ans: (b) 14. Ans: (d)
X 1 Sol: Let, f(x) = x*—2x+2 and ab]=1[1,3
Sol: Given f(x)= © , xs (x) (b= 113]
logx+ax” +bx, x2>1 Then, f'(x) =2x -2
e* x<1 By a mean value theorem
= f '(x) =<1 _
;+2ax+b, x>1 Jece(l,3) = f’(c):w
If f(x) is differentiable at x = 1, then =cl=1
f'a’)=f£'(1) sLc=2(or)x=2
=1+2a+b=¥ 15. And: (b)
=2a+b=e—1............ (1) Sol: Let

If f(x) is differentiable at x = 1 then f(x) is
continuous at x = 1.

= Lt f(x)= Lt f(x)
x—1" x—>1"

Solving (1) and (2)
a=-1
b=e+1
.. f(x) is differentiable at x = 1, for unique

values of ‘a’ and ‘b’.

f'(x) = sin (x) +2.sin (2x)+3 sin (3x)—§= 0
T

be the given equation.

Then,

f(x)

—co0s(x) — cos (2x) —cos(3x)—§ x)+k
T

Here, if the function f(x) satisfies the all the
three conditions of the Rolle's theorem in
[a, b], then the equation f '(x) = 0 has at
least one real root in (a, b).

As cos(ax) is continuous & differentiable

13. Ans: (a) function and ag + a;x is continuous &
Sol: Since, f is differentiable at x = 2, differentiable function for all x, the function
f'2)=f"(2" f(x) is continuous and differentiable for all
= (2X)x -2=m X.
" m=4
+ 3 X LDE!AIRR - Deep Learn - In.dia's Bes.t Online (.Zoachi.ng Pl'fltform for GATE, ESE, and PSU.s
ACE joy a smooth online learnlng experience in various languages at your convenience
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. . . T 1 1
Here, (i) f(x) is continuous on | 0, 5 = 3 <f(l)-2< 2
- S 22<1f(1)< 2.25
(i1) f(x) is differentiable on (0, Ej
e 18. Ans: 2.5 range 2.49 to 2.51
(111) f(0)=-3 +k = f| —
2 Sol: By Cauchy's mean value theorem,
.. By a Rolle's theorem, the given equation f '(c) _ f (3)— f (2)
) £(c) eB)-20)
has at least one root in (O, —).
2 » ed _e2
O e
Hence, option (B) is correct. ©a®
c=25€(2,3)
16. Ans: 19
Sol: Applying Lagrange mean value theorem we 19. Ans: (a)
get Sol: f(x) =™ = f(0) =’ = 1
£1(c)= f(i)‘(f(;f) _ f(32 =7 £/(x) = ™. cosx = £'(0) = |
£/(x) = "™, cos’x + "™ (—sinx) = f"(0) =
f(3)-7 _ R
P _0=
f(3)— 7<12 Taylor’s Series for f(x) about x =0 is
2
£(3)<19 f(x)=1£(0)+ xf’(0)+%f"(0)+ ...........
Correct answer 19. )
Xt
2!
17. Ans: (b)
Sol: Let f(x) be defined in [0, 1].
20. Ans: (a)
By Lagrange’s Mean Value Theorem,
v
3 ¢ (0,1)such that Sol: Coefficient of x* = f 4$0)

1-0
! :f(l)—z
5-¢? 1
Min {f'(x) <f'(c)<Max{f'(x)}
0<x<«l 0<x<«l

Given f(x) = log (secx)

= f'(x)z

secxtanx =tanx
secx

= f"(x) = sec’x

= f"(x)=2sec’ x tan x
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{ﬁumﬂgg 14 Engineering Mathematics
= fV(x) = 2[sec’x sec’x + 24. Ans: (a)
tanx. 2secx.secx tanx
: Sol: Given u=x" tan(lj +3y’sin™ [ij
= fYV(0)=2 X y
v =1(x,y) + 3 g(x,
-. Coefficient of x* = f (O) = 2 = L (x.y) gxy)
4 24 12 Where f(x, y) is homogeneous with deg m =
-2
21. Ans: (a) and g(x, y) is homogeneous with deg n =3
SO]: Let f(X) = 3 Sln X+ 2 COS X = Xz. Uxx + 2xy qu + y2 uyy
3 5 2 4 — _1 f 4 _1
zs(x_x_+_ ..... j+2(l_x_+x_ ..... ] mem=]) fx3) + (1) gxy)
*S A = -2(-2-1) f(x,y) + 3[33-Dg(x.y)]
’ =6 [f(x,y) + 3 g(x,y)]
X)) =243x-xP -+
=6u
22. Ans: () 25. Ans: (a)
du Oudx oJudy oudz
2 2 2 Sol: —=——+——F"+——
I: oxex® _ (x+x) (x+x) (x+x
Sol: ™ =1+ T 1 7 dt oxdt oydt oz dt
. =(Bx*+2°+ yz) e' + (3y2 + xz) (Sint) +
. xT X Xx
('.'e —1+x+z+§+z+ ...... ] (2xz + xy)3t?
Att=0,
3x* 71X’
. X+x° 1 + 4+
: T T i—‘s =(3(1)+0+0)1)+[3(1)+0]0)+[0+1]0)
=3
23. Ans: (a)
Sol: Given 26. Ans: (a)
. Sin—l(xz +y’ J  Sinu = X +y’ Sol: y>—x* =¢® (sec’ v—tan® v)=c¢> =f(u)
Xry x+y x e'tanv
_ —=— =sin v=g(v)
= f(u) = sinu is homogeneous with deg, y e’ secv
n=1 f(u) and g(v) are homogenous functions of
By Euler’s theorem degree 2 and 0 respectively
¢ .
XU, +yu, =n '(u) =122 —an u Xﬁ-‘r yﬁ =2f= Zeh‘x@ + 2e2“y@ =2¢e*
f'(u)  cosu ox ox oy
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£ ACE s Calculus|
:x@+y@—l 29. Ans: (¢)
ox % 5 u u, u, 3 2 -1l
Slmllarly Sol: M: v, Vy v, |= -1 1
8(X,y,z)
xa—g+ya—g20g W, y w2 -1
ox afr . =3(1-2)-2(-1-1)-12+1)
cosvx—+cosvy—=0 _
Ox =2
:>x—+y@=0 . 6(X,y,z)= ! _~1
ox oy Au,v,w) o(u,v,w) 2
ox "oy){ ox "0y
30. Ans: (a, b, ¢)
27. Ans: (a) Sol: f(x)=x’—3x*—24x +100
Sol: u = x log(xy) f'(x) —3x? — 6x — 24
du odudx oud
d—u = 8_d_X+gd_y Equating f'(x) to zero for obtaining
x Ox dx X
| | 4 stationary points
= {X-—(Y)Jf log(XY)}(1)+ {X-—-(X)-—y} 3x? —6x—24=0= x>—2x—8=0
Xy Xy dx
x=-2,4
Given 3 s
f(-3)=(3) -3(3)"—24(-3)+100=118
f 2
X +y +3xy=1= dy_ L —{3"2—”3'} f(-2) = (-2)’ —2(=2)* — 24 (-2) +100 = 132
o) dx iy 3y" +3x 4 )
. ; f3)=(3)" -3(3) —24 (3) +100 =28
+
d—u:[1+10gxy]—§[xz+y} minimum at x = 3
X yly +x
maximum at x = —2
28.  Ans: (b) Let us check for point of inflection
o al | v F(x)=6x-6 ()
Moy 2y
Sol: a(u,v) B ox 0Oy B X X 6x—-6=0
olxy) |ov ov| |-y* 2y —x=1
ox oyl | x> X x=1
2y {l_y_z_[_y_zﬂ Clearly f"(x)is changing it's sign about x =
2 2
x x x 1 = x =1 is point of inflection
_ ﬂ a, b, ¢, are correct
X
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{ﬁu écp..% 16 Engineering Mathematics
31. Ans: (a,d) 33. Ans: (¢)
Sol: f’(x) _ 6(ijx; ~ 3( IJ s Sol: Given f(x) = (k> — 4)x*+ 6x° + 8x*
3 3 = f'(x)=32x+18x*+2(k4)x
8x-1 and f”(x) =96 x>+ 36x + 2 (k’—4)
-2/3
X f(x) has local maxima at x =0
Critical points are x = 0, é =£"(0)<0
=2(k* 4)<0
£(- 1) 6(-1)"" =3 (-1)" =9 )
=k —4<0 (or) (k—2)(k+2)<0
f(O So=2<k<2
/3
f(lj _ 1) _ {lj | -9
8 8 8 8 34. Ans:1
) =3 Sol: Let 2x & 2y be the length & breadth of the

32.

Sol:

Clearly from the above values absolute

minimum is — 9/8, absolute maximum is 9

Ans: (¢)
Given f(x)=x-9x*+24x+5 in[l, 6]
= f'(x)=3x"—18x+24, f"(x)=6x-18
Consider f'(x) =0
= 3x* -~ 18x+24=0

= x = 2, 4 are the stationary points
Atx=2,f"(2)=-6<0and
atx=4, f'(4)=6>0
= f(x) has a maximum at x = 2 and a
minimum at X = 4.

. The maximum value of f(x) in [1, 6] =

max {f(1), f(6), f(2)} = max {21, 41, 25}=41

rectangle.
r Y
\ » X
Let A = 2xx2y = 4xy be the area of the
rectangle.
Then A” =4x’y* = XZ(I—X2>= x> —x*

Let f(x) = x> —x"
Then f'(x)=2x —4x’ and f"(x)=2-12x>
For maximum, we have
f'(x)=0
= 2x(1-2x%)=0
1

W

=x=0

1
b \/E)

Here f "(0) >0, f ”(

)

Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs

Enjoy a smooth online learning experience in various languages at your convenience




A
PN
vy 17
VN .Y Engineering Publications

2 37. Ans: (b and ¢)

1-x

o Area A =4xy =4x x

2
=2x+/1-x?2

Sol: f(x,y)=x*-y’

2
1 1 g=2x, §=—2y, a—£=2
=2x—x,[1-==1 )4 oy o0x
V2 2
o’f ) o’f _0
35. Ans: 49 oy> O oxdy
X y
Sol: Let A = .. of
y 14-x Con51der&=0, 2x=0=>x=0

|A|= x(14 —x)—y*

Formaximumvalueof|A,y=O §=0, 2y=0=>y=0
y
Now, A = [X ’ j .. The stationary point is (0, 0)
0 14-x ’
= JA|=x(14—x) = l4x —X° At (0,0)
Let f(x) = 14x — x° o % %z
= f'(x) = 14 — 2x and f"(x) = 2 x>
Consider, f'(x)=0 =>x=7 S_a_Zf_O
Atx=7,1f"(x)=-2<0 O0xX0y
At x = 7, the function f(x) has a 5%f
maximum and is equal to 49. = y 4

2
—s"=2(2)-0=4<
36. Ans: (a) rt—s"=2(-2)-0=-4<0

Sol: Given f(x,y) = 2(x* - y2) —xt+ y4
Consider f, = 4x — 4x> =0

f (x,y) has neither maximum nor
minimum at (0,0)

Both 'b' and 'c¢' are correct.
=x=0,1,-1

Consider f, = 4y + 4y’ =0
38. Ans: (aandc¢)

=y=0,1,-1
5 Sol:
Now,r=1f,=4-12x",s=1£,=0 YA
_r _ 2
and t=f,=—4+12y 9\ xty =9
At (0,1), we haver>0 and (1t —s*) > 0 \
.. f(x, y) has minimum at (0,1) AN >
X
At (-1, 0), we have r < 0 and (rt — s%) >0 9

.. f(x, y) has a maximum at (-1, 0)

B oo
— LEARN
ACE
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Zﬁu é(} > 18 Engineering Mathematics
The given function can have extreme values 39. Ans: (¢)
either at critical points or at boundary points
I|X|dX+I X dx+jx dx
of
a— =2-2x -4
a); - X2 0 N X2 7
g =2-2y 20, L2,
1 49
Equating S—f and o to zero for obtaining =0- _?} * {7 B 0}
X
o . =8+24.5=325
critical point.
2-2x=0=>x=1
(i
2 2y=0=y=1 40. Ans: (d)
1.5
Critical point (1, 1) x[x?] dx
f(,D)=2+2()+2(1)-1-1=4 0
Let us check along the boundaries j~ [ ]dx +fx[x2 ]dx N lj-sx[ ) ]dx
Along x =0, f(0,y) =2+2y —y*, 0< y <9 0 ! V2
f,(), :2—2 :>2—2 :0:} :1 V2 1.5
( y) X < & —0+J‘xdx+J‘2xdx=§
£0,0) =2 4
£(0,1)=2
£(0,9)=2+2(9)-9*=-61 41. Ans: (d)
Al =0, f(x,0) =242xx>,0<x <9 i
oney (x9) Sy * Sol: Ix sin® x cos® x dx
£(0,0) =2, £(0,1) =2, £(0,9) =— 61 T AR
Along y =9 —x, f(x,9—x) . Q0
— 61+ 18x-2x50<x<9 { le(X)dX =5£f(X)dX if fla—x)="f(x)
f'(x,9x)=18-4x=0 X=2 nh
2 = —J‘sin8 x cos’® x dx
9 9 9y (9} (9) (9Y ’
a2 GBI G| oy
2’2 2 2 2 2 =5x2x J-singxcoséxdx
-20.5 0
Absolute maximum = 4 { (7.5.3.1)5.3.1) } n 5n?
=T p——
Correct answer a and c.
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#%ACE ” [Calcuns”
42. Ans: (a) 45. Ans: (a)
X Sol: Required area
Sol: Given that, x sin(nx) = J‘f (t)dt 1 1
0 = jldx —J.xzdx
Differentiating both sides, we get % X %
X cos(mx).7 + sin(nx) = f(x).2x L
Putting x =4 = /nx T
30
47 cos(4n) = 1(4).8 2
1 11
T
. == =/m2—|———.—
- f(4) 5 [3 3 8)
7
43. Ans: (b) el 4
J‘sin\/? dt 0 6. A
Sol:  Lim| *———— (—formj - Ans:(d)
x—0 X 0 0 0
Sol: Ie"*exdx = Ie" e dx Pute*=t
Using L' Hospital Rule, —efdx=0
_ . (sinx)2x—(sin0)0)( 0 1 1
= Lim 352 aform :J.e‘dt:[e‘]o =e-1
0
_ 2cosx 2
x—0 3 3
47. Ans: (a)
. : 0. . . T 1
44. Ans: 0.785 range 0.78 to 0.79 Sol: J- 2 : dx = kit
n 7 (x +4XX +9)
t sin2x
Sol: I ﬁdx <1 1 1
o COos” X +sin” x :>J-— — dx =kn
v dLx +4 x7+9
4 tan x *
=2 J. 5 dx 11 1( j 14X
cos’ x(l+tan* x = -t —|-—tan"| = || =kn
0 ( ) 512 3 3/,
1
- J' 2t4 dt  (by putting tan x = t) :l lﬂ_l.E — kn
o 1+t 5122 32
=L =0.785 1
4 60
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ﬁ éﬂ.m — 20 Engineering Mathematics
48. Ans: (¢) Ifx=0thent=0 andif x = thent=o0
1 2 © 00
Sol: leogx dx—logx——j— “—dx .[ :j 1
0 d \/_
1 1 0 1
x’ x’ 1 = —I 2 e7'dt
e R 24
’ 1 (1
=TI —
»1(3)
49. Ans: (a) [using gamma function]
Jn
Sol: f(a)= J' —x Sinax axX 4 =Ty (2)
. o Using (2), (1) can be expressed as
Differentiation on both w.r.t ‘a’
. S SRR
f'(a)= J.e"" M(x)dx ( .fe dyJ[ I dxj "2 4
0 X y=0 x=0
51. Ans: (¢)

f’(a) =

o0
.[e”‘ cosax dx
0

ax

Ieax cosbx dx = —
a” +

—X

f'(a)= m(— cosax +asinax) |

- (O - 1+1a2 - 1)]

Integrate on both sides

fla)=tan ' (a) + C

option (c) is a correct.

