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Discrete Mathematics

(Solutions for Text Book Practice Questions)

1. Mathematical Logic

01.

Sol:

02.

Sol:

03.

Sol:

Ans: (d)

The contrapositive of (A—B) is (~B— ~A).
and (A > B)=(~B > ~A).

The

contrapositive of p.

statement given in option(d) is
The statement given in option(d) is

equivalent to p.

Ans: (a)
S1: The given argument is
l.t>(q—p)
2.~p
So(~rvo~q)
3.0 A Q) —>p (1), equivalence

4. ~r A~ q) (3)and (2), modus tollens
5.(~r v ~q) (4), demorgan's law

oSy s valid

S2: When p has truth value false, q has truth
value false and r has truth value true; we
have, all the primeses are true but
conclusion is false.

.. S, is not valid.

Ans: (b)
Quine's method:
Casel:

04.

Sol:

When a has truth value true, the given
formula becomes

cA(~bA~c)

& (e A~c)A~b

<F A~b
< F

Case2:
When a has truth value false, the given

formula becomes

b A ~(b Vv c)
< (b A~b) A ~c
< F A~
< F

.. The given formula is a contradiction.

Ans: (a)

LetS;=(P—> Q)

where, P = ((a v b) - ¢) and
Q=(@aAb)—>c

Here, Q is false only when a is true, b is true

and c is false.

For these truth values P is also false.

s Sy is valid

LetS;=(R—>S)

where, R=(a A b) > cand

S=(@vb)—oc
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Here, when a is true, b is false and c is false;
we have, R is true and S is false.

ie., (R — S)is false.

.. S, 1s not valid

05. Ans: (¢)
Sol: S;: The given formula is equivalent to the

following argument.

l.~p > (q—>~w) premise
2.(~s—>q) premise
3.~ premise
4.(~pVvt) premise
So(W—s) conclusion

We can derive the conclusion from the
premises as follows.
5.~p (3), (4), Disjunctive syllogism
6.(q—>~w) (1), (5), Modues ponens
7. (~s > ~w) (2), (6), Transitivity
8. (W—5s) (7), Contra positive
equivalence

.. The given formula is valid

Si: The given formula can be written as
{@>t) A(s>1)A(QVvs)—>(tvr
which is valid by the rule of constructive

dilemma.

06. Ans: (¢)

Sol: (a) When p has truth value false and r has
truth value true, then all the premises are
true and conclusion is false.

.. The argument is not valid.

07.

Sol:

08.

Sol:

(b) When p has truth value false, q is true
and r is true: then all the premises are
true and conclusion is false.

.. The argument is not valid.
(c) The given argument is written as
lL.{p—>(@—>1
2.(pArq)}
ST
3.(p A q) > (1), equivalence
4.t
.. The argument is valid
(d) When p has truth value false and q has

truth value false, then both the premises

(2) and (3), modus ponens

are true and conclusion is false.

.. The argument is not valid.

Ans: (d)
Si: The contra-positive of (P — Q) is
(~Q —~P)
The contra-positive of {(~r) v(~s)}— q is
~q = ~{(~1) v (~5)}
< ~qQ—(rAs)
(- (P—=Q) = (~PvQ))

Similarly, we can verify other statements.

Demorgan’s Law

< qV(TAs)

Ans: (b)
From the truth table
(p*q <= (pAr~q)
Now, (p > @) < (~pVv q)
< ~(pAr~q)
<~p*q
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09. Ans: (d)
Sol: The given formula can be written as

(P-9)+ @ q)+ (.9
(p-q)+p.(q+q)
(By distributive law)
(P-9)+p
=(Ptp).-(pta

(By distributive law)
= ptq

10. Ans: (¢)
Sol: Quine's Method:

Case 1: When p is true, given formula

(v qtq=1)

{TAFV~qQ AF VgV A~}
S~qA(QVIr)A~T
S~qvina(qvr
< F

Case 2: When p is false, the given formula
is also false

.. The given formula is not satisfiable.

11.
Sol:

Ans: (a)
Si=(P>Q)—>P)—>Q

& ~{~(~P v Q) vP} v Q
< {(~P v Q) A~P}VvAQ

S PV Qv Q) A(-PVQ)
S PV Q AGPVQ)

< (~P v Q)

< P->Q)
$=P>Q—->P->Q)

&SP->T [ Q—>(P—Q) is a tautology]

T
S] = Sz

12. Ans: (¢)

Sol: S;: Conditional proof:

l.(avb)—>c premise
2.c—o>(dae) premise
(a—>d) conclusion

3.a new premise to
apply conditional proof

4.avb (3), addition

5.¢ (1), (4), modus pones

6.dAe (2), (5), modus pones

7.d (6), simplification

. Sy is valid
S,: Indirect proof:

I.p—>9q) premise

2.~(pAQq) =premise

3.p new premise to apply indirect

proof

4.q (1), (3), modus pones

5.~p (2), (4), conjunctive syllogism

6.F (3), (5), contradiction

oS, s valid

13. Ans: (¢)

Sol: Quine's method:
Case 1: When P is true, the given formula
has truth value true.
Case 2: When P is false, the given formula
has truth value true; whether Q is false or Q
is true.

.. The given formula is a tautology.

l'h’ "‘“
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14. Ans: (d)
Sol: (a) Let A=(p—>q)—>r and
B=p—>(q—-r)
Here, B is false only when p is true, q is true
and r is false.
For this set of truth values, A is also false.

.. A — B is a tautology.

(b)Let A=p—>(r vq) and
B=(p—->1v{p—>9

Here, B is false only when p is true, q is

false and r is false.

For this set of truth values, A is also false.

.. A — B is a tautology.

(c)Let A=p—>(r A q) and
B=(p->1v{p—>9

Here, B is false only when p is true, q is

false and r is false.

For this set of truth values, A is also false.

.. A — B is a tautology.

(dLet A=p—>(q—r) and
B=(p—>q—or

When p is false, q is true and r is false; then

A is true and B is false.

.. A — B is not a tautology.

15. Ans: (¢)
Sol: S1: ~(p vq) > (p > q)
Let us represent this as A — B, where

A=~p vqandB=(p—>q)

16.

Sol:

Here, B is false only when p is true and
q is false.
For this set of truth values, A is also
false.
. S1 is a tautology
S2: ~(q—>~p) > (P —>~9
Let us represent this as A — B. where
A=~q—>~p)andB=(p > ~q)
Here, B is false only when p is true and q
is true.
For this set of truth values, A is true.
.. S2 is not a tautology
S3:~p—>9—>(P Vv
Let us represent this as A — B.
Here, B is false only when p is false
and q is false.
In this case, A is also false.
.. S3 is a tautology
S4:(p A~q) > (p Q)
Let us represent this as A — B.
Here, A is true only when p is true and
q is false.
In this case, B is false.

.. S4 is not a tautology

Ans: (b)

The truth table of a propositional function in
n variables contain 2" rows. In each row the
function can be true or false.

By product rule, number of non equivalent
(different truth

propositional  functions

tables) possible = )
If we put n =3, we get 256.
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17.

Sol:

18.

Sol:

19.

Sol:

Ans: (b)

In the given formula, if we replace (c — ~d)
with (~c v ~d), then the given formula is a
substitution instance of destructive dilemma.

.. The given formula is valid.

Ans: (¢)
If (p — q) is false then p is true and q is

false.
@ ((~p)rq <> (PVva
replacing p with true and q with false,
we have (F A F) <> (T v F)
SFoT
< F
(b) (p = q)
replacing p with true and q with false,
we have
(ToF)<F
©(pvavr
replacing p with true and q with false,
we have
(TVEF)vreT
d@Aagvr
replacing p with true and q with false, we
have

(TAF)vrer

Ans: (b)

S1: When a is false and b is false, then the
given formula has truth value false.
.. Sy is not valid

20.

Sol:

21.

Sol:

22,

Sol:

S,: (a>b) is equivalent to ((aAb)v(—an—b))
C0 S, is valid

Ans: (a)

Si: Let us denote the given formula by P=Q
Here, Q is false only when a is true, b is
true and c is false.

For these truth values, P also has truth
value false.

c. Sy is valid.
S,: When a is true, b is false and c is false;

the given formula has truth value false.

.. S, is not valid.

Ans: (¢)

Si:p—(qAT)
S~pVv(qAT)
S (pvaA(=pvr)
SP=9PArP—1)

S2:[(pv @ — 1]
S~pvqvr
S(pA~q VT
S (~pVvr)Aa(~qVvr)
Sp—0A(@—1)]

Ans: (a)
[p—(qVvr)]
S~pvqyr
S~pA~q)Vvr

S [pr~q —r1]
.. The given formula is valid.
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23.

Sol:

24.

Sol:

25.

Sol:

Ans: (¢)
S:p—(qAar)

S ~pVvI(QAaT)

The dualis ~pA(qVvr)
S;:peq

S PEAQV(pA~q)

The dualis (~pv~q)A(qVvDp)

Ans: (a)
((anb)—c)

&S ~aab)ve
&~av~bve

& (~ave)vi(~bve)

< ((a@a—c)v(b—o)

Ans: (¢)

Argumentl: Let

p: there was a ball game
q: travelling was difficult.
r: they arrived on time

The given argument in symbolic form is

l.p—>¢q premise
2.t—>~q premise
3.r premise
~p conclusion
Proof:
4. ~q (2), (3), modus pones
5.~p (1), (4), modus tollens

.. The argument is valid

Argument2:

Let p: jack misses many classes through

illness

26.

Sol:

27.

Sol:

g: he fails high school.

r: he is uneducated.

s: jack reads a lot of books
t: jack is smart

The given argument in symbolic form is

l.p—>q premise
2.qor premise
3.s > ~r premise
4.pAs premise
St conclusion
Proof:
S.-por (1), (2), transitivity
6.p (4), simplification
7.s (4), simplification
8.1 (5), (6), modus ponens
9.~r (3), (7), modus ponens

(8) and (9) contradict each other.
.. The premises are inconsistent.

Hence, the argument is valid.

Ans: (b)

PA(rvqv~q)Vv(rvtv~rA~q)
SpPArT)Vv(TA~)

<pVv~q

Ans: (a)

PVvPAQVPAGA~D)) A((PAT AL V)

In boolean algebra notation
(P + -9+ (p.q. ~0).((p-r-) + 1)
=p.(l+q+71)t(pr+1)
=p.t
=pAat
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28.

Sol:

29.

Sol:

Ans: (a)
The given formula is equivalent to the

following argument

l.p premise
2.(p—9q) premise
3.(svr) premise
4. r—~q) premise
So(sv) conclusion
Proof:
5.q (1), (2), modus pones
6. ~r (4), (5), modus tollens
7.s (3), (6),disjunctive syllogism
8.svt (7), addition

The argument is valid.

.. The given formula is valid.

Ans: (a)
The given formula is equivalent to the

following argument

L(~pvq—r)

premise
2.(r—(svt) premise
3.(~sA~nu) premise
4. (~u—>~1t)} premise
) conclusion
Proof:
5.~s (3), simplification
6. ~u (3), simplification
7. ~t (4), (6), modus ponens
8. ~s A ~t (5), (7), conjunction

30.

Sol:

31.

Sol:

32.

Sol:

9.~(sVvt) (8), equivalence

10. ~r (2), (9), modus tollens
11.~(~pvVvQq) (1), (10), modus tollens
12.pA~q (11), equivalence

13.p (12), simplification

The argument is valid.

.. The given formula is valid.

Ans: (a)
The argument is valid by the rule of

constructive dilemma.

Ans: (a)
The given formula is equivalent to the

following argument

l.(~p<q) premise
2.(q—r) premise

3. (~n) premise

Lp conclusion
Proof:

4. ~q (2), (3), modus tollens
5.~p—>q) (1), simplification
6.p (4), (5), modus tollens

The argument is valid.

.. The given formula is valid.

Ans: (¢)
Si:(aab)ve
=(a.b) tc
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& ACE :
=(a+tc)(b+tc) l.prq) —>r premise
={(a+c)+(b.b)}. {(a.a)+(b+c)} 2.~p—>s premise
=(@+b+c)(a+b+c)(a+b+c) 3.~q—>t premise

=(avbve)a(av~bvec)a(~avbve) 4. ~r premise
which is the required conjunctive normal 5.u— (~s A ~t) premise
form. S~ conclusion
S;:an(bec)
=an{(bac)Vv(~ba~c)} Proof:
=(@aAbac)v(an~ban~c) 6.~(pAQq) (1), (4), modus tollens
Which is the required disjunctive normal 7.~p Vv ~q (6), demorgan's law
form. 8.(svt) (2), (3), (7),
constructive dilemma
33. Ans: (¢) 9.~u (5), (8), modus tollens
Sol: (I). p: It is not raining .. The argument is valid.
First Order Logic

q: Rita has her umbrella.

r: Rita does not get wet.