50. Ans: (d)
Sol: Letl= j jefxze*yzdx dy
y=0 x=0
Put x> =t

=x= At

7 (a cos bx + b sin bx)

Sol: I, = j Txyzdy dx

x=0y=2

0 y=0

Changing the order of integration

We get
1 1

I jxyzdydx

y=0 x:\/y

=1 =1
1 3|x? L7 g

- [ [Xax=X _1

2o 3 3 24 24

Only option c is correct
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#ACE 2 Calculus |
52. Ans: (b) 54. Ans: (2n)
m/2  cos@ Sol:
Sol: Ir sin O dr dO
0=0 r=0
/2 2
= Ir— % sin 0 d0
0 210 1 (&
"?cos’ 0
= I sin 0 dO
2
/2 2
=—J.COS e(—sine)de
0 2
3
= C()E_)e“/z Letx=rcos 6, y=rsin6
2(3) 'o
2 2 2n e 2
1o ) ”dedyzj jﬂf—)rdrde
__g B R Xty 0=0 r=1 1
2t e
_1 = [ 200 46
6 =0 =1 L
Let En(r) =t
53. Ans: (6) 1
Sol: ;dr =dt
A
Limits of t are from 0 to 1
(L) (10, 1) imits of t are from 0 to
2t 1 2t 2
t
. 2 [ [wddo=2 E\Ode
(0’ 0) 0=0t=0 0=0
=0 =2n
0
1 10y
2
.[ '[ny—y dx dy 55. Ans:2
y=0  x=y
© | ¢r o osinx
10y Sol: 1= J‘f [J‘ ) dx }dy
1 2 /2 27 3 y=0| Jx=y x
[ (—t"y Y dy= [ —dy=182 =6 . : . .
0 3 y 0 3 y Changing the order of integration, y varies
y= : _
2 x=y 2 from 0 to x and x varies from 0 to 7, then
© | py=x sinXx
I=] Dy_o " dy }dx
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{ﬁumﬂgg 22 Engineering Mathematics
© sin X X 3
:J:o -(Y)odX ='[ 4X—EX2—£X2 dx
=X 0 3 9
:rOSlnX.x dx =—cosx|; Lo2xd 2x° 3
X=| X = 2 — —
9 27
=—(-1-1) 0
- =[18—6-2]
=10
56. Ans: (1)
1y l+x+y 1 y
58. Ans: (d
Sol: J. J. dzdxdy = J. J.(l + X+ y) dx dy () .
yOX=0 220 o Sol: y=logsecx, = =tanx
1 2
= J [X+X—+xyj‘3dy "
y=0 2 Length of curve = I V1+tan®x dx
= |
2
=|ly+—+y ]dy /4
0 2 = J.sec x dx = log (sec x + tan XX;[M
y2 3 y3 . 0
:_+_?‘0:1 zlog(ﬁ+1)
57 Ans: 10 59. Ans: 25.12
Sol: 4
Sol: Volume = .[0 ny” dx
¥(3,2) - J‘o xax
= 87 cubic units
(0,0) (3.0) 60. Ans: 1.88
. B
Volume = _[ J‘Z dxdy Sol: Volume = Ln x° dy
2 . 2
3 3% =7tLy3 dy ~ 1.88
= j J(6—x—y)dxdy
x=0y=0
2x
sy
= ||6y—xy——| dx
0 2 0
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61. Ans: (a) 63. Ans: (¢)
Sol: The unit normal vector to the sphere | Sol: ¢(xy)=¢e" sin(x +y)
2 2 ) : .
X +y +z =r" at a point (xl, Vs zl)ls ve=il® od J6(|)+k od
. . ox "oy dz
. X, 1+y,j+zk
givenby —————— —TaXY . Xy
Vo = i[e” (y) sin (Ity) + e(b) (x +y) +
_4i+4j+4k  i+j+k j[e™¥(x) sin (x +y) + e”(x) (x+y)]+k[0]]
«/E \/g (ve)[o, Ej
2
62. Ans: (1) —il e Tsin T+ e%s ~ + j e°0sin = +e° cos
2 2 2 2
Sol: Vf = ii+ji xe’ =e’1+xe’]
ASEY Vo=i 2|+ o)+ (]
Vi, =i+2i n
: Required direction = V¢ = 51
Vector along the direction of the straight
. 1 g
line segment from (2,0) to (E,ZJ 1S given 64. Ans: (0)
1 Sol: Given VxF =0
by a:(——zjn(z—o)j
2 i ] k
o3 vxF=| 2 2 2
a=-i +2j ox oy 0z
4y—ciz 4x+2z 2y+z
230 =i(2-2)—j(~c; +0)+k(4—4)=0i+0j+0k
Unit vector along a is 5 — ¢ =0
—+4
4
The value of the directional derivative is gil él%sz(;))( $2y+22%0
(42 j).(— 3.9 jj Not divergence free
Viel = 2
al 52 ! ] 15
Vxf=| — — —
-3 4 0x oy 0z
2 52 xX’+yz y' +xz 7' +Xy
5/2 5/2 =i(x—x)-j(y-y)+k(z-2z)
Correct answer = 1 =0i+ 0j + 0k
V xf =0 = Curl free
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66. Ans: (a) Xx=cos0,y=rsin 0
Sol: V[f(r)] —f (r)£ dx =—sin 6 dy = cos 0
' ~ jF(r).dr :J (— X1+ yi).(dx 1+dy J)
V(sinr)=(cos r)£ ¢ ¢
r n/4
= Icos 0sin 6dO + sin O cos 6dO
67. Ans: (¢)
m/
Sol: div [er.f] _ J.4sin 20d0 = 508 26 3/4 :%
V.(0A)=(Vo)A+¢(V.A)  (Identity) ’
V.(e r):(Ve ).r+e (V. r) 70, Ans: 139
= ef i+e'(3) Sol: [ (grad ). dr= [ df = (F)757)
C C
2
= er(3)+errT [2X +3y’ +4z ]236 312
Ve’ F)=e'(3+r) ']
68. Ans: (d) 71. Ans: 202
Sol: curl(r“f) =9 Sol: Given F = (2xy +7’ )i +x7j+3x2°k
curl [(1)?] H ik
— _ = 0 0 0
= ¢ curl F +(grad ¢)x F (Identity) Curl F = % 5 e
= curl (r4F) 2xy+z° x° 3xz°
=r (curlf)—i- grad(r4)>< T 2 1[0 0] [32 322]+ E[2X - ZX] =0
4044 T - — F is irrotational
=r - r’—XxT
f = Work done by F is independent of path
=0+0=0 of curve
=F =V
69. Ans: (1/2)
Sol: Along C where ¢(x, y, z) is scalar potential
X =r1cos0,y=rsin0 =
3V, 23 2700 0p~ O+
Wherer:I,G:OtO% (2xy+z )1+x j+3xz k—axl+ay]+azk
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= dp=(2xy + 2’) dx + x> dy + 3xz°dz 73. Ans: (c)
= [ do ZJ-(ny n 23)dx +x>dy +3xz” dz Sol: By Green's Theorem, we have
ON oM
= §(x, y,2) =X’y +x2° Here, M=2x-y and N=x-+3y
. Workdone = j F.dt = ¢(3,1,4)-(1, -2,1) N oM _
C aX ay
= [9(D+3(64)] - [1(=2) + 1(1)] y
=202
0, 1)
o > X
72. Ans: (d) (2, 0) 2.0)
Sol:
y 0,-1)
(2.4)
y=2x The given integral = I j2 dx dy
R
> =2 (Area of the given ellipse
(0,0) 2,0) X ( s pse)
=2(n.2. 1)=4n
By Green's Theorem,
74. Ans: 0
Ide+Ndy=”F—N—a—M}d dy e
c R 0y Sol: Given A=V¢
where M=x +y, N=x"and —~Curl A=0
N_M_ 2x -1 = A is Irrotational
ox 0y
. ..Line integral of Irrotational vector
The given integral = J.X:O .[y:o (2x —1) dy dx function along a closed curve is zero
2 2x . ~ 1= Xz yz .
:J' [2xy—y]0 dx 1.e. JA.dr:O, where C: —+-=—=11s a
0 % 4 9
242
= J.O [4X —2X]dX closed curve.
= E
3
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75. Ans: (d) 78. Ans: (d)
Sol: The given surface is a closed surface. i j k
0 0 0
== = Sol: Curl f =| — — —
fFNds=[[[VeFav o ur x oy oz
s v 2Xy-y -yz' -yz
VeF=3 = i[-2yz+2yz]-j[0]+ k[0 +1]
III3dV:3IIIdV = Curl f=k
v Using Stokes' theorem,
=3 (Volume of Cylinder) If.df - jcurl fN ds= jEN ds
D) C S N
=3(m(4)(2)) ,
Let R be the protection of s on xy plane
=961
= jkN ds = jj kN dXdy ”m dy
76. Ans: 264
Sol: Using Gauss—Divergence Theorem, = Area of Region
J.J‘xy dy dz + yz dzdx + zx dxdy = J‘J‘J.V div F dv =qr’ = Tc(l)2 =7
S
= J-”(y+z+x) dv
v 79. Ans: (d)
4 3 4 ) ) ]
= L=0 J.y=0 J.=0 (x +y+2) dzdydx Sol: The function f(x) = x° cos(x) is even
= j 4_0 .[3_0 [4x + 4y +8] dy dz T o
47 g . The fourier series of f(x) contain only
= [ [l2x+18+24]dx=264 _
x=0 cosine terms.
77.  Ans: 0 The coefficient of sin 2x =0
Sol: By Stokes' theorem, we have
! fudr = ISI (V) 7 as 80. Ans: —6.58
Here, V x Sol: Letf(x)=x-x*,-n<x<n
i j k 1
B 0 o bl _ a, =— jf (x)dx
= — — —  [=0 Y
1) oy 0z -
(C+y2) (Y +x2) (22 +xy) L x-x?
TE -7
= f is an irrotational vector i i
= :l J.xdx—'[xzdx
~ [f.dE=0 a0
3 DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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i T T o 2
:l 0_2J.X2dxi| Ezz+;(l+—2+—2+ j
TC_ 0
B n 2
:l _2X_3 1+L2+L2+ -
P 3 ), 5 8
- | _on = i n
a3 = (2n-1) )
=--n’=-6.58
84. Ans: (¢)
81. Ans: (a) Sol: f(x) =nx —x’
l
Sol: b, =—If(x)sm—xdx fi(x) = zbn B x
-£ n=|
b zlnf(x)sin—xdx 2 o)
S P bHZ—L(nx—x )smnxdx
b T
b —2]5 in 5x d 2 en
5—n0nsm 2 blz—jo [(nx—xz)sinx]dx
T
o f (x)sin 5x is an even function .
. 3{(71)(—Xz)(—cosx)—(n—2x)(—sinx) _ 8
b, —_TzcosSx == L +(=2)cosx o
0
82. Ans: (b) 85. Ans: (b)
Sol: f(x) = 3° k{Z—z(—l)“}sm(nx) Sol: f(x) = (x — 1)
= LR The half range cosine series is
Atx=Z a .
2 L f(x) = 704- > a, cos(nmx)
k=—|l-—+=——=+...... } "
T 5 2 on )
| N 1+ T a“:;.[o(x_l) cos(nnx)dx
s T 1 |
2 » ( sinnmx COS NTX sin nmx
—(x-1 +2(x—1 -2
83. Ans: (c) n[( ) ( nn j - e e }
Sol: £(0)="+2( 1 Lyl ) (1) _ 4
4 n\1~ 3 5 n’n?
The convergence of f(x) at x = 0 is valid if
f(()):f(o )+f(0") _ =
2 2
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Probability & Statistics|

wi
\3

01. Ans: (10)
Sol: Total cases = 6% = 1296

Favourable cases for sum is 22 = 10

!
1. (6,6,6,4)= % =4 cases

!
ii. (6,6, 5,5)= i: 6 cases
212!

10
Required probability = ——
anreep Y =129

Sox=10

02. Ans: (¢)
Sol: Given : P(j) a j
P(G)=kj,j=1,2,3,4,5,6

X=j |1]2 |3 |4 |5 |6

P(X=j) | k | 2k | 3k | 4k | 5k | 6k

2PX=j)=1
21k =1
_ L
21
.. P(odd number of dots)

=P(X=1)+P(X=3)+P(X=5)
=k+3k+5k =9k

2

1

2
_3

|

C R Rao
03. Ans: (¢)

Sol: Total cases for selection of 3 integers out of
20=20C;=1140
Let A = Product is even
A® = Product is odd
Probability of three integers is odd only
when all are odd integers. Out of first 20

integers, we have 10 odd integers and 10

even integers.

Favourables of A = 10C; =120

p(ac) 120 _ 2
1140 19

P(A)=1-P(A°)

04. Ans: (0.027)

Sol: Let the four digit number be

! ! ! !
Thousand Hundred Tens Units

place place place  place

Total cases =9 x 10 x 10 x 10 =9000

Calyampudi Radhakrishna Rao, FRS known as C R Rao (born 10 September 1920) is an Indian-born, mathematician and statistician.
The American Statistical Association has described him as "a living legend whose work has influenced not just statistics, but has had far
reaching implications for fields as varied as economics, genetics, anthropology, geology, national planning, demography, biometry, and

medicine.




;@u CE 29 Probability & Statistics
Favourable cases = 3C, x 9 x 9 =243 07. Ans: 0.02

05.
Sol:

06.

Sol:

. Required Probability = —+-
9000

=0.027

Ans: (a)

Total cases for arranging six boys and six
girls in a row = 12!

Assume six girls as one unit.

We have a total of six boys + 1 unit =7

They can be arranged among themselves in
7! ways and six girls can be arranged
among themselves in 6! ways.

Favourable cases = 6! x 7!

6!x7!

.. Required probability =

Ans: (¢)
P=P(IB nIIBNIIR)+P (IR N1IB M
IR) + P(IB N IIR N IIIR)

3 2 2 2 3 1 3 2 1
=| =X—X— [+]| =X=X—|+| =x—X—
(543)(543}(543)
12 6 6
=——+—+—
60 60 60
_24
60

Sol: Candidates attend interview with 3 pens

means they attend interview with 3 pens of
same colour (or) 2 pens of same colour and
one different colour (or) 3 pens of different
colours.
Total number of cases

=4C; +2(4C,) +4C5=20
Favourable number of cases for 3 pens

having same colour =4C;, =4

Required Probability = 2;‘;) =0.2

08. Ans: (d)

Sol: Number of ways, we can choose R = C(n, 3)

We have to count number of ways we can
choose R, so that median (R) = median (S).

Each such set R contains median S, one of

the [HTJ elements of S less than median

(S), and one of the (HT_IJ elements of S

greater than median (S).

2
So, there are (HT_IJ choices for R.

@

Required probability = s ( 3)
n)
_ 3(n - 1)
2n(n - 2)
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09. Ans: 0.66 11. Ans: (0.867)
Sol: Let N = the number of families Sol: Let A = Selected number divisible by 12
Total No. of children = [g « 1) N (g y 2) B = Selected number divisible by 15
A mB = Selected number divisible by 60
3N
= P(A UB) =P(A)+ P(B) - P(A N B)
N 83 66 16
N = +
, . ) 1000 1000 1000
.. Required Pr obability = N
By P(AuB)—ﬁ—om
> 1000
2
=§=0-66 P(A UB)“=1-P(A UB)
=1-0.133
10.  Ans: (c) ap-507
. | C c) 1
Sol: Given: P(A)=—P(B), P(A® B )=~
2 3 12. Ans: (0.67)
AUBS=AU(A® ABC) Sol: Given:P(E)=04, P(F)=0.3
_ C
P(AUB)=P(A)+P(AC ABC) Y -8y £
1 P(EmF)=3P(ECerF)
23 P(E) P(E )
5 P(ENF)_,PENF)
"6 0.4 0.6

P(E N F)=2{P(F)— P(E " F)}
["E°NF=F-ENF]
P(E N F) =2P(F) - 2P(E N F)

3P(E N F) = 2P(F)

P(ENF) 2
P(F) 3
P(E | F) = 0.67
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Probability & Statistics

13. Ans: (b)
Sol: Let A = First toss produces head

B = Second toss produces head

14. Ans: (a)
Sol: Let A = Number appearing are different
B = Sumiseven
A N B = Numbers appearing are

different and sum is even
30
P(A) = % [Other than (1, 1), (2, 2),

(3, 3), (4,4), (5, 5), (6, 6) cases]
Sum of two integers is even only when

1. First integer is odd and second integer is

odd.

ii. First integer is even and second integer

is even.