The given argument in symbolic form is
34. Ans: (¢)
A statement is a predicate if we can replace

l.pvgq premise
2.~qvVvr premise Sol:
3.~pvr premise every variable in the statement by any
conclusion instance in its domain to form a proposition.
S, is false for any real number.
.. Sy 1s a predicate

T

The argument is valid, by the rule of
S, is true for some real numbers which are

odd integers.

dilemma.
.. Sy 1s a predicate

(II). p: Superman were able to prevent evil
q: Superman were willing to prevent

evil
r: Superman would prevent evil
35. Ans: (b)
P, y)=(xvy) —z

s: Superman would be impotent.
t: Superman would be malevolent. Sol:
u: Superman exist. ~PX,y)=(XVYy) A~z
The negation of Vx Jy P( x, y)is Ix Vy
(v y) A~2)

The given argument in symbolic form is
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36. Ans: (d)

Sol: 1. If we choose y = 17 — x then ¢ is true.
2. When x = 17, there is no positive integer
y which satisfies ¢
3. When x = 17, there is no positive integer
y which satisfies ¢
4. If we choose y = 17 — x then ¢ is true.

37. Ans: (a)
Sol: In general, the universal quantifier take the
connective — and the existential quantifier
take the connective A.
The given formula in symbolic form, can be
written as
Vn[(n>1)— 3Ix {p(x) A (n<x <2n)}]

38. Ans: (a)

Sol: The given statement can be expressed as
Vn[(n>1)—> 3Ix {p(x) A (n <x <2n)}]

Its negation is

~{Vn [(n>1) > Ix{p(x) A (n <x <2n)}]
<In~[(n>1) — Ix {p(X) A (n <x < 2n)}]
< dn [(n>1) A~3x {p(X) A (n<x<2n)}]
< dn [(n>1) A VX ~{p(X) A (n<x<2n)}]
< dn [(n>1)A VX {p(X) > ~(n<x<2n)}]
< dn [(n>1) A VX {p(x) = ((x5n) v

(x 2 2n))}]

39. Ans: (d)
Sol: 1) Let D (x) : x is a doctor

The given argument can be written as
1) Vi {D (x) = C (x)}
2) H{DX) A~ G (x)}
23 {G (xX) A~ C(x)}
3) {D(@)A~G(a)}

2), Existential

Specification
4) {D(a)—C(a)} 1), Universal

Specification
5)D (a) 3), Simplification

6)~G(a) 3), Simplification
7) C (a) 4), 5), Modus ponens
8) {C(a)A~G(a)} 7),6), Conjunction
9) I {GX)A~C(x)} 8), Existential
Generalization

The argument is not valid
II) Let M (x) x is a mother

N (x) x is a male

P (x) : x is a politician
The given argument is
1) Vi {M(x) = ~ N (x)}

) INX) AP (X)}
S {PX)A~M (x)}

3) N (a)AP (a) 2), Existential Specification
4) M (a)>~N (a) 1), Universal Specification
S)N(a) 3), Simplification

6) P (a) 3), Simplification

7)~M (a) 4), 5), Modus tollens

8) {P (a)a~M (a)} 6), 7), Conjunction
9) IH{P X)) A~M (x)} 8), Existential

) Generalization
C (x) : x is a college graduate
G (x) : x is a golfer .. The argument is valid.
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40. Ans: (¢) S2: VX[P(x) v Q(x)] = (Vx P(x) v Vx Q(x))
Sol: S;: L.H.S = 3x [P(x) v Q(x)] We can disprove the above statement by
= P(a) v Q(a) [Existential specification] counter example:
= A Px) v Q(a) [EX_lStent_lall Generallllzat-lon] Let the universe be {a, b}. Suppose P(a)
=(3IxP(x)vIxQ(x)) [Existential Generalization] is true, P(b) is false, Q(a) is false and
.. L.LH.S. = R.H.S .
Q(b) is true.
Now, R.H.S = (Ix P(x) v 3x Q(x)) . ,
, ) o For these values the given statement is
= P(a) v 3x Q(x) [Existential Specification] fal
alse.
= P(a) v Q(b) [Existential Specification] >¢
> .. S, 1s not valid
= P(a) v Q(b) v P(b) v Q(a) [Addition]
= [P(a) v Q(a)] v [P(b) v Q(b)] 42. Ans: (a)
[By commutative and associative laws] Sol: The given statement can be written as
= 3x [P(x) v Q)] v 3x [P(x) v Q)] IS A M) A ~H()}
[By Existential Generalization] It's negation is
= Ix [P(x) v Q(X)] [By Idempotent law] Vx {~S(x) v ~M(x) v H)!
.. RH.S. = L.H.S. '
(By demorgan's law)
H L.H.S. < R.H.S.
ence, LELS. & K-H.5 & Vx {{SK) A M)} - HX)}
S,: Try your self (Similar to S;)
(- PvQ=(-P—->Q)
41. Ans: (a)
Sol: S;: Proof by contradiction 43. Ans: (d)
1. (VxP(x) v Vx Q(x)) Premise Sol: I. Let U = {a, b} be the universe of
2. ~{Vx[PX)VQ(x)]} New premise discourse, such that

for indirect proof
3. X [~P(x) A ~ Q(X)]
4. [~P(a) A~ Q(a)]

(2), equivalence

(3),existential
generalization

5.~P(a) (4), simplification
6. ~Q(a) (4), simplification
7. Ix~P(x) (5), existential

generalization
8. Ix~Q(x) (6), existential

generalization
(7),(8),conjunction
(9), equivalence

9. Ix~P(x)ATx~Q(x)
10. ~(Vx P(x) v Vx Q(x))

(1) and (10), contradict each other.
oo Sy is valid

P(a) is true, P(b) is false

Q(a) is false, and Q(b) is true

Now, L.H.S of I is true

And R.H.S of I is false

.. The statement I is not valid.
II. Let U =
discourse, such that
P(a) is true and P(b) is false
Q(a) is false and Q(b) is true

Now,

The antecedent of II is true and consequent
is false

.. The statement II is not valid.

{a, b} be the universe of
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44. Ans: (¢)

Sol: I. The premises are

1. Vx[P(x) — {Q(x) A S(x)}]

2. Vx {P(x) A R(x)}
3. P(@)—{Q(a)AS(a)}

(1) universal

specification
4. P(a) AR(a) (2) universal
specification
5. P(a) (4), simplification
6. Q(a) A S(a) (3),(5) modus ponens
7.S(a) (6), simplification
8. R(a) (4), simplification

9. R(a) A S(a)

10. Vx{R(x) A S(x)}
I1.
universal quantifier.

quantifiers in the

(8), (7), Conjunction
(9) U.G
Argument I is valid.

The given argument contains only
We can drop the

argument.

Now the premises are

1 {P(x) v Q(X)}

2. {~P(x) A Q(x)} — R(x)
The conclusion is {~R(x) — P(x)}.

Let us apply conditional proof

3. ~R(x)
4. {P(x) v ~Q(x)}

new premise

(2),(3), modus tollens

5. {Px) v Q) A {P(X) v ~Q(x)}

(2, (4), conjunction

6. P(x) v {Q(x) A ~Q(x)} (5), Dist. Law

7.P(x) vF
8. P(x)

(6)
(7

.. Argument II is valid.

45. Ans: (b)

Sol: The given statements can be represented by

the following venn diagram

Sales
Persons
Interesting Uninteresting
People People

From venn diagram, option(c) does not

follow.

46. Ans: (a)

Sol: The given statements can be expressed as

Ix {D(x) A ~S(x)}
It's negation is
VX {(D(x) = S(x)}

47. Ans: (¢)

Sol: S;: Ix {P(x) > Q(x)}
= Ix {~P(x) v R(x)}
= {3Ix ~P(x) v Ix R(x)}
& {Vx P(x) > Ix Q(x)}
S is true
Sy: Jx Vy P(x,y)
= Vy P(a,y) for some a
= P(a, b) is true for all b
= dx P(x, b) is true for all b
= Vy Ix P(x, y) is true

S, is true

Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs

l'h’ "‘“
‘5N v DEEP
'ﬁ" X FEARN

ACE

Enjoy a smooth online learning experience in various languages at your convenience




"

P
v v
™ A
VN .Y Engineering Publications

12

CSIT-Postal Coaching Solutions

48.

Sol:

49.

Sol:

50.

Sol:

Ans: (¢)

3, Yy P(y, X) = ¥y 3 P(x, y)

< L VyPx,y) = Vy I P(X, y)

(- x and y are dummy variables)

Which is valid as per the relationship

diagram shown below

Vv, VY, Yy Yy

P(x,y)
Vi3,

3, 3, 3,3,
The remaining options are not true as per the

diagram.

Ans: (d)

S; is true

Once we select any integer n, the integer m
=5 —n does exist and
ntm=n+(5-n)=5

S, is true, because if we choose n=1 the
statement nm = m is true for any integer m.
S; is false, for example, when m = 0 the
statement is false for all n

Sy is false, here we cannot choose n = — m,

because m is fixed.

Ans: (a)

Si: LH.S & 3Ix (A (x) > B(x))
< Ix (~ AKX) v B(x)), Ei6
< Ix ~ A(x) v Ix B(x), E3
< Vx A(x) > Ix B(x), Ei6
=R.H.S

S;: LH.S © {Vx ~A(x) v Vx B(x))
= Vx (~ A(X) v B(x))
=Vx(A(x) > B(x))=R.H.S

But converse is not true
.. S, 1s false
S; valid equivalence

S4 1s not valid (converse is not true)

51. Ans: (b)
Sol: (a) The

given formula 1is wvalid by

conditional proof, if the following

argument is valid.

(1) Vx { P(x) = Q(x) }

(2) V « P(x) new premise to apply C.P
2 Vi Q(x)

Proof:

(3) P(a) — Q(a) (1),U.S

(4) P(a) (2), U.S

(5) Q(a) (3), (4), M.P

(6) Vx Q(x) (5),U.S

.. The given formula is valid (C.P)
(b) The statement need not be true.

Let ¢ and d are two elements in the
universe of discourse, such that P(c) is
true and P(d) is false and Q(c) is false
and Q(d) is false.

Now, the L.H.S of the given statement is
true but R.H.S is false.

.. The given statement is not valid.

Regular Doubt clearing Sessions | Free Online Test Series Programme

b A"(S'Eh Affordable Fee | Available 3M |6M |12M |18M and 24 Months Subscription Packages




£ ACE 2
(c) Vx (Px)V Q(x)) = (Vi P(x) v 3x Q(x)) S, is true. If we choose, x = 1, then the
Indirect proof: statement is true for any integer y
1) V4 (P(x) v Q (X)) Premise S3 is true. If we choose, x = 1, then the
2) ~ (Vx P(x) v 34 Q (X)) statement 1s true for any integer y

New premise to apply Indirect proof S4 is false, because there is no integer y
3) 3, ~ P(X) A ¥y ~Q(X) which is divisible by all integers.
(2), Demorgan’s law
L . 53. Ans: (a), (¢)
4) 3x ~ P(x) (3), Simplification .
Sol: There is at most one bear.
V) ¥ QR Ol (-(Gx @y (B A BY)) A (x # ) There
6) ~ P (a) (4), E.S does not exist two different bears.
7) ~Q (a) (5), US (Vx (Vy (B(x) A B(y)) = (x =y)))) If there
8) (~ P(a)A~Q(a)) (6), (7),Conjunction are two bears, they must be the same.
9) ~(P(a)vQ(a)) (8), Demorgan’s law 54, Ans: (b), (©)
10) (P(a)vQ(2)) (1), U.S Sol: A is a knave and B is a knight.
I11)F (9), (10), Conjunction Assume A is knight then “The two of us are
-, valid (Indirect proof) both knights” is true so, B is knight, but
Sy: The argument is now we have contradiction because of B
says “A is a knave”.
1) vx Vy (P(X7 Y) - W (X: Y))
sl by 2. Combinatorics
.. ~P(a, b)
01. Ans: 31
(d) V«{P(x)Vv Q(x) } follows from Sol:
(VxP(x) v ¥ Q(x)) F G
.. The given statement is valid. 0
8