AN B={,3),(1,5),@3,1),(5,1),(@3,5),
(3,3),(2:4),(2,6).(4,2), (6, 2), (4, 6), (6, )}

12

P(ANnB)=—

(xrp)-22
P(AnB
p(s(a)- 00

12

=36

30

36

2

5

15. Ans: (d)
Sol: The required probability

G0

16. Ans: (0.248)
Sol: Total number of games played = 4
P(A gets atleast 6 points)
= P(6 points) + P(7 points) + P(8 points)
=P@3w, 1L) + P(2w, 2D) + P(3w, 1D)
+ P(4w)
=(0.6)* (0.1) + (0.6)* (0.3)* + (0.6)" (0.3)
+(0.6)*
=0.2484
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Engineering Mathematics

17. Ans: (a)

Sol: Given : P(A)=P(B)=P(C)=

1
3
P(AmBmC):i

A, B, C are pair wise independent events
P(AU B U C) = P(A) + P(B) + P(C) - P(A
N B)-P(BNC)-P(ANC)+P(ANB N C)
=P(A) + P(B) + P(C) — P(A)
P(B) - P(B) P(C)-P(A) P(C)+P(An B N C)

=1_l+l
3 4

2 1
=—+4—
3

11
12

18. Ans: (b)
Sol: Exactly two heads out of four tosses.
1. C;=2H, C,=2T
ii. C,=2T, C,=2H
iii. C; =HT, C,=HT
iv. C;=TH, C,=TH
v. C; =TH, C,=HT
vi. C; =HT, C,=TH

I 1 1 (1 1 I 1 I 1 1
4+ ——| — xS AR —
3 3 3 (3 3 3 3 3 3) 4

2 2 1 1 1 1 3 3 2 1 3 1
P=| —x—x—x—|+| =Xx=x=Xx— |+| = X=X —Xx—
3 3 4 4 33 4 4 3 3 4 4

1 2 1 3 1 2 3 1 21 1 3
H| —X—X—X— |+| =X—=X—X— |+| =x—x—%x—
3 3 4 4 3 3 4 4 3 3 4 4

4 9 6 6 6 6
=—t—t—F+—+—+
144 ' 144 144 144 144 144
_37

144

19. Ans: (0.04)

Sol: Let Hr= Transmitted signal is H
Hr = Received signal is H
Lr= Transmitted signal is L
Lr = Received signal is L
P(Hr) = P(Hr) P(Hr [ Hr) +P(L1)
P(Hg | L)
=0.1x0.3+09x0.8
=0.75
Pl 1, )= o)
P(H,)
_ P(H, )P(H, [H,)
P(Hy)
_ 0.1x0.3
0.75
=0.04
20. Ans: (d)
Sol: Let B; = Transferred ball from bag A to bag

Bisred

B, = Transferred ball from bag A to bag B

is white
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R = Selecting a red ball from bag B 21. Ans: (a)
W = Selecting a white ball from bag B Sol: Let B; = selectionofurn I
3 7 B, = selection of urn 1II
P(Bl):Ea P(Bz):E
B; = selection of urn II1
P(R|Bl)=%, P(W|B2)=% A = selection of whit ball
P(B;) = P(2heads)=
P(R) =P(B)) P(R | B)) + P(B,) P(R | By)
:O2><03=i
P(R)=(ix£j+(lxij:£ 100
10 10 10 10/ 100
P(B,) = P(HT)+P(TH)
4 5
P(W|Bl)‘ﬁ’ P(W|B2):E S 02%0.7+08x03=->
100
P(W) =P(B1) P(W | B)) + P(B2) P(W | By) s
P(Bs;) = P(2tails) =0.8x0.7=—
3 4 7 5 100
=—X—F+—X—
10 10 10 10 ) )
P(A|B,)=—, P(A|B,)=—,
w (A[B))=5. P(AIB,)=7
100 3
- p(aB,)-
N
P(B, | W)=—"t——=
P(W) P(A) = P(B/)P(A|B))+P(B) P(A|B)
_P(B,P(W|B,) +P(B3) P(A | By)
P(W)
6 2 38 1 56 3
=——X—4+—X—F+—X—
3 4 100 4 100 4 100 4
10710 _12
_T_E =12+38+168
100 400 400 400
P(B, "R 218
p(o, |r)="E0R) a1
P(R) 400
:P(BZ)P(R|B2) ( ) P(AF\BI)
P(B,|A)=——7-"
P(R) / P(A)
T3
_10 10 :3_5 :P(Bl)P(A|B1)
5353 P(A)
100
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22. Ans: (¢)
Sol: Let x =

tossed until first head appears

number of times a coin is

1 2 3

PX) | P| qP | ¢°P

B(X) =
E(X)

P{1+2q +3q* +
P{l-q}”

o(l=x)?=1+2x+3x*+

= P(P)°
= p!

1
P

23. Ans: (a, b, )
Sol:

P+2qP+3qP+ ..o

P(X =odd) =

I 1T 2 3 1 11
—X—F—X—X—=—
4 2 3 4 2 4
1 3 2 1 1 6
—X—F—X—X—=—
2 4 3 4 2 24

I 1.1 1

3 4 2 24

11 12 '3 26 _13
—t—+—

24 24 24 24 12

11 24 9 44 11
— 4 —t—=—-=
24 24 24 24 6

E(X®) - (E(X))

u_(13y
6 12

11 169

6 144

264169
144

95
144

P(X=1)+P(X=3)

11
_+_
24 24
1
2
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35 Probability & Statistics

24. Ans: (b) ax’  bx !
—+ =0.6
Sol: Let x = Amount (in rupees) to be won by 3 4 )
player
3,5 o6
X |-1]|-4]-9|-16|-25]36 3 4
4a+3b=72 ..cciiiiiin, 2
o | Ll vt @
) 6 6 6 6 6 6 On solving equations (1) and (2), we get
a=36 b=-24
Boo - L4916 25 36
6 6 6 6 !
E(X?) = Ixz(ax+bxz)dx
EX) = 2 °
1
= I(ax3 +bx4)dx
25. Ans: (a,c,d) 0
2 1 4 5\!
Sol: Given : f(x)= Y A 0<X<' _ (& bx
0 otherwise 4 5),
I a b
= = __l__
J;f(x)dx 1 273
1 _ 36 24
I(ax+bx2)dx=1 4 5
0
= 09-048
2 3\!
ax’ bxT) — 042
2 3 ),
var(X) = E(X) - (E(X))
L = 0.42-(0.6)
2 3 - . _( . )
3042626 oo (1) = 042-036
E(x) = 0.6 = 006
| | 3
Ix(ax +bx’ )dx =0.6 P(X < 5] = If(x)dx
0 0
1
J‘(ax2 +bx3)dx =0.6
0
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26. Ans: (10)

X

Sol: f(x)= ' ¥ F
0 otherwise

E(X) = E(e: +6j

37x
= E(e4 J+6

3x
ejf(x)dx +6

S 8

27. Ans: (a)
Sol: n=5, P=—, q=—

P(even number of heads)
= P(0 heads) + P(2 heads) + P(4 heads)

qn + nC2 PZ qn72 + nC4 P4 qn41

= (5] <)) <))

1 40 80
= + +
243 243 243
_ a2l
243
28. Ans: 0.042
Sol: n=10 —l& —l
: , P > q >

Let x = number of heads

Px=4)=nCyp ' q

_10c,5)(3)
- 1(2% - 120% ~0.205

.. Required probability = (0.205)* = 0.042

29. Ans: (d)

5
Sol: P=—, =—
5 q

Let A Total of 7 successful attempts
B

Last attempts
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PB|A) - P(ANB) 32. Ans: (12)
P(A) xxe—l
Sol: P(X) = , x=0,1,2,...........
55 5\ (1Y x!
><><8C5() (j
_ 6 6 6)\6 el
51 P(y) = , y=0,1,2,...........
10C7 — — y'
6)\6
P(X=1) = P(X=2)
(5)
N7 2_ -\
= 8Cs X ’ = l he™ = re
10C, (5 15 2
6" >k = 2
P(Y=3) = P(Y=4)
30. Ans: 0.865 range 0.86 to 0.87 Vet L A
Sol: Let X =number of cashew nuts per biscuit. 31 41
We can use Poisson distribution with mean i N
o 2000 5 6 24
1000
e A Ay = 4
P(X=k)= k=0,1,2...
( ) i ( )

Var2x —Y)= (2)* var(X) + (=1)* var(Y)

Probability that the biscuit contains no

cashew nut =P (X =0)

= 4x2+(1)x4
=e’=¢2=0.135
= 12
Required probability = 1 —0.135 = 0.865
31. Ans: 0.27 33. "Ansi(d)
. . — X —A
Sol: Given that A = 240 veh/h Sol: P(X) = A e'
x!
= E veh / min = 4 veh/min
60 P(X = odd) =P(X = 1) + P(X = 3) + P(X=5)
=2 veh/30 sec I
.. The required probability =P(X =1)
N k3e—7» ;LSe—k N
N P = -
=le*=2¢ re" + 31 + Sy e
=0.27
m DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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= ¢ +ie’1 +Le’1+ .......... 7= w:_z
3! 5! 1
o When x = 441
= e l+—+—+u.....
{ 3151 Z:441—440:1
1
_ -1
= ¢ sinh(D)........... (1) The percentage of rods whose lengths lie
. {e —e! } between 438 mm and 441 mm
= e [—
2 = P(438 <x < 441)
2 = P(-2 <7< 0) + P(0 <Z< 1)
1 1_L £ 0.92545+0.6826 _ 0.81855
20 ¢’
~81.85%
34. Ans: 0.2
Sol: The area under normal curve is 1 and the 36. Ans: (d)
Sol: The parameters of normal distribution are p

curve is symmetric about mean.

{103

80 100 120

-~ P(100 < X < 120) = P(80 < X < 120)

=03
Now, P(X <80)=0.5-P(80 <X <120)
=0.5-03=0.2
35. Ans: (a)
Sol: The standard normal variable Z is given by
z=2"F
o 41
43
When x =438
z=-2 z=0 z=1

=68 ando =3

Let X = weight of student in kgs

X-u
c

(a) When X =72, we have Z = 1.33
Required probability = P(X > 72)

Standard normal variable = Z =

= Area under the normal curve to the right

of Z=1233

= 0.5 — (Area under the normal curve
between Z =0 and Z = 1.33)

=0.5-0.4082

=0.0918

Expected number of students who weigh
greater than 72 kgs =300 x 0.0918
=28
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(b) When X =64, we have Z=-1.33 o” =npq = (3500) (0.04) (0.96)
Required probability = P(X < 64) 6’ =1344,6=11.59
= Area under the normal curve to the Let X = number of people having
leftof Z=-1.33 Alzheimer's disease
= 0.5 — (Area under the normal curve P(X § 156) _ P(X B 150 — “j
between Z =0 and Z = 1.33) o c
(By symmetry of normal curve) _ P(Z y 150 — 140)
=0.5-0.4082 11.59
=0.0918 =P(Z <0.86)
Expected number of students who weigh
less than 68 kgs =300 x 0.0918
=28 Z=0 Z=0386
(¢) When X =65, we have Z =-1
When X = 71, we have Z = +1 =(0.5 + Area betweenz=0 & z=0.86
Required probability = P(65< X <71) -
= Area under the normal curve -
to the leftof Z=—1 and
7N 38. Ans: 0.0228
—0.6826 Sol: Given X, X3, X3 are independent normal
(By Property of normal curve) random variables with means 47, 55, 60 and
Expected number of students who weighs variances 10, 15 and 14 respectively.
between 65 and 71 kgs LetU=x;+X-2x3
=300 x 0.6826 E(U)=uy= E(x)) + E(x2) — 2E(x3)
~ 205 = 47+55-2x%60
= -18
37. Ans: 0.8051
. ' Var(U) = o} = var(x; + xa —2x3)
Sol: The probability of population has
Alzheimer's disease is = 0, +0, +40;
p=0.04,q=0.96,n=3500 — 10+15+4x14
u=np = (3500) (0.04) = 140

& x
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P(x;+x2 22 x3)=P(x; + X2 x3>0)

= P(U20)
_ pl Uk 0-py
Gy Gy

- fzz]
9

Z=0 2

= PZ=2)
= 05-P(0<Z<2)
= 0.5-04772

P(Y>X

_ Area of the shaded portion
Area of the rectangle ABCDEFG

_ Area of ABCG + Area of CDG
Area of ABCDEFG

1><1+l><1x1 E
-2 @ _2
1x3 3
1
=—=0.5
2
Ans: 0.4

: x ~ UNIF (-5, 5)

f(x):%, -5<x<5

=0, elsewhere

P[100t* + 20tx + 2x+3 = 0 has complex

solutions]
= 0.0228 = P{[(20x)> — 4(100)(2x + 3)] < 0}
— P{[400x> — 800x — 1200] < 0}
39. Ans: 0.5
=P{(x*—2x—-3)<0}
Sol: vA
—P{[(x—3) (x+ 1)< 0}
F(2, 4) EG3, 4)
=P(-1<x<3)
D(3, 3)
A 3 1
= j—dx
J10
G(2,2) C@3,2)
13
=—(x
Ly
AR, ) e BG, 1) o
> 10
X
) 3 =04
Hﬁ' X DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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41. Ans: (¢) 43. Ans: 2
Sol: Sol: x ~ UNIF (0, 1)

2L
To get a shorter piece, it can be broken

anywhere between 0 and L.

Let X be a random variable uniformly

distributed in [0, L]

Mean E(X)= 0+L _L
2 2
2 2
Var(X): (L_O) :L—
12 12

42. Ans: 0.393
Sol:
C(, 1) B(l, 1)
(0, 0.707)f:
0(0, 0) A(1, 0)
P(x2 +y < LJz
V2

_ Area of shaded portion

Area of OABC

f(x) = 1,

E(y)

0,

0<x<1
otherwise
E(-2 log x)

1
I— 2logx f(x)dx

0

j—2logx dx

0
- 2{x logx — x};
, 2{10g(l)— 1] - X[_,:EO[X logx — x]}

—2{(0 L 1) XL_)to[x logx — x]}

o)1y logx
x—0 1

X

e
%)

("." By L-Hospital rule)

T th}

x—0
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44. Ans: 0.1 1 _e ™Y
ORI
1 2 A 1
Sol: X—zl:ﬁpl =1
1
1 o -
o))
1 1 2
_— : }\12 =
5 =1- e_)”
L = l =>A;=3
Ay 3 o5 1
c = 5
% = % =i, =4 |
! fme™ = ﬁn(Ej
The distribution y = min(X;, Xz, X3, X4) 1S
also an exponential distribution with mean —A=-n2
A=1In(2
1 ol 2)
A +A, +Ay +4,
46. Ans: 0.0025
45. Ans: (b) Sol: =2
Sol: x ~UNIF(0, 2) o
P(x >3) = [he ™ dx
y ~EXP(}) 3
1 ax \®
f(x)==, 0<x<2 (—e J
2 = N
3
=0, otherwise
) =(e) (=™
flyy=re™, 0<y<2
() =he™, y 0
=0, otherwise .
=e
P(x<1)=P(y<1)
=0.0025
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47. Ans: 0.367

Sol: P(x>E(x) = P(x > %)

= [re™dx
1
P
Ao
A
=(e)-(=)
= e71
=0.367
48. Ans: -1
Sol: 1.1 =>A =2
A 2
L = l =>h,=2
A, 2
var(z) = var(x+vy)
0 = var(x)+ var(y) + 2cov(x, y)

\/ VaI'

Var(x) + Var( + 2r\/ Var

I
|
+
|

Probability & Statistics
0 = l-i-l—i-Zx—x—xr
4 4
2
r=-1

49. Ans: 43.33
Sol:

Mean 5><4+15><5+25><7+35><10+45><12+55><8+65><4=37.2

4+5+7+10+12+8+4

For median

Class f Cf

0-10 | 4 4

10-20 5 )

20-30 7 16

30 -40 10 26 | —Median class

40 - 50 12 38

50-60 8 46

60 — 70 4 50

N+1

Here : N=>f= 50, =255

[ = lower limit of the class internal of the

median class = 30

m = Cumulative frequency preceding the

median class = 16

f = frequency of the median class = 10
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C =size of the class = 10 A
mode =/ + L—|C
N A +A,
—-m
median =/ + {2 C 2
f =40+ —— (10
2+4
=43.33
2—16
=30+ 10 =39

50. Ans: (i) a (ii) ¢ (i) d

Sol: The regression line of x and y is

For Mode :
2x—-y—-20=0
Class | Freq e TR0
0-10 4
X = %y +10
10-20 5
The regression coefficient of x and y is
20-30 7 1
L = —
30-40 | 10 2

The regression line of y on x is

40 - 50 12 | —>Modal class

2y—-x+4=0
50-60 8 2y=x—4
60 —-70 4 y= %x 7
The regression coefficient of y on x is
[ = lower limit of the modal class = 40 by = 1
2
f = frequency of modal class =12 (1) The correlation coefficient is
f _; = frequency preceding the modal class - 1
r= yx Oxy ",
fi = frequency succeeding the modal class | 4
C = size of the class = 10 Y
oy s 1
f1=10,1f, =8 (i1) Given o, =Z
Alzf—f_lz 12-10=2
c
by =r1—
Azzf—f1:12—8:4 (O
H:ﬁ?' X LDEFAERR . Deep Learn - In.dia's Bes.t Online (.Zoachi.ng Pl'fltform for GATE, ESE, and PSU.s
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51.
Sol:

1 52. Ans: 0.33
1 132
e Sol: P(X +Y<1)= if(x,y)dxdy
. B 1 1 I-=x
L Ox= =.[ I(x+y)dxdy
x=0y=0

(ii1) Both regression lines passing through

1 2 1-x
(i,?), we have = _[ xy+y7J dx
2X—y—-20=0 °_ 0
VX l 1 x)2
2y-X+4=0 :I X(l—x)+ dx
oL
i i I (1+x2—2x) 1 ot
By solving these two equations, we get J‘ ~ N dx = — J‘ [1 _ Xz] dx
_ _ 0 2 2 Jdo
Xx=12 andy=4
1 x
= X——
Ans: 0.18 2| 3,
Given: byx = 1.6 and b, = 0.4 T2
r=/b, by, ZE_E}
- =0.33
r=4,/1.6x0.4
r=0.8

GY
Now, byx = r—=
c

X

c
1.6=0.8—

cTX
oy_l6_2 R
o, 18 1 X

X

= ox=1 and 6,=2

The angle between two regression lines is

—1r? C. C
tan O = I-r 5
r o, o,
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53. Ans: (c

(© =l{(18—3x—2)—(12—2x—2)}dx
Sol: Given : 8 2

1
f(x,y)= §(6—X—y) 0<x<22<y<4

0, otherwise

P(X<1|y<3):P{(x<1)m(y<3)}

Py <3)
(X<lmy<3 I.[ 6 X — y)dydx
x0y2
l1 23
j{6y Xy——} dx
8O y=2

=%j;{(18—3x—%)—(12—2x—2)}dx

%{(mx 3"72—97"] (12x -x° —2x)£
{s33)0a9)

— {18-6)-9)

1
8

(3)
I jf x y)dydx

x=0 y=2

y<3

= j‘ jé(6—x—y)dydx

x=0y=2

2 yz3

=—|q6y—xy——; dx

i3],
y=2

5 2
“Dlex - 9% (12x - x2 —2x)
8 2 2 0

:%{(36—6—9)—(24—4—4)}

1
=—21-16
Loi-e)

_3
5
y y=4
4 1,4
(0.4) & 2.4
(0,3)1= (2,3)
(0,2) (2,2)
y =2
x >
<=0 x=2
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(0, 4) y=4 (2, 4)

2,2)
y =2 ’
x=0 Xx=2
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(With Laplace Transforms)

01. Ans: (a)
3

Sol: Given d y+4 (dyj +y® =0
dx’ dx

1
3 3 2
= d—:— (ﬂj +y’
dx’ dx
3
- [4Y —16[dyj + 16y
dx’ dx
.. Order = 3 and Degree = 2
02. Ans: (a)

dy , 2x
dx 3y

Sol: =0

d_y 2x

dx 3y

3ydy = 2x dx

= f3ydy = [-2xdx

3y? - 2x°
2 2

3 2 2
—yi+x’=¢
2}’

3y* +2x7 =2c
. ellipse

03. Ans: (¢)

Sol: Given that — dy M

dx 1-cos2x

Leonhard Euler
(1707 - 1783)

dy _ 1+2cos’y -1 _cos’y
dx 1—(1—2sin2x) sin’x

= Jseczy dy='[coseczx dx +c

= tany =-—cotx +c¢

.. The general solution is tany + cotx =c

04. Ans: (¢)

Sol: Given (1+ y)ﬂ =y
dx

(l+yjdy dx
y

j”Tydy=jdx

I(l+ljdyzjdx
y
hy+y=x+C............. (1)
y(Hh=1,1)=Mh(1)+1=1+c
= c=0

(1) =>Mhy+y=x

yel=¢*

05. Ans: 0.886 (Range: 0.8774 to 0.8952)

Sol: &Y _ox_y
dx

ﬂ+y 2x

dx

Leonhard Euler is considered to be the pre-eminent mathematician of the 18th century and one of the greatest
mathematicians to have ever lived. He made important discoveries in every branch of mathematic



A
/4 N}
v v
v v
VN .Y Engineering Publications

49

Differential Equations

LF= ejl‘dX =¢"
yer :2J.xe"dx =2e'x-1)+C
yO0)=1=1=-2+C

L C=3

Lyet=2e"(x—-1)+3

atx=In2—->2y=4(In2-1)+3

=4(0.693-1)+3
- y=0.886

06. Ans: (d)

) dx
Sol: Given t—+x =1
dt

:elogt =t

Now, the general solution of (1) is

Xt =Itdt
tZ
- x(1)=0.5

= O.5=%+c (or) ¢c=0
.". The solution of equation (1) is

X =

t
2

07. Ans: (¢)
Sol: The given D.E is in the form of ? +py=Q
X

1
. dx —|—dx
Integrating factor = eI R b

1

:e—logx:_
X
Solution to the D.E is given by

y.l = Jldx+e
X X

y.lzlogx+logk:> y =xlogkx
X

08. Ans: (¢)

Sol: Given differential equation is

)
J

x(y dx+x dy)cos(yjzy(x dy—vy dx)sin(

X

X |

= X d(Xy) cos (l) =y(x dy —y dx) sin(
X

M|

= d(xy) = (%) (x dy — y dx) tan (%)

Dividing both sides by ‘xy’, we get

d(xy):(xdy—zydx}an[lj

Xy X X
-l
= In(xy)= ln{sec(zﬂ + Inc

X
= In(xy)= ln{c sec (zﬂ
X

= Xy =c sec [Zj

X

.. Xy €OS (lj = ¢ is a required solution of (1)
X
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09. Ans: (a) Letx’=z = 2Xd—X _dz
Sol:  (x*y* +y)dx + 2x’y — x)dy =0 dy dy
)b
(x> y? dx + 2x’ydy) + (ydx — x dy) =0 (1) becomes
dx —xd %+ é+1 z= L
(y* dx +2xy dy) + (y—zyj =0 dy \y ) Uy
X
IF =e (sﬂjdy — e3logy+y — y3ey
J.d(xyz)—jd(lj =c ' |
X _
e
Xyz_[lj: =_GY+C
X
Xy e+e'=c
10. Ans: (b)
Sol: (y—xy?)dx + (x + x%y) dy =0 12. Ans: (a)
(ydx +xdy) + xy (xdy = yd) =0 Sol: x* dy +2xy—-x+1=0
X
M+(Xdy_ydx): 0 )
i de—y+2xy=(x—1)
d(xy) xdy — ydx N
2+ = dy (2 11
w155 2L
( ) dx (x X X
dixy vy 2
IW+Idlog(§j_c L= e® = et _ 2
1 y . 1 t 2 __ 1 1 Zd
Xy X
= I(X—l) dx
11. Ans: (a)
2
Sol: 2xy’ dx + (3x’y* +x’y’ + 1)dy =0 = X?_ x+C
3 2 2+ 2 3+1 d =_2 3d
(xy + xy r D dy == 2xy dx Given that y(1) = 0
e 3x x| :
dy 2y 2 2xy’ 1e., 0= 5—1+C
(3, 1) - = C=~
dy (2y 2 2xy’ 2
_b 1 1
— 2
2Xd—X+(§+1]X2=—31 ————(1) 2 x X
dy \y y

.. Option (a) is correct.
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13. Ans: (a)
)= 2—+ t=x
. . ( >
Sol: Given equation dx  {I-x
(x%y — 2xy?)dx + (3x’y —x’)dy =0 - dt X (X
St=—
g ~ _(Xzy _2Xy2) ~ 2y2 . Xy dX 2 1 X 2
dx (3x’y - x°) 3xy —x° [ma—
IF=¢ 2"
The above equation is homogenous
1 —2x
Puty =vx e 4f -
ﬂ - V + Xﬂ _ —lén<l—x2)
dx dx &
2 2 -1
dx 3v-1 3v—-1
3V2_1dv+d—X:0 15. Ans: (a)
\% X
) 1 Sol: ﬂ + ycotx = cosecx
Integrating 3logv + —+logx =c¢ dx
\%
X 3 LF = etjcmdX =sinXx
y X .. solutions
sinxy = Jcosecx[sinx] dx +c
14.  Ans: (b) sinx y = Jdx + ¢
d X sinxy=x+c¢
Sol: Given — +( 5 Jy = x\/§
dx \I-x _X+ce
Dividing both sides by +/y e
7o
1 dy X y y1y /2 " _ 1%
=t 0y 1 =X 2 1 2
\/§ dx il —X ) \/§
1y X c=0
P + 2 =x 1
Y dx (1-x7 Y M X)= X
sin X
1
Al 0. % s
x dx 2= =2)===
4 y(6j Siniyi ( )6 3
2 dy_2dt 6
dx dx
iﬁ‘ DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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16. Ans: (a) Let V=2 oo (3)
Sol: Given —+—y=x" ... (1) Then 2v—2=—"2 ... 4
dx x Yax  dx @
6 Using (3) and (4), (2) becomes
y=2 @) g(3and (%), ()
> dz 2
[Lax (1 + jz =X e, (5)
[F=¢* dx X
ogx ((142] ax
=e =x Now, I.F=eI(1 de = g (x*2loex)
The solution is , -x
LF = e—x—logx — ?O - _ € .
y(x) = Ix3 (x)dx+c e X
The general solution of (5) is given by
Xy = x +c 3 e’
y= 5 T 3) 3 > _J' [ ] x +C
Using (2), (3) becomes e
=7 —|= Ie’x dx +C
6 1 X
—=—+c=c=1 B
= 7 & ~|=—¢*+C
. The solution of equation (1) is X
2 X
x* (1 ~Y ez =C—-e™ ... (6), is a general
=5x :

solution of (1)

". Option (a) is correct.
Forx=1and y =0, (6) becomes

0=C-e"'
17. Ans: (a)
q . = C=¢'
a_x+y |y
Sol: Given —_— = ; :
dx 2y < Now, the solution of (1) passing through
(1,0)is
= X_2 + l + l (1) 7
53ty e
X

dy (1 1 x’ 2
| ly== Y o |x

dX (2 Xj 2y = (1+X2Je =¢C

d N -
(.'—y+p(x)y—Q(x).y j = |1+ |=e
dx X
2
= 2yd—y—(l+gjy2 =X e, (2) ln(l+y—2j=(x—l)
dx X X
K 3 X DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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18. Ans: (d) O Rt o O s —— (1)
Sol: &2 _ M:X ,y(1)=0 dx _ 2C,e” +3C,e" -mmmmmev )

dx x X dt

LF = el _gom _ 2 x(0)=0,(1)=0=C; +C,

= C2 =- C1
e ]= 2 ax e ax(0)
X ™ =10, (2) = 10=2C, +3C;
2] A [ /nx
y(x)[x ]—2f7dx+c =10=2C,-3C, =-C,
=C=-10&C,=10
x?y(x) = 2{l£n2(x)} +c
2 .. The particular solution is
y(X)_fnz(x)+c x=-10e"+10¢"
x* Note: Among four options, only option (d)
0+c i - i i

y(l) _ 1 ~0 satisfies x(0) = 0. So option (d) is correct

¢=0 21. Ans: (b)

y(e)= n 22(6) A LZ Sol: Then auxiliary equation is D* + 2D + 1 =0

© ° —~ (D+12=0
=D=-1,-1

19. Ans: (b)
d*u

v —2x’u+sinx =0
X

Sol:

It is a linear non-homogeneous equation.

20. Ans: (d)

Sol: Given:
2
dX 58 ex =,
dt dt

The auxiliary equation is
D*-5D+ 6=0
Roots are 2, 3

The general solution is

—X

General solution is y = (C; + C; x)e

y(0)=1,(1)=1=C,
y(1)=3,(1)=3=(C,+Cy) e’

3€:C1 +C2
3e=1 +C2
Cy=3e-1

.. The solutionis y =[1 + 3e-1)e™

y=¢e¢ +(3e-1)xe™
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22. Ans:
ns (b) :>m2+m§:0
2
Sol: Given that d—f+2ﬂ+y=o ........ (1)
dt dt =1,
=>m=—=i
with  yO)=1 ..., ) 2
and y(h)=3e"' ... 3) .. The general solution of (1) is
The auxiliary equation corresponding to y= o2 ( C, cost+C, sint) ........... @)
given differential equation is m*+2m+1 = 0
—t
= m=-1,-1 :yIZ%Z%lez[Cl cost +C, sint]
.. The general solution of (1) is -
y(t) = (C1zCat)e™ oo, (4) + e2[-C, sint+C,cost] .o.......
Using (2), (4) becomes (3)
1=C ~y(0)=1
Using (3), (4) becomes =1=C
1 (140!
e = (11Coe <[] -0 ser
= 3=1+C dt )
= =2 :_71[1+0]+[0+c2]=0
Substituting the values of C; & C, in
equation (1), we get =C,= %
y(t) = (1+2t)e™
X .. The solution of (1) with initial conditions
y(2) =5¢”
- 1
isy=e? [cost +Esint}
23. Ans:-0.21
2 Hence, y =y(n) = e 2 [-1+0] =-0.21
Sol: Given $Y + & 5 _o . (1) y=ym=e?[-1+0]
de= dt 4
2 5 d 24. Ans: (-1
= |D +D_Z y=0,whereD=d— . Ans: (-1)
X
Sol: Giventhaty”+9y=0 ....... (1)
— f(D) y = 0, when f(D)=D*+ D — % with  y(0)=0 ... 2)
. .- . T
Consider Auxiliary equation f(m) =0 and y(EJ =2 3)
Consider Auxiliary equation f(D) = 0
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= C= -2
Substituting the values of C;, C; in (1), we

get
y=— V2 sin3x

(o)l

25. Ans: (b)

> V3 :
C, cos| — |X +c, sin
2 2

Sol: c, e +e?