52. Ans: (b)

Sol: S; is false. For x = 0. There is no integer y x+ty+11+8=50
such that ‘0 is a divisor of y’ x+y=31
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02. Ans:2 04. Ans: (b)
Sol: Sol:
n(P)=45 n(E)=50
X+ 11 -x+2-x+3+2+4+x=
3x+11-x+2-x+3+2+4+x=31 (PL)=50
35-2x=3l1
2x =4
x=2 30-(x+y) + (35— (x+2) + (35— (v +2))
+x+y+z+15=80
03. Ans: 249 Xx+y+z=35
Sol: (5)-80 30— (x+y)+35-(x+2)+35-(y+2)
n(5)= =
a(6)=66 =80—(x +y+z+15)
Q =130
@v& 30 — (xty) + 35 — (x+2)+35 — (y+z)+xt+y+z
v =30+35=65
n(8)=50
05. Ans: 86
400
n(5)=—-=80 06. Ans: (c)
400 Sol: If n is even, then number of bit strings of
1'1(6) = ? =66 n
400 length n which are palindromes = 22,
n(8)= . 50 If n is odd, then number of bit strings of
400 ; i = nTH
(5 6) 0 =13 length n which are palindromes =2
( 5 8) 400 _10 .. Required number of bit strings = ZH .
40
400 » 07. Ans: 3439
(6 8) 4 6 Sol: Number of integers between 1 and 10,000
400 without digit 7= (9* — 1) +1
n(5n6M8)=——-=3 : : s
120 Required number of integers = 10,000 — 9
400 — 151 =249 = 3439
:ﬁ‘ DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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08. Ans: 64 =C; +°C; x °Cy x D+ °Cy x °Cy x °Cy x 1)
Sol: In a binary matrix of order 3 x 3 we have '0' +(CC +7°C x°Cy x 1)
elements each element we can choose '2' =729+ 729 + 729
ways. =2187
By using symmetric relations we have
n(n-1) , , 12. Ans: 2940
2 2 x2" matrices are possible . . . o
36) Sol: Consider an integer with 5 digits.
2202 x2? Digit 3 can appear in 5 ways
=64 Digit 4 can appear in 4 ways
Digit 5 can appear in 3 ways
09. Ans: 188 Each of the remaining digits we can choose
Sol: An English movie and a telugu movie can be in 7 ways.
selected in (6)(8) = 48 ways By product rule,
A telugu movie and a hindi movie can be Required number of integers
selected in (8).(10) = 80 ways = (S)@B)7)(7) =2940
A hindi movie and an English movie can be
selected in (10)(6) = 60 movies 13. Ans: (a)
Required number of ways = 48 + 80 + 60 Sol: Since it is a single elimination tournament
=188 so we need (n—1) matches to decide winner.
10. Ans: 262 14. Ans: (¢)
Sol: The total number of integers 1 through 1000 | Sel: Let P, Q are subsets of S so that P n Q = ¢.
with atleast one repeated digit So each element of P, Q are having '3'
= 1000—C;+°C; x °C; +°Cy x °Cy x 8Cy) possibilities
=1000 — 738
=262 Case (1) : Elements are in P but not in Q
Case (ii) : Elements are in Q but not in P
11. Ans: 2187 Case (iii): Elements are not in P and not in Q
Sol: Number of 4 digit integers with digit '0' .. Number of possibilities = 3"
appearing exactly once
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15. Ans: 151200 Number of signals we can generate using
Sol: Required number of ways two flags = P(5,2) = 5.4 =20 and so on.
=Number of ways we can map the 6 Required number of signals
persons to 6 of the 10 books =5+ P(5,2) + P(5,3) + P(5.,4) + P(5,5)
=P(10,6) — 375
= 151200
19. Ans: (a)
16. Ans: 2880
) ) ) ) ) Sol: Each book we can give in 10 ways.
Sol: First girls can sit around a circle in £4 ways.
.. By product rule, required number of ways
Now there are 5 distinct places among the .
girls, for the 4 boys to sit. "
Therefore, the boys can sit in P(5, 4) ways.
By product rule, 20. Ans: 243
Required number of ways = Z4.P(5, 4) Sol: Each digit of the integer we can choose in 3
= 2880 ways.
By product rule,
17. Ans: 1152 Required number of integers = 3°
Sol: Consider 8 positions in a row marked 1, 2, =243
3,...., 8.
Case 1: Boys can sit in odd numbered | 21 Ans: 12600
positions in Z4 ways and girls can sit in Sol: Required number of permutations
even numbered positions in £4 ways. 210
Case 2: Boys can sit in even numbered ~ 0304 12,600
positions in £4 ways and girls can sit in odd
numbered positions in £4 ways. 22.  Ans: 360
Required number of ways Sol: Required number of strings = Number of
= L4 LAt L4.24=1132 permutations possible with seven 0's, two 1's
and one 2
18. Ans: 325
Z10
Sol: Number of signals we can generate using 1 = m: 360
flag=>5
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23. Ans: 2520 27. Ans: 45
Sol: Required number of ways Sol: For maximum number of points of
= number of ordered partitions intersection, we have to draw 10 lines so
. Z10 2520 that no three lines are concurrent. In that
£3.£2./5 case, each point corresponds to a pair of
distinct straight lines.
24. Ans: 945 ~.Maximum number of points of
Sol: Required number of ways = Number of intersection = number of ways we can
unordered partitions of a set into 5 subjects choose two straight lines out of 10 straight
o Z10 lines = C (10, 2) =45
of same size =
(£2.£2.£2./2.£2).45
=945 28. Ans: 120
Sol: The 3 zeros can appear in the sequence in
C(10,3) ways. The remaining 7 positions of
25. Ans: 150 . .
. the sequence can be filled with ones in only
Sol: Required number of ways = Number of onto
. . one way.
functions possible from persons to rooms ) )
s s s Required number of binary sequences
=3"-C(3,1)2°+C3,2).1
—243-3(32) +3 o "V
=243-362) =120
=150
29. Ans: 35
26. Ans: 5400 Sol: Consider‘a‘ string of 6 ones in a row. Th.ere
Sol: Suppose we are choosing 4 men from 6 men are 7 positions among the 6 ones f0'r placing
then °Cy. 4 zeros. The 4 zeros can be placed in C(7,4)
And each men pair with women. Ways.
First men can choose any one women of 6 Required number of binary sequences
women and second men can choose any one =C(7,4)=C(7,3)
women of 5 women by continuing this =35
process, 30. Ans: 126
Total number of ways="Cy x (6 x 5 x 4 x 3) Sol: Number of 5 digit integers are possible so
= 5400 that in each of these integers every digit is
less than the digit on its right = '°Cs —°Cy4
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31. Ans: (b) {1, 2, ....,31} containing no two consecutive
Sol: We have 2n persons. elements and the set of 5 element subsets of
Number of handshakes possible with 2n (1,2, ......,27}.
persons = C(2n,2) .. Required number ways = C(27, 5).
If each person shakes hands with only
his/her spouse, then number of handshakes | 34. Ans: 210
possible =n Sol: We can choose 6 persons in C(10, 6) ways
Required number of handshakes We can distinct 6 similar books among the 6
=C(2n,2)—n=2n(n-1) persons in only one ways
.. Required number of ways
32. Ans: 1092 =(C(10, 6). 1
Sol: In a chess board, we have 9 horizontal lines =C(10,4)=210
and 9 vertical lines. A rectangle can be
formed with any two horizontal lines and | 3S. Ans: 14656 No range
any two vertical lines. Sol: Number of committees with all males
Number of rectangles possible =C(12,5)
=C(9,2). C(9,2) = (36)(36) = 1296 Number of committees with all females
Number of squares in a chess board =CG@, )
— 12422 +3%+ . +8=204 Required number of committees
Every square is also a rectangle. = C(20,5)-C(12,5) - C@®, 5)
Required number of rectangles which are i 50
not squares = 1296 — 204 = 1092
36. Ans: (¢)
33. Ans: (A) Sol: R
Sol: Let a;, a,, a3, a4, a5 be the dates of the five
days of January that the student will spend E C
in the hospital, in increasing order. Note that
the requirement that there are no two
consecutive numbers among the a;, and 1 < N B
a<a-l<a2<a-3<a-4<27In The number of triangles formed by joining
other words, there is an obvious bijection the vertices of n — sided polygon "Cs
between the set of 5 element subsets of
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Number of triangles having one side y=x3+12
common with that of the polygon (n —4) n Z=%x4 +12
Number of triangles having two sides where X, , X2, X3 , X4 > 0
common with that of polygon =n Given 12<w+x+y+z<14
The numb.er of triangles having no side Let wix+ytzit=14 wheret>0
common with that polygon = x
. wtx+tyt+tz+t=13
Total number of triangles = (n —4)n + n + x
N wtxt+ty+z+t=12
= 'C—(n-4)n—n=x
So, total number of solutions
n(n-1)n-2)
szf—n +3n :18C4+17C4+]6C4
=1695
oy n(n—4)(n—5)
6
40. Ans: 10
37. Ans: 1001 Sol: X]tXp+X3= 8
Sol: Required number of ways = V(5,10) X; 23
V(n,k) = C(n—1+k, k) Xp2>—2
= V(5,10) = C(14,10) X324
=C(14,4) Let x;=P+3
= 1001 X =Q-2
X3 = R He 4
38. Ans: 455 P20,Q20,R20
. .. P+3+Q-2+R+4=8
Sol: To meet the given condition, let us put 1 ball Q
. - P+Q+R=3
in each box, The remaining 12 balls we can . 5
Number of solutions = °C, = 10
distribute in V(4,12) ways.
Required number of ways = V(4,12).1 41. Ans: 63
= C(15,12) = C(15,3) = 455 Sol: Let X; = units digit, X, = tens digit and
X3= hundreds digit
39. Ans: 1695 Number of non negative integer solutions to
Sol: letw=x;+12 the equation
X:X2+12 X1+X2+X3=10is
V(3,100=C(12,10)=C (12,2)=66
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where X;=10(i=1, 2, 3)

42.

Sol:

Required number of integers = 66 — 3 = 63

Ans: (b)
We can treat each student and the adjacent

empty seat as a single width-2 unit.

among the students.

The students can sit in alphabetical order in

only one way.
Now, there are k + 1 distinct spaces among

the students to arrange (n — 2k) empty

chairs.
The required number of ways

—V(k + 1, n - 2k)
= C(k +n -2k, n—2k)

=Cn—k, k)

43. Ans: 210

Sol:
w=w +1

Then the given inequality becomes

x'+y +zZ+w)<6

where x', y’, z' and w' are non-negative

integers.
The number of solutions to the inequality
are same as the number of non-negative

integer solutions to equation

Together, these units take up 2k seats,
leaving n — 2k extra empty seats to distribute

Letx=x"+1,y=y +1,z=7"+1and

44.

Sol:

8 ACE 20
We have to exclude the 3 cases =C(n-1+k, k)
Wheren=5and k=16
=C(10, 6)
=210

Ans: 10800

The six symbols can be arranged in £6

ways. To meet the given condition,
Let us put 2 blanks between every pair of

symbols.
The number of ways we can arrange the
remaining two blanks = V(5, 2)
=C(5-1+2,2)=15

.. Required number of ways = 26 .(15)

=(720) .(15) = 10,800

45. Ans: (d)
Average number of letters received by an

Sol:
apartment = A = &
50
= 8.2

Here, [A]=9and [A] =8
By pigeonhole principle, S; and S, are

necessarily true.
S5 follows from S; and Sg follows from S,.

S; and S4 need not be true.

46. Ans: (¢)
Average number of passengers per bus

Sol:
=66.66

_ 2000

30

(XI+y!+ZI+W!+VI)=6

The required number of solutions
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By Pigeon hole principle, some buses 50. Ans: 4
contain atleast 67 passengers and some | Seol: Suppose x > 6,
buses contain atmost 66 passengers. Minimum number of balls required = kn +1=16
1.e., some buses contain atleast 14 empty where k + 1 =6 andn = 3.
seats. =53)+1=16
.. Both S; and S, are true. Which is impossible
S xX<6
47. Ans: 97 Now, minimum number of balls required
Sol: If we have n pigeon holes, then minimum =x+((kn+1)=15
number of pigeons required to ensure that wherek+ 1 =6 andn=2
atleast (k+1) pigeons belong to same =x+52)+1=15
pigeonhole = kn + 1 ~x=4
For the present example, n=12 and k+1=9
Required number of persons = kn + 1 S1. Ans: 7
= 8(12) +1 =97 Sol: For sum to be 9, the possible 2-element
subsets are{0,9}, {1, 8},{2, 7},{3, 6},{4, 5}
48. Ans: 26 If we treat these subsets as pigeon holes,
Sol: By Pigeonhole principle, then any subset of S with 6 elements can
Required number of balls = kn + 1 have at least one of these subsets.
= 5(5)+ 1 =26 Since we need two such subsets, the
required value of k = 7.
49. Ans: 39
Sol: The favorable colors to draw 9 balls of >k AnsiT
ol: The favorable colors to dra alls of same
v . v Sol: If we divide a number by 10 the possible
color are green, white and yellow. )
) remainders are 0, 1, 2, ..., 9.
We have to include all red balls and all ) ..
) ) — Here, we can apply pigeonhole principle.
green balls in the selection of minimum )
ber of balls. For the f ble col The 6 pigeonholes are
number of balls. For the favorable colors we
can annlv pigeonhole princiole {0, {5}, {1, 9}, {2, 8}, {3,7}, {4, 6}
Pp yPig P pre- In the first two sets both x + y and x — y are
Required number of balls = 6 + 8 + (kn + 1) divisible by 10. In the remaining sets either
Where k+1=9 x +y or x —y divisible by 10.
and n=73 .. The minimum number of integers we have
=6+8+(8x3+1)=39 to choose randomly is 7.
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53. Ans: 20 56. Ans: 316
Sol: Let P; for 1 <i <4 be the set of printers, and | Sel: 317 is a prime number.
C] for 1 < J < 8 be the set of Computers, The Only prime factor of 317 is 317 itself.
Connect Cy to Py for 1 < k < 4. Again, Required number of positive integers
connect Cy for 5<k<8toP;forl <i<4. =6¢(317)
Clearly, one requires 20 cables. Assume that _317 [(3 17— 1)} _316
there are fewer than 20 connections between 317
computers and printers. Hence, some
printers would be connected to at most 57.  Ans: (d)
19 Sol: In this case, m is relatively prime to p* if and
— |= 4 computers. Thus, the remaining 3 . o
4 only if m is not divisible by p.
printers are not enough to allow the other 4 Required number of integers = Euler
computers to simultaneously access different —
_ P i function of p* =(|)(pk ) _p=l p“=p" (p-1).
printers.
>4. Ans: 48 58. Ans: 265
Sol: The prime factors of 210 are 7, 3, 5 and 2 Sol: Required number of 1 — 1 functions
Required number of positive integers = number of derangements possible with 6
= (210) elements
T-1DG-DG-1)2-1) -D, = £6 L—L+L—L+Lj
=210[ 1. W } =48 ° 22 /3 /4 /50 /46
x3x5x% _ 765
55. Ans: 432 59. Ans: (a)
Sol: The distinct prime factors of 1368 are 19, 3 Sol: The required number
and 2. =The number of derangements with n objects
Required number of +ve integers -D = Zn: (_ l)i 2"
= ((1368) i=0 L
=1368 {(19 ~DE-DE- 1)} 60. Ans: (i) 44 (ii) 76 (iii) 20
19x3x2 (v)89 (v)119 (vi)0
=432 Sol: (i) Number of ways we can put 5 letters, so
that no letter is correctly placed
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(ii) 14400

23

61. Ans: (i) 1936
Sol: (i) The derangements of first 5 letters in

L1, 1 1
first 5 places = Ds
Similarly, the last 5 letters can be

=44

(i) Number of ways in which we can put 5
deranged in last 5 places in Ds ways.
The required number of derangements
= DsDs = (44) (44)
=1936

(1)) Any permutation of the sequence in
which the first 5 letters are not in first 5
places is a derangement. The first 5

=D, = /5| ———
2 /3 /4 /5

letters in 5 envelopes = £5
Number of ways we can put the letters
so that no letter is correctly placed = Ds
Required number of ways = /5 — Ds
=120-44

letters can be arranged in last 5 places in

=76
(111) Number of ways we can put the 2
letters correctly = C(5,2) =10
/5 ways. Similarly, the last 5 letters of
the given sequence can be arranged in

The remaining 3 letters can be wrongly
first 5 places in £5 ways.

Required number of derangements

placed in D; ways.
= /5. Z5=14400

Required number of ways = C(5,2) D;
=(10) 2

=20

(iv)Number of ways in which no letter is

correctly placed = Ds
Number of ways in which exactly one

letter is correctly placed = C(5,1) D4

62. Ans: 216
Sol: First time, the books can be distributed in

Z4 ways.
Second time, we can distribute the books in

Required number of ways
=Ds+ C (5,1)Dy
=44 +5(9)=289 D4 ways.
(v) There is only one way in which we can Required number of ways = £4.Ds =216
put all 5 letters in correct envelopes.
Required number of ways = /5 —1=119 63. Ans: (a)
. ) ) Sol: Let T(n) = Maximum number of pieces form
(vi)It is not possible to put only one letter in
by 'n' cuts
wrong envelope.
Required number of ways = 0 n 011 314 3 16 |7
Pn)|1(|2[4 7|11 162229
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Observe that difference between successive

outputs of P(n)

ie.,1,2,4,7, 11,16, 22,29 are
1+1+2+3+4+5+6+7

This pattern can be expressed as giving P(n)

in terms of P(n — 1)

S Pm)=P(n-1)+n

n=1,2,3......
64. Ans: (b)
Sol:
No. of nodes
—  depth'0' 29
—— > depth'l' 2
—— depth '2' 2
The number of nodes doubles every time the
depth increases by 1
At depth 'd' we have maximum number of
nodes = 2¢
n(d) = Maximum number of nodes in a
binary tree of depth ‘d’
n(d)=n(d-1)+2¢
65. Ans: (¢)
Sol: Let a, = number of n-digit quaternary

sequences with even number of zeros
Case 1: If the first digit is not 0, then we can
choose first digit in 3 ways and the

remaining digits we can choose in a,_; ways.

66.

Sol:

67.

Sol:

By product rule, number of quaternary
sequences in this case is 3a, ;.
Case 2: If the first digit is 0, then the
remaining digits should contain odd number
of zeros.
Number of quaternary sequences in this case
is (ap — 4" )
.. By sum rule, the recurrence relation is

= a,=3a,1+ (@ ' —a,)

= a,=2a, | +4"!

Ans: (a)

Case 1: If the first digit is 1, then number of
bit strings possible with 3 consecutive zeros,
1S ap_1.

Case 2: If the first bit is 0 and second bit is
1, then the number of bit strings possible
with 3 consecutive zeros is an_,.

Case 3: If the first two bits are zeros and
third bit is 1, then number of bit strings with
3 consecutive zeros 1S a, 3

Case 4: If the first 3 bits are zeros, then each
of the remaining n—3 bits we can choose in 2
ways. The number of bit strings with 3

. . . . -3
consecutive zeros in this case is 2" .

.. The recurrence relation for a, is

-3
ahp=ap 1 taporta3t 2" .

Ans: (a)
Case(i): If the first bit is 1, then the required

number of bit strings is a, |
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Case'(n'): If. the first bit is 0, then all the —7y ln (nt1) (2n +1)
remaining bits should be zero 2
The recurrence relation for a, is ay =7+ 1 (20) (21) (41) = 8617

ap=ap1+1 2
70. Ans: (¢)
68. Ans: (a) Sol: 8, =1 2,1
Sol: The recurrence relation is n=1,a;=lay=1.1
ahn—an_1=2n—-2 ............ (1) n=2, a,=2.a,=2.1
The characteristic equjatlon is t: 1=0 n=3, a3=3.0,=32.1
Complementary function =C; 4 In general, a, =n. (n—1) .... 3.2.1
Here, 1 1is a characteristic root with 4 =l
multiplicity 1.
Let particular solution = (¢ n’+dn) 71. Ans: (b)

69.
Sol:

Substituting in (1),
(cn’+dn)—{c(n—-1)*+dn—-1)}=2n-2
n=1=c+d=0
n=0=>-c+d=-2
=c=1 and d=-1

~P.S=n’-n
The solution is

an=C1+n2

Using the initial condition, we get C; =1

Substituting C; value in equation (1), we get

an=n2—n+2

Ans: 8617
a, = ap_|+ 3(n2)
n=1=a=ay+ 3(12)
n=2=a=a; +3(2%

=ay + 3(1+2%)
n=3=a;=a, + 339

=ap + 3(1*+ 22437
an=ap + 3(1*+ 2%+ ...+ n?)

Sol:

72.

Sol:

an = a, 1+(2n+1)
n=1, a;=ag+2(1) +1=1+2(1) +1 = (1+1)?
n=2, ay=a; +2(2) +1=2%+2(2) +1= (2+1)

In general, a,= (n+1)°

where ag = 1

Ans: (a)

1 1 1
a'n:an—l—+_—:a'n—l—|_ 7
n(n+1) n n+l

1 1
n=1,a =a, 4{1—5}=14{1—5} [va,=1]

n=2,

a,=a+ )1 =1+ 1—l + 1.1 =1+ 1—1
2 3 2] 2 3 3

In general a, =14{1—L}
n+1
a, =14{L}
n+1
_2n+1
" on+l
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73. Ans: (¢) 75. Ans: (a)
0l Sol: a, —2a, ; =32"
Sol: f(n)= 3f@§ j Replace ‘n’ by n+1
. (E-2) a, = 3.2""
:3£3fg3% D CF=Cp.2"
PS=6 {ﬁ?}
i3] e )
1
=3n2""
-.General solution a, = C; 2" + 3n 2"
3] el
76. Ans: (a)
=3"" £(1) 3*=n Sol:  ay—3 an; + 2450 = 2"
[log, ] Ansa— 3ahe + 22, =2
=3 k:(logs n—l (E2—3E+2) a, = 2"
O®(E)=E>-3E+2
.. Solution f(n) = 1A =E?_2E-E+2
=(E-2)-1(E-2)

74. Ans: (b) - E-)E=D
Sol: The characteristic equation is ' —t-1=0 a,=Cu.2"+C; 1"

REXA

2

=t

The solution is

n 1 2 2

2
1

75

Using the initial conditions, we get C; =

and C, = —

1
75

(E* - 3E+2)a,=2""
(E-2)(E-1)a,=2""
CF(a)=C.2"+Cy I"

1 n+2

(E-2)E-1)

Ay
=2 ("c,2"")

=2n. 2"
a,=C;.2"+Cy+ 2n 2"

PS=
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77. Ans: (a) 79. Ans: (a)
Sol: a,—6a,+9a,,=3" Sol: ap — 3a,.; = n+3
(E*~6E +9)a,=3"" an —3a,=n+4
(E - 3)* a,=3"" C.F=C.3"
C.F=(C1+C2n)3n PS=Ap+An
1 A0+A1n—3[A0+A1n—A1]=n+3
PS=3" ——3" _
(E — 3) Putn=0
_ 32 [n C 3n72] Ap-3A0t3A1=3= 2A0+3A,=3...... (1)
? n=1
— IIC2 3I1 _
Ag+ A —3A0-3A+3A,=4
:_n(n‘l)xgn . p— Q)
2 o 2A() =4 - A1
n n(n —1) 4
a, =(C,+C,np3" + > x3 ()= 4—A;+3A,=3
4+2A,=3
1
78. Ans: (d) A = 5>
Sol: The recurrence relation can be written as .
(E?—2E+ 1) a,=2"" _2A, = —(—Ej
The auxiliary equation is
£ —2t+1=0 —2A0:%
t=1,1 0
CF.=(C;+(Cyn) A= _Z
2n+2 2n
P.S. = —= 4{ 2} o9
_ _ C3" ————
(E-1 | (E-1) 2 TS Ty
:4 2n - :2n+2
(2-1) 80. Ans: (a)

Sol: a,—2a,1+ta,2,=3n+5
(E—1)*a,=3n+11
C.F=C;+C;n
PS=(Ag+Am)n*=Agn*+ A n’
Aon®+A;n’ —2(A¢(n— 1)’ +A(n — 1)°)

.. The solution is
a, = C; + Con + 22
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+Ao(n-2P>+A; (n-2’=3n+5 Hence the solution is
Putn=0 an=Ci4"-(Bn+6)2" ............ 2)
—2AGF2A +4A0—8 A =5 x=0=24=Ci-6=>C;=10
2A0—6A1:5 __________ (*) an=10(4)—(31’1+6)2
n=1

82. Ans: (a)
A0+A1+A0—A1:8 2 an

Sol: An+2 — 2an+1 +a,=n 2 (*)

Ao=4 (B~ 2E+1)a,=n’2"
From (¥) 6A1=8-5 Characterstic roots t; =t = 1
A =L - C.F=(C, + Can)
2

81.
Sol:

C, +C,n +4n’ +%n3

Ans: (a)

Replacing n by n+1, the given

relation can be written as

a1 = 4a, +3(n+ 1) ontl

=>((E-4)a,=6(1n+1)2"

The characteristic equation is
t—-4=0=>t=4

complementary function = C,4"

Let particular solution is

a, = 2%cn +d) where ¢ and d are

undetermined coefficients.