= AE has roots 1, _—iﬁi
272
=D-1)D*+D+1)y=0

(D*-1)y=0

‘)

S ACE 55
— D>+ 9=0where D=— 26. Ans: (b)

dx Sol: y = (cie” + ¢, €" cos X + ¢;3 € sin X) is the
= D = £3i are different imaginary roots general solution from the given independent
.. The general solution of (1) is solutions

y = Cicos3x + Cpsin3x  ........ 4) Ly=cietel(ccos x+cssinx)
Using (2), (4) becomes .. A.E. hasroots 1, (1 £1)
0=, L (D-1)(D*-2D+2)y=0
_ (D*-3D*+4D-2)y=0
Using (3), (4) becomes
V2 = c, sin% 27. Ans:5
Sol: y'""+4y"" +8y " +8y'+4y=20

(D*+4D’ + 8 D*+ 8D + 4) y =20 ™

B 20.e"*
Vb (D4 +4D° +8D* +8D + 4)

0.x
. 20.e _s
4
28. Ans: (a)
Sol: y'—y'=12¢"
(D’-D)y=12¢"
o 12¢°
Ty D(D*-1)

3 12¢*
“ D(D-1)(D+1)D* +1)

_ 12xe”
2.2

yp =3x¢"
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29. Ans: (¢) 31. Ans: (a)
d’y  ,dy d’y
Sol: +4—+5y=-2cosh(x Sol: +y=cos(x
o e T (x) Y (%)
(D*+4D+5)y=-(c"+¢e%) (D*+1)y=cos x
- (e" + e_") A.E has roots + i
y =
’ (D2+4D+5) ye = (¢1 cos X + ¢; sin X)
- e’ _ e’ y= (et Yyp)
(1+4+5) (1-4+5) . X
=(cj cos X + ¢y sin X + —sin X)
_—e B e 2
102 y0)=1=1=c
T T
1/2)=0=>0=c,+—=c,=——
30. Ans:18 y(m2) 2y g
. dzy 2 T . X .
Sol: Given that —-=-12x"+24x-20 ...... (1) y=| COSX ——SINX +—sInx
dx? 4 2
with  y(0)=5 .......... (2)
and y(2)=21 .......... 3) 32. Ans: (%)

Integrating both sides of above differential 3
) Sol: d—}; + 4ﬂ = sin(2x)
equation (1), we get dx dx
D’ +4D)y = sin 2

Y 412 20x o @) ( )y *

dx Ly = sin 2x
Again integrating both sides of (4) w.r.t x’, v (D +4D)
we get _ 1 sin2x

y= —x*+4x° —10x* e X Ty, (5) D (D’ +4
Using (2), (5) becomes 1 (— X J

Y, =—| ——C0s2x
5=c¢, D\ 4
Using (3), (5) becomes 1 (x . cos 2xj
=——| —sin2x+
c1 =20 4\ 2
Substituting c;, ¢, values in (5), we get _ —l(2x Sin 2% + COS 2x)
y=-—x*+4x> — 10x> + 20x + 5 8
y(1)=18
Hﬁ' X DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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Differential Equations

33. Ans: (a)

1
D?+3D+2

D*=—a’

Sol: PI= [5 cos x]

=———COSX
-1+3D+2

COSX

3D-1
X COSX
3D-1

T 3D+1

B 5
3D+1

5

= 9D _1(3D—1)cosx

=i0[—3sinx—cosx]

PI= i[SSinx +cosx]
10

34. Ans: (a)

Sol: Given y'' —4y' +3y=2t-3t> ....... (1)

= (D*-4D+3)y=2t-3¢’

Now, the particular integral of (1) is

1

Pl=———
(D* —4D +3)

(2t —3t%)

= (2t —3t%)

1(%5%)

1{1_(1)2_41)}{1)2_41)] }(ZHH)
3 3 3

(Expanding by binomial theorem up to D* terms)

35.

Sol:

36.

Sol: P.I

_ i3y | 26426y | 16
—3{(2‘[ 3t)[ 3 }9(6)}

SPI=2-2t-+¢

Ans: (¢)

Given (D*+ 6D + 9) y = 9x +6

Consider Auxiliary equation f(D) =0

=D’ +6D+9=0

= D=-3,-3 are real and equal roots

.. The complementary function of (1) is
CF=(Cix+Cy)e™

Now, the particular integral of (1) is

PI=

(9X+6)

2

(D+3)

=2
=Pl= l[1+2} (9x+ 6)
9 3
2
:P.I:l 1—22+3 DI (9x+6)
9 3 9

=PI = (9X+6)_§%(9)

O | —

=PI = x+g—2 =X
3 3

.. The solution of equation (1) is

y=(Cix+Cy) e +x

Ans: (d)

B XZG—X
" D?+2D+1
When X = e™ V, where V is a function of

X.
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Vp = Lea"V = 1 cos(2x)}
" f(D) 5 2D+
_aax 1 = {l - 2])2 ! COS(ZX)}
f(D+a) 5 4D
a=-1&V=x% {1 —4sin(2x) - cos(2x)]}
- 5 4x—-4-1
Pl=c¢™ . 1 }xz
| (D-1) +2(D-1)+1 = & {g ——[4 sin(2x) + cos(2x)]}
x— 1 2 . .
Pl=e D2 X The solution is y = CF + PI
) Y = C; cos(2x)+C,sin(2x)
A X 1 X_3 _AX L 4 1 1
-° D3| 12 * + ex{s—ﬁ[4 sin(2x)+cos(2x)]}
— éexx4
38. Ans: (b)
Sol: y " + 4y =x sin(x)
37. Ans: (¢
()2 - (D2+4)y:xsinx
Sol: Given (D” +4) y=2¢"sin” x
Auxils tionisD? +4 =0 X sin X
uxiliary equation is = =
veq =5 +4)
Complementary function is
Ccos(2x) + Cysin(2x) | 4 x( sin x j_ 2D sin x
D’+4) | (D?+4f
PI=— 2e* sin’ x
D> +4 X . 2
=—Sin X ——COSX
. 1 {1 —cos 2Xil 9
= 2e >
(D+1)"+4 2
39. Ans:5.25
el (—cos2n)
S DT D oS Sol: Given (x*D? — 3xD +3)y = 0 ....... 1)
= x{ 1 0x 1 cos 2X)} Where D=—
D’ +2D+5  D’+2D+5 dx
. withy(1) =1 and y(2)=14 .......... )
LR ! cos 2(x)
215 (-4 + 2D +5) Let x =¢" (or) logx =z } ()
and xD =0, x’D*=0(0— 1)
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where e:i 0(0O-1)-70+16]y=0
dz —[0°-80+16)y=0
Using (3), (1) becomes — () y = 0, where (8) = 6% — 80 + 16
[0 -1)-30+3]y=0 The auxiliary equation is f(m) = 0
= (0"~ 40 +3)y=0 —m’—3m+16=0
=f(0)y = 0, where f(0) =0° — 46 + 3 e m=4.4
The auxiliary equation is f(m) =0 = yo=(c1 + Cs Z)e4z
=>m’ —4m+3=0 4
=y, =(c; t ¢z logx) X
=m=13 .. The general solution of (1) is
_ z 3z
= yc=C1€ T Cre y = (cit+c 10gX)X4
.. The general solution (1) is Hence, option (c) is correct.
y=cix+tc X i, (4)
vy =1 41. Ans: 6
= C + Cy = O ............. (5) d2 d
Sol: Given x2S 2x Y 12y =0..... 1
- y(@)= 14 e Aas M
=2¢;+8c;=0.......... (6) withy (1)=0,y(2)=2 ........... (2)

40.
Sol:

Solving (5) and (6), we getc; =—1, ¢, =2

.. The solution of (1) with (2) 1s
y=y(x)=—x+2x’

Hence, y = y(1.5) =5.25

Ans: (¢)
Given (x* D* - 7x D + 16)y=0......... (1),
where D= a4

dx

Let x =¢” (or) logx =z

and xD =0, x’D*=0(0— 1)

} Q)

Let x =¢" (or) logx =z
and xD =0, x’D*=0(0— 1)
Using (3), (1) becomes
(0 —1)y —20y + 2y =0
= (0*-30+2)y=0
= f(0)y = 0, where 8)=0"—30+2

} e 3)

The auxiliary equations is
m’-3m+2=0

>m=1,2

The general solutions of (1) is

2 2
y=cje“tcy e’ =X + X

d i =
where 0=— y()=0
dz
=0=c;+cCyinnn. (4)
Using (2), (1) becomes ..
S y(2)=2
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=2=2¢c;+t4cy ..
Solving (4) and (5), we getc; =—1,¢c, =1
. The solution of (1) with (2) is y = —x + x

Hence, y(3)=-3+9=6

42.
Sol:

Ans: (a)

Given (D* + a%) y = tan (ax) = X (say)
Auxiliary equation is D*+ a’ =0

CF = cjcos(ax) + cpsin(ax) = c; yi+ c2ya2

where y; = cos (ax) and y, = sin(ax)

COSs ax sin ax

W:

—asinax acosax

= a cos’(ax) + a sin’(ax) = a

X X
PI= —ylj 2k dX+y2J.%dx

W

— _ cosax J- tan(ax) x sin(ax) N

a

tan(ax)(cos(ax)) -~

+sin(ax) J.

=2
—cosax fsin”(ax
= I ( )dx +

sin(ax) dx
a cos(ax)

sin(ax)
2

_ —cosax J- 1 —cosz(ax)dX N

sin(ax) { —cos(ax) J

a cos(ax) a a

_ —cosax sin(ax)cos(ax)}

= j[sec(ax) —cos(ax)]dx —[ 2
a a

— Cosax

= [1 log(sec(ax) + tan(ax)) — M_
a a

aZ

~ [ sin(ax)cos(ax) |

— c02s ax log[sec(ax) + tan(ax)] + sin(ax)cos(ax) ;os(ax)
a a
sin(ax) cos(ax)
_ .

43.

Sol:

The general solution is
y = cjcos(ax) + cpsin(ax)

cosax
a2

log[sec(ax) + tan(ax)]

Ans: (b)
The given equation is

G-
The auxiliary equation is
(D-2=0 =>D=2,2
C.F=(C; + Cx)e™

2 2
:C16X+C2X€X

=Ciy1 +Coy
where, C; = ™ & Cr= xe*™*
PI—A.y1+By2 ............ (1)
where, A = J. mdx
W

where, W = y.y2 —y2.y1 =e*

2x 2x

e xe
A= —J. T dx =—x
Py e2x eZX
B=|-2ldx=|—. dx =log x
'[W J.X e 8

Substituting the values of A & B in (i)
P.I=-xe™+ xe*™ log x
The solution is

y =(C; + Cox + xlogx — X) e
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44. Ans: (a) Differentiating (1) wrt ‘y’ partially, we get
Sol: Given 0z ,
4=5, = 2V (x* =y +o(x" —y")
(x—a)Y’+(y-b)Y=z"cot’a ...... (1)
= py+ax = 2xy(X+y)P(X* —y) +yp(x’ —
Differentiating equation (1) wrt ‘x’ PyT e [ NI =y ) +yolx yz)}
partially, we get H2xy(x +Y)@(x* —y) +x0(x* =) |
oz ., _ 2 2
2(x—a)=226—cot o =py+ax=(xX+y)o(x" —y’)
X
. py +qgx = zis the required solution
= (x—a)=pzcot’al ....... (2)
0z .
where p=— 46. Ans: (¢)
Sol: The partial differential equation
Differentiating equation (1) wrt °y’
° v 2 ’ azp Bap+C 8p 81)+Fu=G
partially, we get o2 Ox0y 8y a
o o g »
2(y—b)= 22%00,[2 8 is Hyperbolic if B“—4AC > 0.
0y From the given equation, we have
= (y-b)=qgzcot’a .....(3) A=1,B=3,C=1
—4AC=9-4=5>0
here q= oz
W 9= .. The given equation is Hyperbolic
Equation (1) can be re-written as
47. Ans: 36
p’z’cot* o+ q°z° cot* o = 72" cot’ @ )
| o) 0% o)
, ., Sol: Given3 +B +3—+4¢=0..(1)
=p-cot"a+q cot” =1 ox’ oxdy oy’
— cot? Oc(p2 + q2>:1 Comparing given partial different equation
, , . . with general second order linear partial
. p +q =tan” a is the solution . .
different equation, we get
45. Ans: (d) A=3, B=BandC=3
The PD.E (1) i id to b bolic if
Sol: Given z=(x+y)d(x* —-y>) ...... (1) © (1) 1s said to be parabolic i
—4AC=0
Differentiating (1) wrt ‘X’ partially, we get 5
o = B"-36=0
p=&—2X(X+Y)(I>(X y)+o(x* —y?) =36
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. k-1
48. Ans: (¢) mer e 6(7}

Sol: 8_X - 25 A (1) Given u(x, 0) = 6e >
u(x, 0) = 66 —eoceev ) 6e * =u(x, 0) = C,C;
u=XT ------- (3) where X is a function of cic2=6 &k=-3

-3-1
_3x (T)‘
u=6e " .e¢e

u=6¢ e

‘x” only and T is a function of ‘t’ only
Sub (3) in (1)
X'T=8 XT' +XT

XT=X@T'+T) 49. Ans: (a)
X _2T+T ¢ . fu_,éu .
X T Sol: Given —=4— ... (1)
ox 0y
X' 8T'+T
X =k & T =K Let u = X(x).Y(y) be the solution of (i)
X' N dX i w Then %ZX’Y and @ZXY'
X dx o
dX Substituting in equation (i)
~ kdx X'Y =4XY’
On integrating X' _4Y'
log X =kx +log C; L
X =1 & - (4) "] A WL
. X Y
L NS R "
=X=c¢;e¥ and Y= c,et
i—T = (k _21)T Now, the solution is,
t
ky
ldT— k-1 dt u=cic, e e
T 2 ky
u=cse™ et ... (ii)

On integratin
e Given u(0,y)=8¢""

k-1
LogT= (T}[ +logC, .
= 8¢ =u(0,y) =cs et

k-1
— It
T:(:Ze(Z] _)(5) :>C3:8,k:—12

. . — —12x-3y
Sub (4) & (5) in (3) L u=8e
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50. Ans: (¢) 51. Ans: (a)
Sol: Given yzp —xzq = Xy Sol: Given p(mz —ny) + q(nx —1z) = ly — mx,
The linear partial differential equation is 0z 0z
where p=—, q=—
Pp + Qq = R, where P,Q,R are functions of 28 oy
X,Y,Z The auxiliary equation is
P=yz, Q=—xz, R=xy dx dy dz
B o = = ... (1)
The lagrange’s auxiliary equation is (mz - ny) (HX - IZ) (ly - mX)
dx _dy _dz choose x,y,z are as lagrange’s multipliers
P Q R By algebra, Each ratio
d_X: dy ZE _ xdx + ydy + zdz
yz —xz Xy x(mz —ny) + y(nx — Inz) + z(ly - mx)
. dx = dy Each ratio of (1) = xdx + ydy + zdz
yz —Xz 0
= ydy+xdx =0 = xdx +ydy+zdz=0
Integrating both sides Integrating both sides, we get
2 2 2 2 2
y—+X—=C :>X——|—y——+—z—=(;1
2 2 2 2 2

2 2 2
=x"+y +z =k
= x’+y’ =k, J :
choose /,m,n as another set of lagrange’s

dy dz

Now ——=— multipliers,
—XZ Xy .
Each ratio of
ydy+2zdz=0
(1)= ldx + mdy + ndz
Integrating both sides I(mz —ny)+m(nx — )+ z(ly — mx
2z ldx + mdy + nd
y + z _ c, _ /dx + mdy + ndz
2 2 0
422 =k, = ldx+mdy+ndz=0

- The solution is Integrating both sides, we get

Ix+my+nz=k
o[ X’ +y’,y’ +77 =0 Y ’

.. The solution is
(or) f[X2+y2,y2+Z2]=0 f[x2+y2+zz,lx+my+nz]=0

or X’ +y’ +z° =f(Ix + my+nz)
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52. Ans: (¢) substituting these values in (1), we get
Sol: Given p* + q> =npq dz dz dz
o —[l+a—}=z.a—
The complete solution is dt dt dt
Z=ax+by+c ... (1) dz
) l+a—=az
where a & b are arbitrary constants dt
0z oz dz
p=—=a & q=—=b —>a—=az—1
Ox oy dt
substitute these values in the equation Integrating both sides
p’+q’ =npq dz  dt
= | (z-1). ] a2
a’ +b> =nab
a’+b’—nab=0 jwziﬂ;
a a
+a+/n’ -
b=w=ﬁiE n’ -4 log(az—1) (x+ayj
2 2 2 = = +c
a a

.. The solution is 1 {
i og(az—1) _ x+ay+c

Z=ax+n;;yi%\/n2—4y+c a a

= log(az—1)=(x+ay)+ac

.. The solution is

Z:ax+a—2y[ni\/n2—4J+c

log (az-1)= x+ay+b [ b=ac]

53. Ans: (d)
Sol: Given p(1 +q)=qz 54. Ans: (a)
"""" (1 Sol: Given p’q” +x’y’ =x°q’ (X2 + y2)
consider a trial solution ) s
0 Dividing both sides by x°q”, we get
zZ=g
2 2
........ (2) p_2 + y_z = X2 + y2
X
where t =x + ay a
2 2
p:%:%.ﬁ:g'(t):@ :p_z_xz:yz_y_zzaz [ say ]
ox ot ox dt X 9
2
q:%:%_ﬁ:g’(t).a:a% :>p—2—X2=az
oy oty dt X
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55.
Sol:

2
=(x2+a2)

=P
X

= p2 = XZ(XZ + az)

1

:>p:x(x2 +a2F

y 2
y—?:a
2

=y -a y_z
q

2

2 y
:q:yz_az
=q= Y 1

(v’ -a’p
we know that dz = pdx + qdy

1
=dz= X(X2 —i—aZFdX+Y;dY1
(2 ~a?)
Integrating both sides, we get

Idz-j x|x*+a )de+jm

1oy, 2 22 4 .
z=—(x"+a")2+(y"—a" )2 +b 1is the
Sty o)
required solution.