Substituting in the given recurrence relation,

we have

2"(cn+d)—4 2" {c(n-1)+d} = 3n2"

= (cn+d) 2{c(n-1)+d} =3n

Equating coefficients of n and constants on

both sides, we get

c=-3andd=-6

.. Particular solution = 2" (-3n — 6)

here F(n) =n”2"=b"n" where b=2, k =2
s LetP.S=a,=(A¢+An+ A, n?)2"
™
= (Ag+ Ajn + A,n®) 2" 2"
(Ag+ Aj(n+ 1)+ Ay(n + 1)%) + 2™
(Ag+A; (n+2)+ A, (n+2)%) =n?2"
=(Ag+tAmn+A; nz) —2?
(Ag+ A(n+ 1)+ Ayn + 1)%) +2?
(Ag +A (n +2) +A,(n + 2)%) =n’ 2"

Substitute ‘a,’ in equation

Putn=20
Ag—4K)—4A—-4A; +
= 12A,+4A,+ Ap=0
Put n=1

AO—A1+A2§KO+4/{0+4A1+4A2=1

o+ 8A1 +16A,=0
(M

Ao+ 3A+5A=1 )

Putn=-2

A0_2A1+§X_%+4A1—4A2+4 (=4
DA+ Ag=4 3)

By solving (1), (2), (3) we get
Ao=20, A1:—8, A2: 1
sap=C; + Con+ 2" (n® — 8n + 20)
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83. Ans:(a
(a) =77 {7T(Ej+2—?} +14_n+ 2n
Sol: Let \/Z =X, (say) 3) 3 3
The recurrence relation is 2 2
_ A I P e L
Xn — Xp-1 _2Xn-2_0 33 3 3
Replacing n by n + 2, we have |
Xnt2 — Xn+1 — 2Xp =0 E
(B2~ E+2)x,=0 '
. . . . k-1 k-2
The characteristic equation is _ 7kT( ik j N 7k T 1bn
£ —t+2=0 3 3
t=2,-1 o
The solution is et 3K
X, =\/Z=c12 +¢,.(=1) k=log,
n=0=1=c+c )
n=1=1=2c-¢ :k§+2néz -1
) 2 43
Solving, we get ¢, =— and c¢,=—
3 3 —3n
5 1 T(n)=—-+4.7log, n
Ja, =5 @)+ 2
[By substituting k value]
n+l _1\n 2
“a, - [_2 o }
85. Ans: (a)
Sol: {1,-2,4,-8, 16, ........ }
84. Ans: (a) =1-2x + 48 + 16x* ...
Sol: T(n)= 7T(Ej £on,  T()=> ol
3 2 1-(-2x)
n
T(n)= 7T(§j+ 2n [-S, = li , where a=1, r =2x]=(1+2x)"'
-1
—7(7T( j+2 j+2n
3’ 3 86. Ans: (a)
n) 14n Sol: Required generating function
:72T(—2j+—+2n ) ; A
3 =f(x)= 0+x+3x"+9x” +27x+ .....
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—x(1+3x+ 322 +3P X+ ... ) =x [(1-%)7P
- =x[1-x]"
= xz 3" x" =x.(1-3x)" ©
n=0 =x% ZC(H + 9,n)x"
n=0
- 27 _
87. Ans: (a) Coefticient of x™" = C(16, 7)
Sol: Generating function of <ay, ay, ay,....... > =C(16,9)
- Zan x" 91. Ans: (b)
"0 Sol: Required number of ways
_ Zw:(n +1)(n+2)x" ar= (n+1) (+2)] = Number of non negative integer solutions
n=0 to the equation
(n+1)(n+2) X1+ X +x3=15where 1 <x1, X3, X357
=2 Z = coefficient of x'° in the expansion of f(x)
) where, f(x) = (x + X* + ... T X)°
=2(1-%)" 3 2 6\3
=x (1+x+x"+...+x)
'.'Z(n+1)(n+2):(l—x)3 3(1_)(7}3
2 =X
I-x
=x’(1-3x"+3x"- le) (1-x)"
88. Ans: (d) 3T S (n+1)(n+2) 8
Sol: Required generating function 2
2 3 4 45 "0
f(x)=0+0x+1x"—-2x +3x —4x" +. ..
=x" (1 2x+3x"—4x"+... ) oefficient of x° = 5 5
_ 2 2 n -
x“(1 +x)* (Binomial theorem) —9]_63=28
89. Ans: (9 o 92. Ans: 60
Sol: The generating funztlon 153 . Sol: If one person chooses 12 books then second
fx)=1+0x+1x"+0x"+1x+....... 00 .
PR . person has to take remaining books
=1+
! (X2)71 ()T e Number of ways we choose 12 books can be
=(1=x) found by solving x +y +z=12
Where, 0<x <7
90. Ans: (a)
4 5 6 7 5 O<y=<8
Sol: (x"+2x™ +3x +4x" +.....0)
20 5 3 s 0<z<9
=x7 (1 +2x+3x"+4x +.....0)
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93.
Sol:

i. e. coefficient of x'* in the following
=1 +x+xX*+x+x*+ x>+ x0+x)
A+x+x+x° +x"+x° +x°+x’ +x%)

I+ x+x°+ ...+ %)
1-x*)(1-x’
1-x 1-x

l_XIO
1-x
- (1) (1) (1 Y 0 F]

)(n+2) e
2

= (1Ix"—=x*+x'") (1'% iw o

n=0 2
= (1= x0— P+ x 9 xB kB x Ty
i(n+l)(n+2) e
n=0 2
Coefficient of x'* in the above expansion
=91-6-10-15
=60

Ans : (a), (d)

We can show that 0 < S(n) < T(n) by
induction on n.

The base case n =0 is given.

Now suppose 0 < S(n) < T(n); we will show
the same holds for n + 1.

First observe S(n+1) = aS(n)+f(n) > 0 as
each variable on the right-hand

side is non-negative. To show T(n + 1) > S(n

94.

Sol:

Ans : (a)

Taken=3 and X={1,4,7,10 }

Clearly, option B,C,D are false for this
example.

Option A is true.

By the Pigeonhole Principle, if we have n +
1 natural numbers, then at least two of them
must belong to the same congruence class
modulo n; in other words, they have the
same reminder when you divide them by n.
So we have at least one pair x, y such that x
=kin + rand y = kon + r for some integers
ki, ky. Therefore x — y = (k; — ko)n which

shows the desired result.

3. Graph Theory

Basic concepts

01.

Sol:

Ans: (b)
By sum of degrees theorem,

2|E|
8(G) < < A(G
(G) V] (G)

where 0(G) is minimum of the degrees of all
vertices in G and A(G) is maximum of the

degrees of all vertices in G.

2|E
+ 1), observe = 33ﬁ35
T(n+ 1)=DbT(n) + g(n
(n+1)=bT() + gm) — 33<2|E|<55
>aT(n) + f(n) 16.5<|E|<27.5
< <
> aS(n) + f(n) = 165<[E[=27.
—S(n+1). = 17<|E |27 (*'| E | 1is an integer)
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02.
Sol:

Ans: (d)

Let d be the common degree of the vertices
of G, and let v be the number of vertices of
G.

Then, by sum of degrees theorem,

v.d=44
= v:%1 (d=1,2,4,11,22,44)

=>v=44,22,11,4,2

As G is simple, the last 3 cases are not
possible.

If v =44 then, v is not a connected graph.

.. A possible number of vertices is 11 or 22.

03. Ans: 19
Sol: By sum of degrees theorem,
If degree of each vertex is k, then
k. |V|=2.[E]
41V|=2(38)
S VI=19
04. Ans: (¢)
Sol: By Sum of degrees theorem,
k.| V|=2|E|
= |E|= kIV]
2
Here, |E| is an integer
VI

is an integer (" k is odd)

= |E| = a multiple of k

CSIT-Postal Coaching Solutions
05. Ans: (e)

Sol: (a) {2,3,3,4,4,5}
Here, sum of degrees
=21, an odd number.
.. The given sequence cannot represent a
simple non directed graph
(b) {2, 3,4,4,5}
In a simple graph with 5 vertices, degree
of every vertex should be < 4.
.. The given sequence cannot represent
a simple non directed graph.
(c) {1,3,3,4,5,6,6}
Here we have two vertices with degree
6. These two vertices are adjacent to all
the other vertices. Therefore, a vertex
with degree 1 is not possible.
Hence, the given sequence cannot
represent a simple non directed graph.
(d){0,1,2,.....n-1}
Here, we have n vertices, with one
vertex having degree n-1. This vertex is
adjacent to all the other vertices.
Therefore, a vertex with degree 1 is not
possible.
Hence, the given sequence, cannot
represent a simple non directed graph.
A graph with the degree sequence

{2,3,3,3, 3} is shown below.
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06. Ans: (b) 07. Ans:8
Sol: Sq: Let us denote the vertices by Vi, Va, Sol: By sum of degrees theorem,

......... , Vg (G+2+2+2+1)=2E]

Vy is isolated vertex = [E[=7

The vertices Vi, V,, V3 and V4 are adjacent . Number of edges in G =7

to V7. [E(G)| + [E(G )| = [E(Ks)|

.. Degree of V7 should be atleast 4 = 7+ |E(G)| =C(6,2)

.. Sy cannot represent a simple non directed = IE(G)|=8

graph.
. Ny - 08. Ans: 12
We can also verify this using Havel-Hakimi R
Sol: G is a tree

result.

By sum of degrees theorem,
$:={6.5.5,4,3,3,2,2,2} n1+2(2)+4.(3)+3. (49)=2E
Applying Havel-Hakimi result, S, becomes Sn+28=2(v|-1)

{4,4,3,2,2,1,2,2} =2(+2+4+3-1)
Arranging the vertices in the descending Y o WY

=>n=12

order.

14,4,3,2,2,2,2, 1 09. Ans: 18
Applying Havel-Hakimi result, we have Sol: A simple graph with 10 vertices and

{3,2,1,1,2,2, 1} minimum number of edges is a tree.
Arranging the vertices in the descending A tree with 10 vertices has 9 edges.
order By Sum of degrees theorem, Sum of degrees

of all vertices in G =2
{3,2,2,2,1, 1, 1} :
_ o (Number of edges in G) =2 x 9 =18

Applying Havel-Hakimi result, we have

{LL1, 1,11} 10. Ans: 8
WhiCh can be represented by a simple non- Sol: G has 8 vertices with odd degree.
directed graph. F G
.. The sequence S, also can be represented or any vertex ve(, o

) ) Degree of vin G + degree of vin G =8
by a simple non-directed graph.
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If degree of v in G is odd, then degree of v 13. Ans: (b)
in G is also odd. If degree of v in G is even, Sol: G is a simple graph with 5 vertices.

11.

Sol:

12.

Sol:

then degree of v in G is also even.
.. Number of vertices with odd degree in
G=8

Ans: 27
By sum of degrees theorem, if degree of

each vertex is atmost K,

then K|V|>2 |E|
= 5(11)>2|E|
= |E| < 27.5
= |E| <27
Ans: (d)

(a) Let G be any graph of the required type.
Let p be the number of vertices of degree
3.
Thus, (12 — p) vertices are of degree 4.

Hence, according to sum of degrees
theorem,
3p—4(12 —p) = 56.

Thus, p=-8 (Which is impossible)
.. Such a graph does not exist.
(b) Maximum number of edges possible in
a simple graph with 10 vertices
C(10,2) =45

(c) Maximum number of edges possible in a
2
bipartite graph with 9 vertices= {%J

=20
.. Such a graph does not exist.
(d) A connected graph with n vertices and
n—1 edges is a tree. A tree is a simple

graph.

14.

Sol:

15.

Sol:

16.

Sol:

For any vertex v in G,

deg(v) in G + deg(v)in G =4

. The degree sequence G is

{4-3,4-2,4-2,4-1,4-0}
={1,2,2,3,4}=1{4,3,2,2, 1}

Ans: 455

Maximum number of edges possible with 6
vertices is C(6, 2) = 15. Out of these edges,
we can choose 12 edges in C(15, 2) ways.

.. Number of simple graphs possible

15.14.13

=C(15, 12)=C(15,3) =
( )=C(15,3) 53

=455

Ans: (a)
We know that,

Number of edges in G + Number of edges in

G = Number of edges in the complete graph
Kp-

= q + Number of edges in G = P(P — 1)

2
p(p-1)
2

= Number of edges in G = q

Ans: (¢)

Given that, G is a connected graph.

= Between every pair of vertices in G, a

path exists.
By transitivity, there exists an edge
between every pair of vertices in G.