Ans: (b)
Given pqz = p*(xq + p’) + ¢°(yp + ¢°)
dividing both sides by pq, we get

=Plxg+p*)+ L(yp+a?)
q p

3 3
:>z:px+p—+qy+q—

p

56.

Sol:

3 3
:Z:px+qy+(p_+q_j
q p
*. The solution is

a’ b’
z:ax+by+(—+—]
b a

Ans: (d)
2 2
Given 8_u = 258—
ox > ot>
o’u 1 o%u
— = 1
O 32 =25 o M)
with u(0)=3x ...ccoeneenee. (2)
and M: ‘M Y B 3)

If the given one dimensional wave equation

. o’u ou’

is of the form —2=cz—2, -0 <x < o0, t
ot [).4

>0 and c > 0, satisfying the conditions u(x,

du(x,0)
t

0) = f(x) and = g(x), where f(x)

& g(x) are given functions representing the
initial displacement and initial velocity,
respectively then its general solution is

given by

u(x, t) = —[f(x ct)+f(x +ct) ]+ixﬁg

Comparing the given problem with above

general problem, we have

é f(x) =3x, g(x)=3
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Now, = :
o u(x, 0) = Z a, sin(nnx)
L n=l
u(l, 1):;[1{ —;J+f(1+;ﬂ +% J 3 ds Y
2(5] 5 = sin(nx) = z a, sin(nnx)
n=l
(D)= % 3(9 ) 3( %ﬂ .\ % () ) = sin(mx) = a; sin(x) + a, sin(27x) + ...
- 5 Comparing coefficients of sin on both sides
i t
:>u(1,1)=l —><(4+6):|+E[§—i:| of above, we ge
2L 2 S a1=1,2=0,a3=0,a4=0, serrrrorrrrro... (4)
—u(l, 1) = 3+E (gj .. The solution of (1) with (2) from (3) and
2 (@) is
~ul, 1)=6 _[ﬁ[%ﬂt
u(x, ) =sin(nx). e - * ) =¢ " sin(nx)
57. Ans: (a)
2 58. Ans: (¢)
Sol: Given that X = Lz@—lj ........ (1)
ot m ox Sol: Given u;= (\/5)2 Uik vovenananananns (1)
ou ,0%u .. 2
v —=C" — U =C uxx
[ ot ox* ] - )
ith B.C's: 2
with B.C's : u(0, ) =0 (- u(0, t) = 0) iy V9
u(1,9=0 (-u(l, ) =0) (-u@1=0)
and 1.C's : u(x, 0) = $in(mx) ....... (2) u(m,t)=0 (- u(t,t)=0)
(" u( x, 0) =1(x)) and 1.C: u(x, 0) =sin(x) ...........(2)
Now, the solution of (1) is given by (" u(x, 0) = f(x))
" Shca . i< given b
(1) = Zan.sin[n%}e [ ; ] The solution of (1) is given by
n=l1 nme )
- . [ nmx —(7] t
= 2 ,)=) a .sin| — |¢
= ux, t)= z a sin(nnx).e " ............ 3) u(x, HZ::‘ ( / j
n=1 0
f =u(x, )= Y a,sin(nx) e " ... (3)
where a, = %J-f(x)sin(%j dx "~
’ = u(x,0)= a, .sin(nx) (for t = 0)
Putt=01in (3), we get n-1
= sin(X) = a;sinx + a,sin(2x) + ..............
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=a=1,a=0,a3=0,a4=0,a5=0,...... 4) ". The solution of (1) with given conditions
.. The solution of (1) with (2) from (3) and (4) from (2) and (3) is given by
is u(x, t) = by.sin(x) . sin(2t) + 0 + 0.......
. 2t
t) = .
u(x, O =2 sin(x). € = %sin(x). sin(2t)
Hence, u(n/2, log 5) = 1. sin(E). e 2loe3
2 (5-8)-3(5)l3)
Hence, u| —,— |=—sin| — |.sin| —
=57%=0.04 23 6
_1N3 433
59. Ans: (b) 27y Ty T g
Sol: Given u, =2’u__ ........ @)
(Cug=c uxx) 60. Ans: (a)
with B.C’s : u(O,t): 0 (- u(O,t): 0) Sol: Given Uy = Uyx ........ (1) (. ug=c’ uy)
U(TC,t):O ( U(f,t):()) with B.C’s: U(O, t)=0
and 1.C’s : u(x, 0)=0 (- u(0,1)=0)
(- u(x,0)=0) u(mt)=0 (. u(4t)=0)

2 u(x,0)=25in(x) ( % x,0)= g(x)j
The solution of (1) is given by

t)= Z:bn.sin(n7tx }sin( nnctj
n=1 f E

t)= i b, sin(nx).sin(n2t)...........

n=l

=u(x,

:%u X, t) Zb sin(nx ).cos(2nt).2n
n=1
:%u X 0 Zb sin nx)(2n) fort=0

n=1

= sin(x) = bysin(x). 2 + by. 2(2). sin(2x) ...

31‘)1—% bz 0b3 0

and 1.C’s: u(x,0)=2 sin(x) ...
(- u(x,O)z f(x))

Q)

%u(x, 0)=0
(-.-%(m):oj

Now, the solution of the wave equation is

given by

u(x,t) = ian Sin(nﬁ}cos{@j
n=1 l /

t)= ian sin(nx ).cos(nt)

n=1

x,0)= ian sin(nx)
n=l1

= u(x,

fort=0
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61.
Sol:

= 2sin(x)= i a_ sin(nx)
n=l

= 2sin(X) = a; .sinx + a; sin(2x) + .........
=a=2,a=0.a=0
.. The solution of (1) with (2) from (3) and
(4) is given by

u(x, t) = a;.sin(x) cos(t) = 2.sin(x) cos(t)

Ans: (a)
Given u, +u, =0 — (1)
u(0,y)=0 - (2) Vy>0
u(l,y)=0 —>@3) Vy>0
u(x, 0) =f(x) =up — (4) 0<xI/
u(x, ©) =0 —> () 0<x<lI
1
u(x, o) =0
Yy=M=00f--cucumnnnomn -
u(0,y)=0 u(/,y)=0
=0 ! > X
g u(x, y) = x)
x=0 x=/
The G.S of (1) satisfying above all

boundary conditions is

nmy

u(x,y)=ibn sin(%}e_( ' ] — (6)

2 . [ nmx
where b, =7 I f (x).sm(Tjdx

62.

Sol:

=b, =
TR
€ 0
2u
= b, ==[1-cos(nn)]
nn
b, =25f-C1] 5@

nm
Using (7) (i.e. the value of b, in (6), the

required solution is), the equation (6)

becomes

(-1)" ].sin(nnx

T

j e[iz”nyj

(2n-1)ny
2u, 2) Sm[(Zn —l)nx} [ ;
- (2n = )n l
Ans: (a)
Given uyt uy, =0 .....(1)
with B.C's
u(0,y)=0 0<y<m
u(,y)=0 T
u(x,0)=0
X 0<x</

. N
u(x,a) = s1n7

The solution of (1) is given by
y

A

u(x, m) = g(x)

u0,y)=0 u(/.y)=0

y=0

u(x, 0)=0

x=0 x={
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L{e " cosdt)=—— —
¢ ; (s+2)*+16

oACE ¥
64. Ans: 0.5
ux,y) = Zb sm( ) sin h( yj
l 4 Sol: Given that f(t) = 2t%¢"
where
) / v L{t"y=—,neN
b, = j g(x).sin[ ) dx
. . ( nmm
l smh( j 0 21
l Now, L{t*} = o
Now, S
R 2
b, = 2 .[ sm(ngx}sm(nngdx = Pl
/ sinh(msz 0
5 L(2t%) = 4
nmx $3
) ¢ 1+cos ’
= j - dx By 1* shifting theorem, we have
£.sinh 0 4
, L2te ) =F(s) = ——
. 2nmx (s + 1)
sin
_ 2 N W)=_*
- 55T 2 Then F
f.sinh(m;mj y B e (1+1)
0
1 _ .-
= [(7+0)—(0+0)] 8 2
L. smh(mj
1
65. Ans: (¢
by= 1 = lna form=a ‘()
sinh| "™ | sinh T Sol: 1.J5™ at
4 14 : t
. The solution of (1) is a
> 1 nmx nmy L{sin at}z S
ux,y)= z sin( j.sinh s“+a
nma L l
Smh( ! j sin at a
L = ds
{ t } JS. s’ +a’
63. Ans: (d) -
1. (s
Sol: Given that L{cos ot} = i = (a.;tan (;D
S +(D s
S
= L{cos4t}=——— =tan'oo—tan! > =T _tan S
{ h (sz+16) tan oo —tan s tan N
s+2
S
5

= cot“(

(from first shifting theorem)
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66. Ans: (d) L{f'(t)} =s. L{f(t)} — f(0)
¢ sint
Sol: L{jet sintdt} = L{fi()} = SL{T}_f(O)
0
! L{f'(t)} = scot' s—f(0)=scot ' s—1
Lisint;=
tin] s’ +1
69. Ans: (a
L{e"t sint}= 12 (@)
(s+1)" +1 t, 0<t<l
Sol: f(t) =
¢ | 1 0, I<t<?2
L:|e ' sintdty =—
{}[ ¢ s } S (S+1)2 +1] -+ f(t) is periodic function with period 2
|
LIV} = — jo e f(t) dt
67. Ans: (b)
1 1
. —t . £ —st
Sol: L {te sint} —— jot.e dt
L {sint} = N _ t(e-st]_l(e—st ﬂl
l-e | | —s s’
. d 1 —1)2s 0
L {tsint}=(-1) d—{ - }:(—1) (2 ) : |
S|s”+1 (S +1) _ 1 = B o +L
25 I—e [ -s s> ) s
- (s2 +1)2
Lot tant 1 - M 70. Ans: (d) 2
[(S N 1)2 N 1]2 Sol: L{U(t—1)(t"2t)}
Use Laplace Transform: L{U(t—c) f(t)} =
S LAf(t+
68. Ans: (c) e Lif(t+ o))
| For (t* - 2t) U(t— 1): f(t) = (t* — 2t), c =1
- ) 2 1
L(smtj o s L{((t+ 1) 2t + D)} -~
2 s’ s
t s 87 +1
) a2 1
Z[tanlst =¢ (5_3 S
(2 1
=T _tan's =e (—3——j
2 s s
=cot 's
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71. Ans: (b)
| L {—( 31)2 4} = %e_“ sin(2t)
s+3) +
Sol: L{e'} = —
_ .
elu(t—4) = [ u(t - 4)e* = e~ cos(2t)+ 6e ™" 5s1n(2t)
By second shifting property _ e cos(2t)+ 303 sin(2t)
Lic'u(t—4)]=e¢*. L[e" *. u(t—4)]
—4s 4-4s —4(s-1)
Al = _° 74. Ans: (a)
s—1 s—1 s—1 43
Sol: Given H(s)= 28—
s“+2s+1
72. Ans: (b) _ (s+1)+2
: (s+1)
Sol: f(t) = 2\/:
8 ! | 1 2
Now, L {H(s)} =L { + 2}
= £'(t) = —— =g(t) s+1) (s )
E o3
s s
- Lig®)} =L {f'(H}
— 5 T(s) - f(0) (By First shifting property)
-t
—gg M _p=g2 =e (1+2t)
75. Ans: (a)
73. Ans: (d) ~rr <15
Sol: Expand 7 (s N 1)(s N 3)
5+9 __ st 3 +6 ! Take the partial fraction of
s +6s+13  (s+3)+4 (s+3) +4
s+5 2 1
) os+3 o] (s+1)s+3) s+1 s+3
(s+3)+4 (s+3) +4 5 {
vk
Use the linearity property of inverse laplace s+1 s+3
transform { }
s+1]
Y S O Y B T
(s+3) +4 (s+3) +4 { }_
13 s+3)
-1 S -3t
L {—s 37 1 4} = ¢~ cos(2t) et o
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76. Ans: (¢) 79. Ans: (b)
= s+3
: 2 2 S+ )(S+ )
s“(s+1) s s7 s+l
3
i i Then f(t)=L"] 572
(By Partial fractions) en ( ) { (S n 1)(8 N 2)}
=—l+t+e"
= £(t)=L" L_L}
s+1 s+2
77. Ans: (a)
a1 a1
1 = f(t)=2L" —}-L
Sol: L (—j —et s+1 s+2
s+3 R
= ft)=2¢ —¢
L e ) _ ey - 4) s f0)=2-1=1
s+3
By 2" shifting property 80. Ans: (a)
e " when t> 4 S &y 1
0 other wise ‘@ a2 y=>5
y' () -y® =1
78. Ans: (b) Taking laplace transforms both sides
Sol: LIy"(t) —y(®] =L(1)

Let L' (log(s - a)) = (1)
s—b

= L[f(t)] = 1og(§J

= log (s-a) — log (s-b)

= L[t.f(t)] = (-1) %(log (s-a)- log(s-b))

_
s—b s-—a
1 1 B 1
tf)=L\s_p s_a
_ebt_eat
bt_ at
Sty =S te
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Differential Equations

81. Ans: (a)
Sol: Given that y''(t) + 2y'(t) + y(t) =0 .....(1)

and y(0)=0, y'(0)=1

Applying Laplace transform on both sides of

(1), we get
L{y"(®0}+2 L{y'(®}+ L{y(H} =L {0}
= [’ L{y(t)} —s y(0)—y' (0)]

+2 [s Liy(0;—y(0); + L{y()} =0

= (s°+2s+ 1) L{y(t)} — (5) (0) =1 —(2) (0)=0

1
=Ly

y(H)=e'tu(®)

82.

Sol:

Ans: (¢)

Given that d—z;f+f =0 ....(1)
dt
and f(0)=0, f'(0)=4
Applying Laplace transform on both sides of
(1), we get

L{f"(t)}+L{f(t) } =L(0)

= s’f(s)—sf(0)—f'(0)+f(s)=0

= (s*+1) F(s)-(s)(0)-4=0

4

= =5

~ =L £(s)}

4 .
=L‘1{ 3 1}=4smt
S”+

Hence, L{f(t)} =4L{sint } =

4

s +1
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Chapter > Complex Variables

01.

Sol:

02.

Sol:

g

Ans: (d)

Let utiv=w = f(z) = ¢ ¥ cosx+ ie ¥ sinx
Thenu=¢” cosx and v = ¢ sinx

= ux=¢” (-sinx), uy =—e > cosx, vy = ¢~
cosx and vy =—¢ 7 sinx

Here, C-R equation , ux = vy and vy = —uy
are satisfied at every point and also u, v,

Uy, Uy, Vy, Vy are continuous at every point.
= f(z) = utiv is differentiable at every
point.

= f(z) = utiv is analytic at every point

.. f(z) = utiv is everywhere analytic

Hence, (z) is also an entire function.

Ans: (a)
Letut+iv=1f(z)=zIm(z)=(x+1y)y
Then u + iv = f(z) = xy + iy’

= u=Xxy and v=y’

= U =Y, U =X, Vy=0and vy =2y

Here, ux = vy and v, = —u, only at one point
origin. i.e., C.R equations ux = vy and

Vx = —Uy are satisfied only at origin.

Further u, v, vy, vy, us, u, are also

continuous at origin.
- f(z) = z Im(z) is differentiable only at
origin (0,0).

03.

Sol:

04.

Sol:

0s.

Sol:

Augustin-louis Cauchy
(1789 —1857)
Ans: (d)

Let utiv = f(z)=7 = x-iy

Thenu=x and v=-y
=Su=1u=0,vy=0,vy=-1

Here, one of the C-R equation uy = vy is
not satisfied at any point.

= f(z) is not differentiable at any point
= f(z) is not analytic at any point.

.. f(z) is nowhere analytic

Ans: (d)

| !
= is not analyticatz=1,
-z

1
e? is not analytic at z= 0,

In(z) is not analytic at z = 0,
cos(z) is analytic at every point over the

entire complex plane.

.. Option (d) is correct.

Ans: (b)

Let u+iv = f(z)= (x2 +ay2)+ibxy

Thenu=x”+ay’ and v=Dbxy

= uy = 2X , Vx = by, uy, = 2ay, vy = bx

Consider C-R equations,

u=vy & uy=—vy (. f(z)=u+ivis

analytic)

= 2x =bx & 2ay=-by

b=2,a=-1

Augustin-Louis Cauchy was a French mathematician. “More concepts and theorems have been named for
Cauchy than for any other mathematician”. Cauchy was a prolific writer; he wrote approximately eight hundred
research articles and almost single handedly founded complex analysis.
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Complex Variables

06. Ans: (a)
Sol: Given u = sinhx cosy
= uy = coshx.cosy and u, = —sinhx. siny

Consider dv = N dx + N dy

0x
= dv = (—uy)dx+(ux)dy
(" ux = vy and vy = —uy)

= dv = (sinhx.siny) dx + (coshx.cosy)dy
= dv =d (coshx.siny)
— [ dv = [ d(coshx.siny) + k, where k is a
real integral constant.

. v(X, y) = cosh(x) . sin(y) + k is a

required harmonic conjugate function.

07. Ans: (b)
Sol: Let v(x.,y) = 4xy—2x"+2y”
Then vy, = 4y—4x and vy = 4x+4y

Consider du = ? dx + @ dy
X

= du = (vy)dx+(—vy)dy
(" ux = vyand vy = —uy)

= du = (4x+4y)dx + (4x—4y)dy
= du = 4xdx — 4ydy + 4(ydx+xdy)
= [ du =] (4x) dx+[(—4y) dy+ [4 d(xy) + k
= u = 2x’2y*+4xy+k, where k is a real
integral constant.

u(xy) =2x —2y° +4xy + kis a

required function

08. Ans: (¢)
Sol: Givenu =logr

= @=l and @=O
or r 00

Consider dv = @ do + ﬁ dr
00 or

= dv=ﬁd9+@dr
00 or

= dv = (r@)de + (i@jdr
or r 00

[ u, :lve & v, :_—luej

r r
= [dv=] (rxlj do~+ | (—lej dr=0+c
r r
v, 0)=0+c
09. Ans: (a)

Sol: Givenu=x" — 4xy—3xy’

= uy = 3x°—4y-3y° and uy = —4x—6xy
Consider f(z) = ux — 1uy for analytic
function f(z) .

= f'(z) = (3x” — 4y-3y°)—i(—4x—6xy)

= f'(z2)=322-0-0+i4z
and 'y' by '0")

(-'. 'Xl by IZV

= f'(z)dz=]327dz+i4fzdz+ ¢,

where ¢ = ¢+ics

3 2
= f(z)=3%+i4%+c

. f(z) = Z+2iz*c is a required analytic

function.
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Engineering Mathematics

10. Ans: (a)

Sol: Given that v = ¢e*[y cos y + x sin y]
= vx=¢" [0+ siny] + e*[y cos y + x siny]
and vy = e'[-y siny + cos y + x cos y]
Consider f'(z) = u, — iuy
:>f1(Z):Vy+iVx( U= vy &vy=—1uy)
= fl(z) = e’ [~y siny + cos y + x cos y] + i
e*[siny+ycosy+xsiny]
= [fl(z) = ze" — " + & +¢
oo f(z)=z¢e" + ¢, ¢ =c +ic, is a required

analytic function.

11. Ans: (a)

Sol: Given 3u+2v = y*—x*+16xy.......... (1)
Differentiating (1) partially w.r.t. x, we get
3u t2vy = -2x+16y .......... (2)
Differentiating (1) partially w.r.t. 'y' , we
get
3uy+2vy =2y +16x

= 3(—vx) + 2(ux) =2y + 16X ...cuneeee. 3)
(rue=vy & vy =—uy)

Solving (2) and (3), we get

Uy = 2x+4y and vy = 2y—4x

Consider f'(z) = ux—iuy

= f'(z) =ux + ivg (" vy =—uy)

= f'(z) = 2x+4y) +1(2y—4x)
= f'(z)=2z+1(-4z)

(" x by zandy by 0)

12.

Sol:

13.

Sol:

= [f'(z)dz=] (2z-i 4z) dz +c,
where ¢ = ¢; +icy
L fz)=7-i27+cisa required analytic

function

Ans: (a)

Let I:J‘(x2+iy2)dz, where C : y = x
C
from (0,0) to (1,1)
(L1)
Then 1= [{x*+iy?)(dx +idy)

2=(0,0)
1
= 1I= j(xz +ix2)(dx+idx) (v y=x)
x=0
1
= = I(l+i)2X2dx

»
(=1

Ans: (¢)
Let I= Izdz, where c: y = x* from (0,0) to
C

1+1
1+

Then I = .[z dz

z=0

:1:(%] . (2 s

0

analytic

function)

= 1=2(1+if = (0)

=1
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Complex Variables

14.

Sol:

15.

Sol:

Ans: (¢)

e’ +cos(z)
(2-4)

Then the singular point of f(z) is given by

Let f(z)=

equating the denominator to zero

y A

(4, 0)

v

ie(z4)=0
= z =4 is a singular point of f(z)
= z =4 lies outside the given region.

". By Cauchy's integral theorem, we have

§f(z)dz =0

Ans: (d)

Let f(z)= @

z—1
Then the singular point of the function f(z)

is given by equating the denominator to

Z€10.

e z—1=0

= z =1 is a singular point of {(z)
= z =1 lies inside the circle |z - 2| =

So, we can evaluate it by using Cauchy's

integral formula.

Now, ff(z) dz = §% dz

fufz],

= ff(z) dz = 2ni[sin(gﬂ

+ $f(z) dz=2ni

16. Ans: (d)

cosh(3

Sol: Let I = §¢dz where C: |Z|=1

cosh(32)
Then I = §@dz

— 0]
o 2ni( cosh(3z)j
2 z=0

= [ = mi[cosh(0)]
[ cosh(0)= e = 1]

l=m
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17. Ans: (d)
cos(z)+ie”

3
T
z+—
)
Then the singular point of f(z) is given by

- 3
(z+—} =0
2

= z= > is a singular point of f(z)

Sol: Let f(z)=

-T ... . :
= Z:T lies inside the given region

2 2
X_+y_:1
32 2?

So, we evaluate the given integral by using

Cauchy's integral formula of derivatives.

Now,
§f(z)dz:§cos(z)7+ielzdz: 2 L;iz (cosz+1e )}

- s
= jcsf(z)dz = n{diz {sinz—e” }}

= §f(z)dz = Tci[— cos(z)— ieiz] .

C

= fios =) —co i
i“ﬁz—m i)l

18. Ans: (a)

cos(nzz)
(z-1)z-3)

Then the singular points of f(z) are given

by (z-1)(z-3) =0,

Sol: Let f(z)=

= z =1 and z = 3 are singular points.
= only one singular point z = 1 lies inside
the given region |Z| =

So, we evaluate the given integral by using

Cauchy's integral formula.

19. Ans: (b)

Sol:
A
L1 | O (3, 1)
Y *
(-1,0) (3,0)
(-1,-1) (0,51) (3.,-1)
Let f(z) = ———
ZZ(Z—4)
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20.

Sol:

z =0, 4 are singular points
z =0 lies inside the rectangle

z =4 lies outside the rectangle

2,

- ) (Z_O)Hl Z

(0-4) 16
=2mj F'(0)
= an(__lj = -m
16 8
Ans: (b)
Let f(z)= e

(z-2)z-1)

Then the singular points of f(z) are given
by (z-2) (z-1)=0

= z =1 and z = 2 are singular point of f(z)
= both singular points z =1 and z = 2 lie

inside the given region |z| =3

Consider f(z)= ez[

——

= §f (z)dz = 2ni(eZ)Z:2 - 27ri(eZ)Z:1

C

= §f(z)dz = 27‘Ei(62 )— 2i(e)

C

" §f(z)dz = 27ri(e2 — e)

C

21. Ans: (d)
Sol: Given f(z) = l and zp =4
z

The Taylor series expansion of f(z) about a

point z = z is given by

£(2)= ) 22 )+ 22 ()

3!
Now, f(z)=— and f(zo):f(4):l
z 4
= £/(z)= =) and £(z,)='(4)=
Z2 0 16
» 2 " , 2 1
=f (z)z;andf (zy)=f (4):?:3_2
- fm(Z) — __46 and
VA
m m _6 —3
f"(zy)=£"(4)=—=—

T 4% 128
Substituting above all in (1), we get

£(z) = l+(z_4)(‘_1j+%(3i2)

4 16

=),

()
PR +____
3! 128

1.€

Regular Doubt clearing Sessions | Free Online Test Series Programme

Affordable Fee | Available 3M |6M |12M |18M and 24 Months Subscription Packages




80

Engineering Mathematics

The above series is a Taylor series
expansion of f (z)z 1 about a point z = 4
z

(or) in powers of (z — 4)

22. Ans: (¢)
Sol: Given f(z)= Az Jlr 2) and zo =2
Let z—(-2)=t
Then z =1t-2
Now, f(z)= (t_lz)t3
-1
= f(Z)t%(2{11;J - —;ﬁ [ (;ﬂ

Hence the above expansion of f(z) is a

Laurent series expansion of f(z) about

23.

Sol:

z=-2(or)in 0<[z+2|<2

Ans: (d)

Given f(z)=l— 3 + 2
z z+1 z-2

h+q>3

Letz+1 =t

Then z=t-1 and |t| >3

Now, f(z)=—— - >+ —2—
t—-1 t t-3

But |f| >3

= [f>3>1

= |t/>3 and | >1

—<landl<1

t

Consider,f(z):L—g 2
t-1 t t-3

= f(z)= -2

and

Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs

#8: x DEEP
e LEARN

Enjoy a smooth online learning experience in various languages at your convenience




A
/4 N}
v v
v v
VN .Y Engineering Publications

81

Complex Variables

:>f(z):

! 1+ ! + ! + |

(z+l) z+1 (z+l)2
3 2 [ 3 32 ]
1+ + +——

Ter) @) T za1 a1y
7 19 55

= T e Gy

. The above series is a Laurent series

expansion of f(z) about z = —1 (or) in
z+1>3

24. Ans: (d)

Sol: Given f(Z) = m inl< |Z| <3
:>f(z):l L1 g 1<l|z<3

2(z+1) 2(z+3)

or 1<z &7 <3

which is a Laurent series expansion of f{(z)

in the given region 1 < |Z| <3

25. Ans: (¢)
1-2z

Z(Z - 1)(2 - 2)

= The poles of X(z) are 0, 1, 2 which are

Sol: Given that X(z) =

simple poles.
R, = Res[X(z) 1z = 0]

(1-22) } 1

=B {(Z_O)z(z—l) z-2)| 2

R,=Res [X(z) Z =1]

(1-22) } -1

Bleges )5
R, = Res[X(z) :z=2]

-1
(1-2z) } -3

- A {(Z_z)z(z—l) z-2)| 2

26. Ans: (b)

. B 3sin(z)
Sol: Given f(z)= 2_3;

=z= % is a singular point of f(z)

= z= % is a pole of order one

Now, R =Re s(f(z): z= 3—“} = 4{3—“}

2 2
~R=3 sin(3—n) =3
2
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27.

Sol:

28.

Sol:

Ans: (¢)

e’ +z
(z-4)

= z =4 is a singular point of f(z)

Given f(z)=

= z=41s a pole of order 3

fz) : z
(3f1)! 13{ 4 {(2_4)3,f(z)}}

Now, R = Res

L R=Lef
2
Ana: (a)

Given f(z) =cot (z) and z=0

_ cos(z)
sin(z)

Here, z= 0 is a pole of order one

2,)= ¢

= f(z

Now, R =Re s(f(z)

cos(0

cos(0)

= R=Res(f(z): z=0) =

3) =

29. Ans: (a)

Sol: Given f(z)=

. z = 0 is a removable singular point of

f(z) and residue of f(z) at z = 0 is zero.

30. Ans: (d)

1

Sol: Given f(z)=e¢** and z=4

=
f(Z):l+(1/z—4)+(1/z—4)2+(l/z—4)3+__
I 2! 3
=
1 11 11
f(z)=1 - — -—-
() Te-4) 2 (—ay A(a—4)

Here, the expansion is containing infinite
number of terms in the negative power of
(z—4).

. The singular point z = 4 of f(z) is an
essential singular point and the residue of

f(z) at z=4 is one.
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31. Ans: no option

Sum of residues = L L sin(2i)
sin(x) 4 161

Sol: Let f(x)=
o e x* (x> +4) §f(z)dz = 2mi(sum of residues)
£(x)= sin(x) ‘

x*(x +2i)(x - 2i) §t(z)dz = 2ni{% - L sin(2i)}

161

x =0 is a pole of order 1 (or) simple pole

x = 21, —21i are simple poles _ n_1 —Esin(2i)
Yn
0, 3)
32. Ans: (d)
2iSko % fE-il=2
100, 2) Sol: Let f(z) = e”tanz is not analytic at z = +
i 90, 1)
BN 4
\x P@/ »X FEERR - AY....
0,-1) e’ sinz d(z)
. Then f(z) = wf(z)=——
- 2i N0, -2) @) CosZ @) Y(z)
T 3n 5w
= 4+ = += 4+
x =—2i lies outside [z — i| =2 R T T R are
i singular points of f(z).
Res f (x): Lt xJ_SImX gular p (2)
x=0 x>0 |x%(x?+4 ) T, ..
= Of these points only z= + ) lie inside C
B Lt{ sin X }[0)
_X—) 3 0 -
’ (X +4X) y = Z=g,7n are first order poles
Applying L Hospital rule
COs X 1 q{nj
Res f (x)= Lt{———r=—=0.25
© x=0( ) HO{3x2 +4} 4 Now, R, :Res(f(z) 1z =gj __\2

Res T (x)= Lt{ (x—2i‘)sin X }

:L{Smyﬁ7£%ﬁg) :Rlﬁi?j

B sin(2i) -1 (2i)

T _a(4) I z
- 1 1 . 2
~R,=-€?
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Again,
-7
7 d{zj
R, = Res(f(z) i/ =7j =
\P(—n]
2
e? sin(_znj
= R, =
-
—sin| —
)
R, = —e?