= @G is a complete graph

.. Number of edges in G = C(n, 2).
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17. Ans: (d) If we apply Welch-powel’s algorithm, then
Sol: The complement of W, contains an isolated 3- coloring is possible
vertex and E}H as components. L (G)=3
Number of edges in
Vi(red)
anil _ (n—l)(n—2) —(n—l)
2
_ (n - 1) n-— 4)
2
18. Ans: (a)
Sol: Let x = Number of vertices with degree 4 Ve(red)
& y = Number of vertices with degree 5 21. Ans: 4
By sum of degrees theorem Sol: The graph is planar,
4x+5y+14 =2(n—1) ---------- (1) By 4 — color theorem
Also x+y+14 =n —-mmmmmmemeee 2 Y (G)<4....... (1)
Solving (1) & (2), we get y = (40—2n) The graph has 4 mutually adjacent vertices
{a, b, d, e}
Coloring x(G)>4...... )
From (1) and (2), we have
19. Ans:2 Sy ¥ (G)=4
Sol: The graph is bipartite, o(green)
Therefore, chromatic number = 2
(or apply Welch — powel’s algorithm).
Vired) a(red) b(blue)
Va(blue) V;(blue) /
Vi(red) e(green)
Va(blue) Vi(red) 22. AI?S: 4
Sol: G is planar graph
20. Ans:3 By 4 color theorem, ¥(G) <4 ..... (1)
Sol: The graph has cycles of length 3. G has 4 mutually adjacent vertices
w(G)=3 ....... (1) {V1, V3, V4, Ve}
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v(G)=4...... (2) 25. Ans:2
Hence, 1 (G) = 4 Sol: In the given graph, all the cycles are of even
length.
Viled) Va(blue) . G is a bipartite graph and every bipartite
Va(yellow) graph is 2-colorable
V3(blue) Vs(red) .. Chromatic number of G = 2.
Ve(green) Vi(yellow) 26. Ans:5
23, Ans: 7 Sol: G is a disconnected gre‘lph with two
Sol: Gi N components, one component is the complete
: t .
0 15 d stat grap graph Ks and the other component is the
-1 (G)= 2_ trivial graph with only an isolated vertex
The graph G is sh@indgelog . Chromatic number of G=5
a b
27. Ans: (b)
Sol: a=n -2 [n/2]+2
e c
B=n-2[n21+4
3 a+PB=2n-2{|ln2]+[n2 1} +6
Here, the vertices a, b, ¢, d, e form a =2n-2n+6=06
complete graph
P g p(@) _s 28. Ans: (¢)
X -~ Sol: Chromatic number of K, =n
Now, % (G)+y (G) =7 If we delete an edge in Ko, then for the two
vertices connecting that edge we can assign
24. Ans:3
_ ' _ same color.
Sol: Applying Welch—p.ow<'el S algorlthm we can - Chromatic number = 9
see that 3 - colouring is possible
Vertex d a b ¢ e f g 29. Ans:3
Color C; C, C3 C3 C C Cs Sol: Here, G = Ks,3
G has two components where each
A (@3 (1) component is a complete graph K.
since, G has cycles of odd length, . —
.. Chromatic number of G =3
1 (G)=3 ... (2)
From (1) and (2), we have y (G) = 3.
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30. Ans: (¢)

Sol: We know that o = L% J

an—ngu

2a+B=2{EJ +n—2[£J+2=n+2
2 2

31. Ans: (d)
Sol: The chromatic number of any bipartite graph
(with atleast one edge) is 2.
.. Option (d) is false.
(a) K, has n mutually adjacent vertices.
.. Ky requires atleast n colours
The vertex chromatic number of
complete graph K, =n
(b) The vertex chromatic number of cycle
graph C, =2 ifnis even
= 3ifnis odd

=n—2FJ+2
2

(c) The vertex chromatic number of wheel
graph W, =3 ifnis odd

=4 ifnis even

=n—2(£—|+4
2

32. Ans: (d)

Sol: (a) The chromatic number of any bipartite

graph (with atleast one edge) is 2.

(b) A star graph with n vertices is a bipartite
graph K;
.. Chromatic number = 2

(c) A tree is a bipartite graph
.. Chromatic number = 2

(d) If G is a simple graph in which all the
cycles are of even length, then G is a
bipartite graph
.. The vertex chromatic number of G =2

Hence, option (d) is false.
Matchings

33. Ans: (d)
Sol: (a) In Kj,, each vertex is adjacent to
remaining 2n — 1 vertices.
One vertex we can match in 2n — 1 ways.
Next vertex in 2n — 3 ways.
And another vertex in 2n — 5 ways, and
SO on.
Number of perfect matchings in
Kon=(2n-1).(2n-3).(2n-5).......... (5)(3)(1)
2n !
2" n!
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(b) In K, », we divide the vertices into two
groups such that each vertex of a group
is adjacent to all the vertices of the

other group.

One vertex of a group we can match in n

ways, next vertex in n — 1 ways and so

on.
Number of perfect matchings in

Kon=n(n-1)(n-2)

=n!

(¢) If n is even then the possible perfect
matchings are
Vi—Vy, Vo - Vs, » Vi — Vy
And V,-V3, V3—Vy ... , Vo=V,

Number of perfect matchings in C,

(niseven) =2

(d) In Wy, there is a vertex (Hub) which is
adjacent to all the other vertices.
This vertex we can match in 2n—1 ways.
Number of perfect matchings in
Woy=2n -1

Hence, option (d) is false.

34.
Sol:

Ans: (d)

(a) A tree can have atmost one perfect
matching.
.. Option (a) is false

(b) In a star graph, perfect matching is not

possible if n > 2.

(¢) In a complete bipartite graph Ky, a
perfect matching exists iff m =n
.. Option (c) is false
(d) Number of perfect matchings in K3 3 = 3!
=6
35.
Sol:

Ans: (¢)
S, is true (By definition of Ky, )
S, is not true because,
A graph G has a perfect matching
= Number of vertices in G is even
But converse is not true.
S5 is not true because,
A bipartite graph G with vertex partition
{Vi, Vy} has a
=|V|<|Val.

complete matching

But converse is not true.

36. Ans: (d)

Sol: (a) If n is even, then K, has a perfect

matching. Therefore, matching number

i % If n is odd number, then we can
match only (n—1) vertices. Therefore

matching number is (HTJ .

Hence, matching number = [%J

.. Option (b) is false
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(b) If n is even, then C, has a perfect (b) In a complete bipartite graph, the
matching. Therefore, matching number vertices are partitioned into two groups
so that no two vertices in the same group

39

number, then we can
are adjacent.
.. Matching number of K, , = minimum

is E. If n 1s odd

match only (n—1) vertices. Therefore

n- ) of {m, n}
Hence, Matching number of K, , = m

(c) Refer, option (b)

matching number is (
(d) Matching number of a tree with n

Hence, matching number = [—J
vertices > 1

(¢) If n is even, then W, has a perfect
matching. Therefore, matching number

) ) .. Option (d) is false.

1S —. If n is odd number, then we can

match only (n—1) vertices. Therefore 38. Ans: (a)

matching numb® is (n— ) Sol: If G is a complete bipartite graph with n
vertices (n = 2) and minimum number of

edges, then

G =K, 1 (star graph)

Hence, matching number = LEJ
the
.. Matching number = 1

(d) In a complete bipartite graph,

vertices are partitioned into two groups
so that no two vertices in the same
group are adjacent. 39. Ans: 13
. Matching number of Ky, = minimum Sol: A disconnected graph with 10 vertices and
of {m, n} maximum number of edges has two
components Ky and an isolated vertex.
Matching number of K, = [2J =4

Hence, option (d) is false.
.. Matching number of G =4

37. Ans: (d)
Sol: (a) Every star Graph with n vertices is a
Chromatic number of G =9

complete bipartite graph of the form

Kin1.
Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs

.. Matching number = 1
Enjoy a smooth online learning experience in various languages at your convenience




PP
v v
™ A
VN .Y Engineering Publications

40

CSIT-Postal Coaching Solutions

40.

Sol:

41.

Sol:

42.

Sol:

43.

Sol:

Ans: 4

The graph has 9 vertices. The maximum
number of vertices we can match is 8.

A matching in which we can match 8
verticesis {a—b,c—d,e—f, g—h}

.. Matching number of the graph = 4

Ans: 2
The given graph i1s K 4
.. Matching number = 2

Ans: 2

The given graph is
a b

f h
g

If we delete the edge {a,b} then the resulting
graph is a star graph. If we match a with b,
then in the remaining vertices we can match
only two vertices.

.. Matching number = 2

Ans: 3
Let us label the vertices of the graph as

shown below

44.

Sol:

45.

Sol:

46.

Sol:

dmc
a b
There are 3 maximal matchings as given

below

{fa—d,b—c}, {a—c,b—d} and {c —d}

Ans: 3
The given graph is

The maximal matchings are

{a—-b,c—d},{a—c,b—d},{a—-d,b—c}

Ans: 10

The graph has 3 maximal matching’s 6
matching’s with one edge and a matching
with no edges.

.. Number of matching’s = 10

Ans: (a)
If n is even, then a bipartite graph with

maximum number of edges 1S Ky n2

.. Matching number of G = %

If n is odd, then a bipartite graph with

maximum number of edges =k
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Where m = and n _n+l S1. Ans: (b)
Sol: In a connected graph G, if all vertices are of
..Matching number of G even degree then G has Euler circuit.
n . ) = Every edge is part of a cycle in G.
—, if n is even
_| 2 = G has no cut edge
n-1 ,1f n is odd .S, is true.
S; is false.

We have the following counter example.

d

a
c
b[ ]e

Here, all vertices in the graph are of even

..Matching number of G = {EJ

Connectivity

47. Ans: (a)
Sol: If G has n vertices and k components, then

(n—k) < [E| < (n—k)(n—k+1) degree.

2 But c is a cut vertex of the graph.
= 7<|E| <28
48. Ans: 4 52. Ans: (d)
Sol: If [E| <(n— 1), then G is disconnected
If |E| > w , then G is connected.

Sol: Here, G=Kj4 5

Vertex connectivity of G = Minimum of
then G may or may not be connected.

4,5, =4

49. Ans: (¢)

Sol: If G is a simple graph with maximum
number of edges, then G should have two

components K, ; and an isolated vertex.

(n-1)(n-2)

.. Number of edges in K, = )

53. Ans: (d)
Sol: The given graph is a complete graph Ko,
with 6 vertices of odd degree.

.. G is not traversable

54. Ans:3
Sol: d is the cut vertex of G

= vertex connectivity of G = 1

50. Ans: 0
Sol: Here, G is a cycle graph.
Every edge of G is part of a cycle in ‘G’.
.. ‘G’ has no cut edge G has no cut edge.
5" X X DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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SMG)22 e (1) 59. Anms: 1,2
By deleting the edges d —e and d — f, we can | Sol: The graph can be labeled as
disconnect G. a e
.. Edge connectivity = A(G) =2
c
b d
5S. Ans: 105 c is a cut vertex of the graph G.
Sol: If G is a simple graph with n vertices and k .. vertex connectivity of G = K(G) = 1
(n—k)(n—k+1) -
components then |E| < G has no cut edge.
Heren=20and k=5 = Edge connectivity =A (G) > 2 ..... (1)
.. Maximum number of edges possible We have, L (G) <6 (G)=2 ... (2)
B (20 _ 5)(20 _ 6) yy From (1) and (2), we have
B 2 N A(G)=2
56 Ans: (a) 60. Ans:2,2
Sol: If G is any graph having p vertices and | Sol: The graph G can be labeled as
8(G)> p-l , then G is connected. a &
2 d e
57. Ans: (b)
Sol: If a component has n vertices, then b h
maximum number of edges possible in that
component = C(n, 2) G hqs no cut edge and no cut vertex. By
) i deleting the edges {d, e} and {b, h} we can
.. The maximum number of edges possible disconnect G.
in G=C(5,2) + C(6,2) + C(7,2) + C(8,2) L A(G) =2
=10+ 15+21 +28 By deleting the vertices b and d, we can
=74 disconnect G.
58. Ans:9 - KG)=2
Sol: In a tree, each edge is a cut set. 61. Ans: 1,3
Number of edges in a tree with 10 vertices =9 Sol: The graph G can be labeled as
.. Number of cut sets possible on a tree with a e
10 vertices =9 b
d
c g
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62.

Sol:

63.

Sol:

The vertex d is a cut vertex of G.
L K(G)=1
We have M(G) <0 (G)=3 ...... (1)
G has no cut edge and by deleting any two
edges of G we cannot disconnect G.
LA (G)=3

Ans: (a)

If G is disconnected then G is always
connected. (Theorem)

If G is connected then G may or may not
be connected (we can prove this by counter
example).

.. Option (a) is true.

Ans: (¢)

S;: This statement is true.

Proof:
Suppose G is not connected G has atleast 2
connected components.
Let G; and G; are two components of G.
Let u and v are any two vertices in G
We can prove that there exists a path
between u and v in G.
Casel: u and v are in different components
of G.
Now u and v are not adjacent in G.
. uand v are adjacent in G
Case2: u and v are in same components G

of G. Take any vertex weGa.

Sz:

S3:

Now u and v are adjacent to w in G.

.. There exists a path between u and

v in G. Hence, G is connected.

The statement is false.

we can give a counter example.

de—eocC a c
ae— @b d . b
G G

Here, G is connected and G is also

connected.

Suppose G is not connected
Let G; and G, are two connected
components of G.

Let veG,

(s

Now [V(Gy)| > (HT_1+1)

Similarly, | V(G,) | HTH

Now, [V(G)|= V(G| + [V(Gy)|
= [V(G)|2n+1
which is a contradiction

.. G 1s connected.
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S4: If G is connected, then the statement is
true. If G is not connected, then the two
vertices of odd degree should lie in the
same component.

By the sum of degrees of vertices
theorem.
. There exists a path between the 2

vertices.

64. Ans: (¢)
Sol: The graph G can be labeled as

a d

b (]
The number of vertices with odd degree is 0.
.. S;and S, are true
C is a cut vertex of G.
.. Hamiltonian cycle does not exists.
By deleting the edges {a, ¢} and {c, e},
there exists a Hamiltonian path a-b—c-d—e

65. Ans: (a)
Sol: The graph G can be labeled as

e d

a
b
The number of vertices with odd degree = 2
.. Euler path exists but Euler circuit does

not exist.

66.

Sol:

67.

Sol:

There exists a cycle passing through all the
vertices of G.

a—b—c—d-e—ais the Hamiltonian cycle
of G. The Hamiltonian path is a—b—c—d —e.

Ans: (b)
The number of vertices with odd degree =0
o Sy and S, are true.
To construct Hamiltonian cycle, we have to
delete two edges at each of the vertices a
and f. Then, we are left with 4 edges and 6
vertices.

G has neither Hamiltonian cycle nor

Hamiltonian path.

Ans: (b)

S, 1s false. We can prove it by giving a
counter example.

Consider the graph G shown below

aI: :Id
C
b e
‘e’ is a cut vertex of G. But, G has no cut
edge
S, is false. We can prove it by giving a

counter example.

For the graph K, shown below,

2@ ®b

The edge {a, b} is a cut edge. But K; has no

cut vertex.

Regular Doubt clearing Sessions | Free Online Test Series Programme

Affordable Fee | Available 3M |6M |12M |18M and 24 Months Subscription Packages




SACE 4
68. Ans: 33 72. Ans: (b)
Sol: If G has K components, then Sol: G has exactly two vertices of odd degree.
|E|=|V|-K Therefore, Euler path exists in G but Euler
= 26=|V|-7 circuit does not exist.
=|V|=33 In Hamiltonian cycle, degree of each vertex
is 2. So, we have to delete 2 edges at vertex
69. Ans: (c) ‘d’dand (;1;6 edge at ela(tih o‘f 1;chge Ver‘Fices ‘a(’1
‘g’ t wit rt
Sol: The forest F can be converted into a tree by and g e we are et wi vertiees an

70.

Sol:

71.

Sol:

adding (k — 1) edges to F.
.. Number of edgesin F=(n—-1) - (k- 1)
=(n-k)

Ans: (b)

A 2-regular graph G has a perfect matching
iff every component of G is an even cycle.
.S, and Sy are true.

Si need not be true. For example the
complete graph K, has a perfect matching
but K, has no cycle.

S; need not be true. For example G can have

two components where each component is
K.

Ans: 36
The maximum number of edges possible in
(n—k)(n—k+1)
2
Where,n=12and k=4 =36

G:

73.

Sol:

74.

Sol:

6 edges. Therefore, neither Hamiltonian

cycle exists nor Hamiltonian path exists.

Ans: (b)

S1 is not true. A triangle is a counter
example.

A triangle contains Euler circuit and the
number of edges is 3 (odd)

S2 is true. The some of all degrees is even.

.. The some degrees is atleast 28.

The statement S2 follows by Pigeonhole
principle. U%—‘ = 4)

Ans: (d)
S1 is false. A counter example is shown

below.

The above graph has Euler circuit (because

all the vertices are of even degree) but the
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75.
Sol:

76.
Sol:

graph has no Hamiltonian cycle (because a
cut vertex exists).
S2 is false. A counter example is a complete

graph on 2n vertices (n > 2).

Ans: (b)
G has cycles of odd length

..Chromatic number of

G=y(G)>3...... (1)
For the vertices ¢ and h we can use same

color C,
The remaining vertices from a cycle of
length 6.
A cycle of even length require only two
colors for its vertex coloring.
For vertices a, d and f we can apply same
color C,
For the vertices {b, e, g} we can use same
color Cs
L x(G)=3
A perfect matching of the graph is
a-b,c—d,e—f,g—h
..Matching number = 4

Hence, Chromatic number of G + Matching

number of G=3+4=7

Ans: (¢)
S1 need not be true. Consider the graph

> <

77.

Sol:

78.

Sol:

Here, we have 6 vertices with degree 2,

but the graph is not connected.

S, need not be true. For the graph given
above, Euler circuit does not exist, because
it is not a connected graph.

A simple graph G with n vertices 1is

. . -1
necessarily connected if 8(G) > HT .

.. S is true.

Ans: (a)
Vertex connectivity of G = k(G) < 8(G)

= 38(G) >3
By sum of degrees theorem

3|V|<2|E|
—|EB|215

.. Minimum number of edges necessary = 15

Ans: (a)

Because, G is connected and every vertex
has even degree.

Euler-Circuit exists in G.

Fix some particular circuit and consider a
partition of V into two sets S and T.

There must be atleast one edge between S
and T, since G is connected.

But if there is only one edge, then euler path
can't return to S or T once it leaves.

.. It follows that there are atleast two edges

between S and T.
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79.
Sol:

Ans: (d)
In a connected graph, Euler circuit exists iff
all vertices are of even degree
(a) If n odd then all vertices in K, are of
even degree (n — 1 is even)
.. In a complete graph K;, (n > 3), Euler
circuit exists < n is odd
(b) If m and n are even, then all vertices in
K. are of even degree
. In a complete bipartite graph Ky,
(m > 2 and n > 2), Euler circuit exists
<> m and n are even
(c) In cycle graph degree of each vertex is 2
(even)
. In a cycle graph C, (n > 3), Euler
circuit exists for all n
(d) In wheel graph W,, we have n — 1
vertices with degree 3 (odd).
. In a wheel graph W, (n > 4), Euler

circuit does not exist.

80.
Sol: (a) The

Ans: All options are true

complete graph K, can be

considered as a polygon with n
vertices with all internal diagonals.

The polygon is a Hamiltonian cycle.

. In a complete graph K, (n > 3),

Hamiltonian cycle exists for all n

(b)If m = n, then we can -construct
Hamiltonian cycle in Ky, .
. In a complete bipartite graph Ky,
(m > 2 and n > 2), Hamiltonian cycle
exists < m=n
(c) The cycle graph C, has a Hamiltonian
cycle which is C, itself.
In a cycle graph C, (n=3),
Hamiltonian cycle exists for all n
(d) In a wheel graph W, (n>4), Hamiltonian
cycle exists <> n is even.

.. All the options are true.
81. Ans: (d)
Sol: (a) Number of edge disjoint Hamiltonian
cycles in K, = nT—l (Result)
(b) If G is a simple graph with n vertices and

: n
degree of each vertex is atleast > then

Hamiltonian  cycle exists in G
(Dirac's theorem)
(c) Number of Hamiltonian cycles in
K, — nl(n-1)"
2
Number of Hamiltonian cycles in
1(4-1)
Kis= -,

(d) The statement is false, for example,
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Here, the above G is a simple graph with 5 ButA ¢ C
vertices and 7 edges, but Hamiltonian cycle )
does not exist. -~ Syis false
S;:Let A= {1},B={1,2} and C = {B}
82. Ans: (b), (¢), (d) Now,AcBandB € C
Sol: G(10,10) is 4-colorable(when both edges are ButA &£ C
added in different partitions ) , has an .S, is false
guaranteed independent set of size 9(when
both edges are added in different partitions ) | 03. Ans: (c)
, has vertex cover of size 11 (when both Sol: Consider the venn diagram, with seven
edges are added in different partitions ) and regions 1, 2,3,4,5,6,7.
has maximum matching of size 10(in all
cases). A % s
D
83. Ans: (a), (¢) & (d) Av
Sol: B is false. By degree sum formula, we have:
12+ 12+8=2E SI:AU(B—C)={1,2,2,5}U{2,3}
E = 15. So, this graph cannot be a tree. ={1,2,3,4,5}
(AUB)- (C-A)={1,2,3,4,5,6}—{6,7}
4. Set Theory ~(1,2.3,4,5)
LAUB-C)=(AuB)—(C-A)
01. Ans: (a)
Sol: Let [X|=m S2: AnB-0)=1{1,2,4,5} n{2,3}
=>n=2" = {2}
Number of elements in Y =m + 2 ANB)—-(ANnC)={2,5} — {4, 5}
Number of subsets in Y = 2™ = {2}
=4x2"=4n ~ANB-CO)=(ANB)-(AnC)
02. Ans: (d) 04. Ans: (b)
Sol: S;:LetA={l}and B={A} Sol: Given that
and C=B AcBcS
Now, A eBandBc C The venn-diagram is shown here
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0s.

Sol:

Here, each element of S can appear in 3
ways.

e, xe Aorxe (B-A)orx € (S-B)

In all 3 cases, Ac B cS.

By product rule, the n elements of S can
appear in 3" ways.

.. Required number of ordered pairs = 3"

Ans: (d)

We can show that each element of X can
appear in A and B in two ways.

Let xeX

Case 1:
If x is even number then it can appear in two
ways 1.e., either xe(A—B) or xe(B-A)
Case 2:
If x is odd number then it can appear in two
ways i.e., xe(ANB) or xe (ﬁ)

. By product rule, required number of

subsets = 2°"

06. Ans: (d)

Sol: (a) Let A@B=A
= A®B = A®¢
= B=¢

(b) (A®B) ®B
=A@ (B ®B) (Associative law)
=A®¢
=A
c)A@C=B&C

= A=B (Cancellation law)
(d) LHS=A & B=(AUB) - (AnB)

RHS = (A UB) N (A - B)
=(A-B)
- LH.S #R.H.S

(Cancellation law)

07. Ans: (¢)

Sol: (a) Let A= {1}, B= {2}, C= {3}
Now (AnB) =(BNnA)=¢
But A#B

.. (a) 1s not true
(b) Let A= {1},B={2},C={1,2}

Now AUC=BuC=C
But A =B
. (b) is not true

(c) Letx € A.
Consider the two cases
Casel: x € C

=>x¢(AAC) (+wxe(AAQ))
=x ¢ (BAC) (*"AAC=BAC)
=>xeB....... (1)
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Case2: x ¢C We pick an element which does not belong
= x € (AAC) to [1] say 2. The elements related to 2 are 2,
—xe(BAC) 3 and 6, hence [2]= {2, 3, 6}
—xeB (vxgC) ... 2) The only element which does not belong to
“AcB (Form (1) and (2)) '[1]40r [2] is 4. The only element related to 4
is 4.
Similarly we can show that B c A. Thus [4]= {4}
- A=B Hence, required number of equivalence
Hence, (c) is true classes = 3
(d) Let A= {1, 2}
B={2,3} 10. Ans: (d)
C={1,3} Sol: We know that, if R is anti-symmetric
Here, A—-C={2}= B-C relation then any subset of R is also anti-
But, A # B symmetric.
. Option (d) is not true Further (RM S) and (R — S) are subsets of R.
Hence, (R N S) and (R — S) are always anti-
08. Ans: (¢) symmetric.
Sol: U={1,2, ........ n} If (a, b) € R then only (b, a) € R
A={x X)|x € Xand X c U} . R™! is always anti-symmetric.
Number of non empty subsets of Let A= {1, 2,3} and R={(1, 1), (2, 2), (3,3),
U=C(n, 1) +C(n,?2)+......+ C(n, n) (1,2),(2,3)}
n Then R ={(2, 1), (3,2),(1,3), (3, 1)}.
Number of elements in A = Zk C(n,k) % 1, 3. 2.¢ )_( 2
= Here, R is anti-symmetric but R is not anti-
Using Binomial Theorem, we have symmetric.
n .. Option (d) is correct.
>k C(n,k) =n.2""" wiibn (d)
k=1
11. Ans: 10
.. Both I and II are true. .
Sol: Symmetric closure of R = {(1, 1), (2, 2),
(2,3),3,2),(4,2),(2,4), (4, 4)}
09. Ans: 3 N Transitive symmetric closure of R = {(1, 1),
. o range (2. 2). 2. 3). 2. 4). (. 2). (. 3). G. 4.
Sol: The elements related to 1 are 1 and 5.
. e (4,2),(4,3), (4, 4)}.
Hence, equivalence class of 1 =[1]= {1, 5} _ .
..Required number of ordered pairs = 10
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12. Ans: 12 However, R is not an equivalence relation

Sol: The Hasse diagram is shown below. because it is not transitive.

For example, x =2.8,y=1.9,andz= 1.1,

Here, x —y|=12.8-1.9]=09<1,
ly—z=11.9-1.11=08<1

but |x—z|=]28-1.1]=17>1.

ie, 28 %19, 1.9%1.1, but 2.8 is not

related to 1.1.