Now, by Cauchy’s residue theorem, we

have,

it;f(z)dz =2mi(R, +R,)

= §f(z)dz = 2ni[— e e_;]

C

= fff(z) dz = —Zﬂi[ez +e_2]
C

g iff(z) dz =—4ni cosh(g}

33. Ans: (a)

1

Sol: Given 1= it;e—dz , where cis |z| =2
z

Consider

1 1
=>fz)=—+—+—++
@ z 7z 27
= z = 0 is essential singularity of f(z)

Now, R; = Res(f(z)) : z= 0) = coefficient of
gy |

z
Now, by Cauchy’s residue theorem, we

have,

§f(z)dz =27i(R,)
= §f(z)dz =2mi (1)

§f(z) dz=2ni

34. Ans: (a,c, d)

. . 1 .
Sol: Given series is Z—nz
n
Comparing the given series with general

series Y a,(z—z,)" , we get

1

a, :—n,ZO =0
n
1 1
Now, r = — =
. n 1/n
limja, .
n—w lim|—
n—w|pn”
1 1
o r=—1=6=00
/im|—
n—oo n

.. The radius of convergence is r = oo,

the circle of convergence is |z — 0| =00 and

the region of convergence is |z — 0| <o
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35. Ans: (a, b, c) 36. Ans: (a, b, c)
Sol: Given series is an'lf Sol: Given series is Z(Z__z)n
n
Comparing the given series with general Comparing the given series with general
series Y a,(z—z,)" , we get series Y a,(z—z,)" , we get
!
an:% and zo=0 an=land20=2
n n
=
Consider r = lim|-22-| = limi‘
W - (n+1) _ (n+D@) _ norla, | e+l
"+ (n+1)(n+1) (n+1)
n! = r=lim — _|a 1
Consider r = lim- | = im o ..
n%w|an+1 n—» n:
(n +1)n .. The radius of convergence is r = 1, the
o lim (n!).(n+1)“| | lim|(n+1)n circle of convergence is [z—2|=1 and the
n—o0 (n" Xn!) ‘ n—W«“ n"

region of convergence is |z - 2| <1

= r=lim—%{=¢
n—>o0) 1

lim[l +3J _ ¢
n—oo n

.. The radius of convergence is r =e,

the circle of convergence is |z — O| =¢ and

the region of convergence is |z - 0| <e
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Chapter

Numerical Methods § ai

01. Ans: (¢)
Sol: fx)=x"+x>+x+7=0
f(-3)=-8 and f(-2)=5
A root lies in (-3, -2)
-2-3

Let x; = 5 = 25 is first

approximation to the root
- Axy) =1(-2.5) <0
Now, Root lies in [-2.5, —2]

-25-2

Let x, = = 225 is second

approximation root.

02. Ans: 0.67

Sol: f(x)=x"+x-1=0
Letxg=0.5,%x;=1
f(x0) = 1(0.5) =-0.375
fix)=1(1)=1

£(x, )x, — f(x,)x,

£x,)-f(x,)
is first approximation root

1(0.5)— (- 0.375)(1)

o Xo =

1-(-0.375)
_ 0.5+0.375 _ 0.875
1.375 1.375
=0.6363

f(x,) = £(0.6363)

Carl David Tolme Martin Wilhelm
Runge (1856 — 1927) Kutta (1867-1944)

=(0.6363)° + (0.6363) — 1
=0.2576 + 0.6363 —1
=-0.1061 <0
Root lies in (0.6363, 1)
, f(xl)x2 —f(xz).xl
f(Xl)_f(Xz)
1(0.6363)~ (- 0.1061)1
1+0.1061
=0.6711

03. Ans: 2.33
Sol: Let f(x)=(x"—4x +4)
f(x)=(2x—-4)
Xo=3

= X1 =X, ——f(x")

f'(x,)
=25
Xo=3,x1=2.5
= f(x,)=1(3)=1 and
f(x)) =1(2.5)=0.25

.. By Secant method
_ xf(x) = x,f(x,)
) - f(x,)
=2.33

C. Runge and M. W. Kutta (German mathematicians) developed an important family of implicit and explicit iterative
methods, which are used in temporal discretization for the approximation of solutions of ordinary differential equations.
In numerical analysis, these techniques are known as Runge—Kutta methods.
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04. Ans: 4.3 f(x,) f(1)
X, =Xy~ =1-—
Sol: f(x) = (x* — 5x* + 6x — 8) £(x,) £(1)
1
fi(x) = (3x* — 10x + 6) :l_Z
Ko = Xp —Xa) =3-075
f'(x,) 4
‘ f(x,) The second approximation is
X1 = Xp VRN
£'(x,) oy )
2 1 '
22 f (Xl)
=5-—=429
31 £(0.75)
=0.75—-
£(0.75)
05. Ans: 1.67 _g75_ 01718
Sol: Let f(x) = x*—x-3, f'(x) = 3x"— 1 and x¢ =2 25
o . =0.75-0.0639
First iteration:
=0.6861
Here, f(2)=2°-2-3=3 X2 =0.686
and f'(2)=3(4)-1=11
07. Ans: (¢)
f(xo) 3 . . ! .
Now, x, =x, _m =2- 11 Sol: Putting n = 0 in the iteration formula of the
0
above example
SoX1 = 1.73
. . 4x2 +N
Second iteration: X, = 18
XO
Here, f(x;) = f(1.73)
5
= 1.73°-1.73-3=045 _ 4 )130 _ 18y 975
524) 80
and f'(x,) and £'(1.73) =3 (1.73)*~1 = 7.98
08. Ans: (a)
Now, X9 =x1— f'(xl) :1.73—(—0'45j
Fkxt) 7.98 . 26 +1
Sol: Given x , =—

X, =1.67 3%, +1
Suppose the formula converges to the root
after n iterations

06. Ans: 0.6861
3 Xn+l =Xp =X
: =X t+x- =
Sol Ijetf(x) X +x-1,x0=1 _2X3+1
f(x)=3x"+1 T3k’ 41
The first approximation is —~x+x-1=0
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09. Ans: (¢) Here,y,=6,y1=16 andy,=18
b 1 The formula of simpson’s 1/3™ rule for the
Sol: Let jf(x)dx=je"dx&n=4 ) o P
" 7 given data is given by
Then a = 0, b=l, f(x) = ¢ and J- )dx J-P {(Yc + yn)+ 2(}’2 Ty, t )}
_ _ +4y, +y;+.....
=" a:%:o.zs bty s
5 j )dX~IP )dx— [(6+18)+4(16)]
X 01025 (050 075 |1
y=f(x)=¢" | 1| 1.284|1.649 |2.117 | 2.718 = 58.6666
The formula of trapezoidal rule to the given 11. Ans: 5.132
data is given by =
a 2
" t h Sol: Let |f 8+4cos
ok = ek = Bl v o 2y g )] | SO Tt JF0Rx =B dcomn
1 ~1 v (1+2.718)+ Thena=0,b=§andf(x)=8+4cos(x)
= Jetdx= ol = { 1284+1649+2117)}
0 0
1 1
= [erdx = [p(x)dx = (T [(3.718)+2(5.05)] (i) Approximate value:
0 0
| *d - | ) o 5)[(3718+101) 1.727
'ge lepx . X 0 | n/2
y=1f(x)=8+4cos(x) | 12 8
10. Ans: 58.66
b 5 b_ —
Sol: Let If(x)dx = '[(— x* +9x — 2)dx Here,yo =12 &y, =38
a 1 The formula of trapezoidal rule is
andn=2 b b h
Then a1 bes. !f(X)dX < !P(X)dx =S o +yo)+ 2y +y. +)]
y=fx)=-x"+9%x-2 & (“j
n/2
pob-a_5-1_, jf ~ J’ (x)dx = ~=2[12+ 8]
n 2
" T35 =15.70796
y=f(x)=—x"+9x-2 | 6|16 | 18
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(ii) Exact value: b b
i If(x)dx ;J-p(x)dx
Now, J‘f x)dx— .[(8+4cos( ))d ’ ’
h
b 0 S0+ i)+ 20v)+ 4y + )
= .[f(x)dx:(8x+4sinx)g/2 52 52
a = ;[f(X)dX E! ( )dx
T
f =~ 4 —(0+0
I (e~ { [ j+ Sm&ﬂ (0+0) _03 (1.3862 +1.6486)+ 2(1.5260)+ 4(1.4586 +1.5892)]
=16.56637
(O 3 j[(3 0348)+(3.052)+(12.1912)]
(iii) Error 3
Error = Exact value — Approximate value B ( 03 j[l \ 278]
— Error = 16.56637 — 15.70796 3 )
= 0.8584 % 2
+ [f(x)dx=[p(x)=1.8278 = 1.83
|Err0r| 4 4
.. % Error = x 100
Exact value
13. Ans: 04
_ 08584 160 = 5.1816%=5.2% 3 Ans
16.56637 Sol: f(x)=10x20x"=y
Stepsize = P-§ =E=O.1
12. Ans: (a) 5
b 5.2 x |0 |01 (02 |03 |04 |0.5
Sol: Let [f(x}ix = [/nxdx andh=0.3
) ) y |0 [08 [12 [12 [o8 [0

Thena=4,b=15.2, f(x) = Inx

X 4 43 |46 |49 |52

Y=f(x) | 1.38 | 1.4 | 1.52 | 1.58 | 1.64

=Mhx |62 586 | 60 92 86
Yo yi oy y3 Ya

The formula of Simpson's 1/3 rd rule t the

given data is given by

Required answer

h
:E[(YO +YS)+2(Y1 +Yy,+Y; +Y4)]

=%[0+2(0.8+1.2+1.2+0.8)]

=04
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14. Ans: (¢) 16. Ans: (¢)
b 1
Sol: Given f(x)=; Sol: Let jf(x) dx :Ie" dx
0
The value of table for x and y Then f(x) = ¢*,a=0and b= 1
x[1[125]15 175 ]2 X 0.0 0.5 1
y|1]08 |0.66667 | 0.57143 | 0.5 y=f(x)=e" | 1 |1.6487 |2.7182
. . 1
Using Simpsons 3 rule Let x0=0.0, x;=05 and x,=1.0
1 h Then yo=1, y;=1.6487, vy,=2.7182
—dx=—|{y,+vy,)+4ly, +vy;)+2
IX 3 [(YO Y4) (Y1 Y3) (Y2 )] and h=0.5
0. 25
j dx =—[((1+0.5)+4x(0.8+0.57143)+2x(0.66667))|
O 25 (1) Approximate value:

[(1+05)+4x(1.37143)+2x(0.66667)|

j dx
I;dx =0.69325

Solution by Simpsons % rule is 0.69325

15. Ans: 0.6452

b 1
Sol: Let If(x)dx = J.e*"dx &h=0.5
0
Thenf(x)=e ™, a=0,b=1
X 0 0.5 1
y=f(x)=e¢™| 1 | 0.6065 | 0.3675
Yo Yi Y2
By Trapezoidal rule,

1

J.e*"dx = %[(yo +Y, )‘*‘ 2(}’1 )]

0

j‘ex dxzj‘P(X) dx = %[(YO+YZ)+4(YI)]

0

%[(1 +2.7182)+4(1.6487)]
%[3 7182 +6.5948]
= %[10.313] = 21965y 7188

(2) Exact value:

je" dx=(e"), = (e—1)=2.71828 — 1

0

=1.71828

(3) Error:

.. Error = Exact value — Approximate value

(0.5)
== [(1+0.3678)+2(0.6065)] ~ 171828 - 1.71828
 0.645) =-0.00052
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Hence, Absolute error = |Error]| k, = hf(x¢ + h, yo + k1)
= |-0.00052] =0.2(0.2 + (0.0))
=0.00052 =0.04
y1 =0+ 1 (0+0.04) =0.02
17. Ans: 0.992 2
Sol: y'=1(x,y)=4-2xy 21. Ans: 0.96
X0 =0,y0=0.2,h=0.2
v Sol: Let dy_ f(x,y)=4-2xy
By Taylor's theorem, dx
y(X) = y(Xot h) X0=0, yo=0.2,4=0.2
| h? k; =h.f (X0, ¥o) = 0.2 (4 —X,y, ) = 0.8
= y(x0) T hy'(xo) + 2=y (x,)
21 h k
ky=hf|x, +—,y, +—
(O 2y 2 2
=0.2+0.24) + L (-0.4)
2! =(0.2) (4 —2(0.1) (0.6))
=0.992 =(0.2) (3.88)=0.776
k
ks =hf(x, +h, yo+ =
18. Ans: 1 TR it g’
Sol: f(x,y)=4-2xy =(0.2) (4 -2(0.2) (0.976))=0.7219
x0=0,y0=0.2,f,=0.2 ks=h. f (X, + h, y0+k3)
By Euler's formula =(0.2) (4-2(0.2) (0.9219)) = 0.7262
19. Ans: 1.1 1
=02+ —(0.8+2(0.776 +0.7219) + 0.7262)
Sol: By Euler's formula, 6
y1=Yo + h f(xo, yo) =0.97
yi=1+00Hd-0=11 22. Ans: 1.1103
Sol: Forth order R-K method
20. Ans: 0.02 k, =hf(x,,y,)=(0.1)f(0,1)=(0.1)(1)=0.1
Sol: f(x,y)=x+y e +h +k2
= X —_ _—
x0=0,y0=0,h=02 : 0Ty Yoy
ki = h(fo, yo) =(0.1)f(0.05,1.05)
= 0.2(0+0) = 0 =(0.1)(1.1)=0.11
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h k
k, hf( 5,y0+72j
(0.1)f(0.05,1.055)
(0.1)(1.105)=10.1105

hf(x, +h,y, +k;)=(0.1)f(0.1,1.1105)
=(0.1)(1.2105)
=0.1211

k,

V=Y, +%(kl +2k, +2k, +k, )

y, =1+%[0.1+2(0.11)+2(o.1105)+(0.1211)]

yi = 1.1103
. y(0.1)=1.1103

23. Ans:i. 8x*—19x+12 ii.6 iii. 13

R P (e
Sol: 109= 15 i=a) V* Gon)e=a) >
+(X 1)(X 3)( )

(4-1)(4-3)

f(x)=8x*—19x + 12
f2)=6

f'(2)=13

f(x) = f(x0) + (x — Xo) f[X0, x1]

+ (x — X0) (x — X1) f[X0, X1, X2]
=1+(x-1)13+(x-1)(x-3) 8
=8x*— 19x + 12

f2)=6
f(2)=13

24. Ans: 8x*—19x +12, 6, 13
Sol:

x | P(x) Ap

1| 1
31 27

4| 64

By Newton's divided difference formula
P(x) = P(x0) + (x — x0) f[Xo, x1]
+ (x — X0)(x —x1) f[X0, X1, X2)
=1+x-DI13+(x-1)(x-3).8
= 8x"— 19x + 12
Plx)=16x—-19
P2)=6
P'(2)=13

25. Ans: x> +2x+3,4.25,3

Sol: Since the given observations are at equal

interval of width unity.

Construct the following difference table.

x | f(x) | A f(x) | A(x) | AM(x)
03

3
16 2

5 0
2|11 2

7 0
3018 2

9
4|27
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Therefore f(x)
f(x) = f(0) + C(x,1) Af(0) + C(x, 2) (0)

=3+ (xx3)+ [—X(Xz!_l)x2]

fx)=x*+ 2x +3
fl(x)=2x +2
£(0.5) = 4.25
£0.5)=3
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