.. Required number of edges = 12

15. Ans: (a)
Sol: LetS={1,2, ............. ,n}

If a relation R on S is symmetric and anti-

13. Ans: (b)

Sol: S1 need not be true. We have the following
counter example.
R={(1,2), (2, Dj
The transitive closure of

R: {(1’ 2), (2’ 1), (1’ 1)’ (2’ 2)} AA = {(1, 1), (2, 2), ......... s (n ,n)}.
Any subset of A4 1s also transitive.

symmetric then R is any subset of the

diagonal relation

Which is not irreflexive.

S2 is true. Suppose that (a, b) e R"; then .. The required number of relations
there is a path from a to b in (the digraph = Number of subset of Ax
for) R. Given such a path, if R is symmetric, =2°

then the reverse of every edge in the path is
Relations

16. Ans: (d)

also in R; Therefore there is a path from b to
a in R (following the given path backwards).
This means that (b, a) is in R* whenever (a, | Sol: Ry is reflexive because for all

b) is, exactly what we needed to prove.

) Y P aeN, L—1=2° this (a a) € R.
a

14. Ans: (a)

) ) R, is not symmetric because if (a, b) € Ry,
Sol: R is reflexive because [x — x| = 0 < 1

a » )
then —=2', where 1> 0.
whenever x € R. b

R is symmetric, for if xRy, where x and y But b — 9 where —i<0

are real numbers, then [x —y| < 1. a

=ly-x[=[x-y[<l, o (b,a) €R

= yRx.
LR, Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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17. Ans: (¢) 19. Ans: (b)

Sol: R can be represented by a square matrix of | Sol: If S is any set, then a sub division {S;,
order n with all the diagonal elements as 1. Soeenn. , Sp} of S is called a partition of S if
Since, R is symmetric, StuUS U ... U S,=Sand Sy, Sy.......... ,
number of elements above the principal S, are non-empty disjoint sub sets of S.
diagonal = number of elements below the P, is the only one that is not a partition of S,
principal diagonal. because in which
.. Number of elements in R =2k + n {7,4,3,8} N {1,5,10,3} # o

where k is number of elements

above the diagonal 20. Ans: (d)
Hence, if n is even then number of elements | Sol: Py is a refinement of both P, and P3, because
in R is even and P4 itself is a partition of S and every element
if n i1s odd then number of elements in R is of P4 is a subset of one of the elements in P,
odd and Ps.

18. Ans: (a) 21. Ans: 10

Sol: S;: Suppose both R and S are reflexive Sol: The number of refinements of a partition P

Letae A 1s the number of the ways to further partition
If {(a, a) € R and (a, a) € S} then (a, a) cellsin P. The cell {1, 2, 3} has 5 ways,
e RUS). {4, 5} has 2 ways, and {6} has one way.
.. (R U S) is reflexive Therefore, the total number of refinements
of Pis5x2x1=10.
S,: Suppose both R and S are symmetric
Let(x,y) € (RUS) 22. Ans: (¢)
= (x,y)eR or (x,y)eS Sol: S; is true, by definition of anti-symmetric
=(y,x)eR or (y,x)eS relation.
— (y.X) € (RUS) S, is true, by definition of transitive relation.
- (R U S) is symmetric
23. Ans: (b)
Ss: Suppose both R and S are transitive Sol: R_lz (@ b)fa d1v'1d'es o}
Let R = {(a, b)} and S = {(b, a)} R™={(a b)[bdivides a} 1
. Symmetric closure of R=R U R"
Here, R and S are transitive but (R U S) o o
s 1ot transitive = {(a, b) | a divides b or b divides a}
ﬂ « DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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24.

Sol:

25.

Sol:

26.

Sol:

27.

Sol:

Ans: (b)

The smallest relation containing R and

S=RUS
={(1,D,(1,2),2,1),(2,2),3,3).3, 4,

(4,3),(4,4),(4,5),(5,4),(5,5)}

Here, R U S is reflexive, symmetric and

transitive.

The smallest equivalence relation containing

RandS=RuUS

The partition

RuS={{1,2}, {3,4,5}}

corresponding to

Ans: (d)

For any two elements x, y € A, the
corresponding equivalence classes are either
disjoint or identical.

ie. ifx Yy then [x]=[y]

and if x is not related to y, then [x] [y]={}.

Ans: 1
The only relation on A, which is both
equivalence and partial order is the diagonal

relation on A.
ie,R={(1,1),(2,2),3,3)}

Ans: (a)
R is reflexive, because

(x —x) is an even integer
= x"x VxeZ
Letx ® y

= (x —y) is an even integer

28.

Sol:

29.

Sol:

= (y —x) is an even integer

=y Rx Vx, yeZ

.. Ris symmetric

Letx "yandy "z

= (x —y) and (y — z) are even integers

Now, (x —z) =(x—y) + (y—z) = an even
integer

= R is transitive

.. R is an equivalence relation

R is not a partial order, because R is not
anti-symmetric.

For example, 2 " 4 and 4 2

Ans: 48

If a relation is neither reflexive nor
irreflexive then diagonal pairs can appear in
(2> - 2) ways.

If the relation is symmetric then non
diagonal pairs can appear in 2° ways.

By product rule

n(n—l)
Required number of relations = (2°-2).2 2
where n =3

= 6.(8)
— 48

Ans: (¢)

The diagonal relation on A is
Ax=1{(1,1),(2,2),3,3)}.

Aa 1s an equivalence relation as well as a

partial order on A.

The relation is not a total order.
For example, the elements 2 and 3 are not

comparable.
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30.

Sol:

Ans: (b)

Si need not be true.

We can give the following counter example.

Let A = {1, 2} and R = {(1, 1), (2, 2),
(1, 2);

and S = {(1, 1), (2, 2), (2, 1)}

Here, R and S are partial orders, but R U S

is not a partial order.

S, is true.

If R and S are any two reflexive relations on

a set A, then (R m S) is also reflexive.

If R and S are any two anti-symmetric

relations on a set A, then (R N S) is also

anti-symmetric.

The poset is a bounded lattice with upper
bound 12 and lower bound 1.
The poset is a distributive lattice because it

has no sub lattice isomorphic to L, or L,

shown below.

L, L,
The poset is not a complemented lattice
because complements do not exist for the

element 2, 4 and 6.

If R and S are any two transitive relations on 33. Ans: (¢)
a set A, then (R n' S) is also transitive. Sol: The relation R is reflexive, anti-symmetric
Hence, If R and S are any two partial orders and transitive.
on a set A, then (R m S) is also partial order .. R is a partial order.
The Hasse diagram of the poset [A x A; R]
31. Ans: 0 is shown below. (3,3)
Sol: On a set with 2 elements, if a relation is
reflexive and symmetric then it is also
transitive.
. There is no relation which is reflexive (1,1)
and symmetric but not transitive. From the Hasse diagram we can see that
LUB and GLB exist for every pair of
32. Ans: (b) ordered pairs.
Sol: The Hasse diagram is shown below. .. The poset is a lattice.
12
4 6 34. Ans: (¢)
> Sol: As per the Hasse diagram given in the above
1 example,
The upper bound =1 =36
ﬂ « DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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The lower bound =0 =1 36. Ans: (b)
In a lattice, 2 elements a and b are Sol: In the lattice [P(A); <],
complements of each other if Complement of X=A-X V X € P(A)
least upper bound (LUB) of a and b =1 and B=1{2,3,5 7}
greatest lower bound (GLB) of a and b = O. . Complement of B=A — B
(a) LUB of 2 & 18=LCM of 2 and 18=18=1 ={1,4,6,8,9,10}
.. Complement of 2 is not 18.
(b) The LUB of 3 and 12 = LCM of 3 and 37. Ans: (a)
12=12#1 Sol: Let x and y be any two elements of S.
<. Complement of 3 is not 12. Then, the set {x, y} is a subset of S.
(c) The LUB of 4 and 9 = LCM of 4 and So, it has a minimum element z.
9=36=1 ifz=xthenx Ry
The GLB of 4 and 9 = GCD of 4 and )
ifz=ytheny R x
9=1=0
- Complement of 4 = 9. .. X and y are comparable.
(d) LUB of 6 & 1 =LCM of 6 and 1 = 6 %1 SRkl ordercd set
. Complement of 6 is not 1. The maximum element of S may not exist.
.. Other options need not be true.
35. Ans: (¢)
Sol: The set A with respect to R is a totally | 38  Ans: 11
ordered set and therefore a distributive Sol: The Hase diagram is shown below.
lattice.
The Hasse diagram is shown below. 10
8
4
—o —0—0—0-----—--- 5
L - AR & 2 q 7
1
The upper bound of the lattice does not
exist. .. The number of edges in the diagram = 11.
.. Option (c) is true.
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39. Ans: (a) 41. Ans: (b)
Sol: If R U R = A x A, then the given relation Sol: The given expression is an upper bound of
R is a total order (linear order). Y, soitis at leasty.
.. The poset [A; R] is a totally ordered set. On the other hand, y is a common upper
bound f d , so it is indeed thei
Every totally ordered set is a distributive ounc fot y and x Ay, 8o 1H1s indeed Helt
) least upper bound.
lattice.
The poset [A; R] is not a complemented 42. Ans: (d)
lattice, because in a totally ordered set, Sol: S;: LHS= x v (y A 2)
complements exists only for upper bound =xv O
and lower bounds. =X
RHS=x vy Az
40. Ans: (d) a
=z
Sol: S; is false
.. LHS#R.H.S
Proof by counter example: S;:LHS=x Vv (y A 2)
For the lattice shown below =xv O
=X
RHS=x vy AV 2
=l Al
=1
Each element has atmost one complement, .. LHS#RH.S
but the lattice is not distributive.
‘ 43. Ans: (d)
- Sy s false. Sol: (a) fis not 1-1 and therefore not a bijection.
For the lattice shown below. For example, f(1) =f(-1) =1
(b) g(x) is not 1-1 and hence not a bijection.
e ¢ For example, g(1)=g(-1)=1
d c (c) h(x) is not 1-1 and hence not a bijection.
a For example, h(1.1) =h(1.2) =1
(d) Let ¢(a) = ¢(b)
The lattice is complemented. But the sub =1
lattice {a, c, e} is not complemented. —~a=b
- Sy s false = ¢ is one-to-one
:ﬁ‘ DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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44,
Sol:

45.
Sol:

46.
Sol:

Let p(x) =x’ =y

1

=>x=y’

For each real number y, there exists a real
1
number x such that x = y3.

= ¢ is on-to

.. ¢ 1s a bijection.

Ans: (¢)

Let f(A)=g(B)=h(C)=D

We can choose D in C(n, k) ways.

Now, there are k! injections for each of the
sets A, B and C.

By productive rule,

Required number of triples of functions
= C(n, k). (k!)’

Ans: (a)
Si: Let f(x) =x
Then f(x) = f(y)
=>Xx=y
= f'is one to one
S,: Let A = ¢, then there is not function at

all from B to A, surjection or not.

Ans: (¢)

Here, A and B are finite sets and |A| = B

.. Every one-to-one function from A to B is
on-to, and hence a bijection.

For every bijection f, f' exists.

.. S;and S, are true

47. Ans: (¢)

Sol: S1: Letx e f (SUT)
=fx)e (SuUT)
=f(x)eS or fx)eT
=xef(S) or xef ()
=x e {f(S)uf (1)}
=f ' SuT)c{f'S)uf(T)
By retracing the steps, we can show that
FIS UMyt (SuT)
LfrEsun=fS)u i
Hence, S1 is true.
S2: The proof is similar to that of S1. Please

try yourself.
48. Ans: (d)
Sol: Let f(x,y) = (2x—y, x-2y) = (u,v)
=2Xx-y=u &x-2y=v
By solving u = (27{ - yj& V= (X —2yj
3 3
- 2x—-y x-2y
L (xy)=| 22—
()= (22 222
49. Ans: (b)
Sol: (i) If S is a bit string with all ones, then f(S)

does not exists.
.. fis not a function.
(i) The number of 1 bits in a bit string is a
non negative integer.
.. For each bit string S we can assign only
one non negative integer in the codomain.

.. Tis a function.
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50. Ans: (a) 52. Ans: (a)

Sol: S;: Let f(a) = f(b) Sol: (fog)x = f{g(x)}
Where a and b are integers. X
—a’=b :f(l—xj
=a=b X
=fis I-1 _ (l—xj —x
f(x) = x’ is not on-to. For example, the (1 L

—X

integer 2 in the codomain is not mapped by
any integer of the domain. = (fog)x =x

n = (fog) is an identity function

S Ax) = [5—‘ isnot 1-1.
Forex. f(1)=1(2)

However, f(x) is on-to function, because 53. Ans: (d)

= (fog)™! x = (fog)x = x

each integer in the co-domain is mapped by 1
Sol: (d) f(x) = ——

atleast one element of the domain.

51. Ans: (a)
Sol: Let f(a) = f(b) Case 1: whenx >0
a—-2 b-2 |x| =X
= =—
a-3 b-3
|x|— x=0
=@-2)b-3)=(a-3)b-2)
_ .. f(x) 1s not defined when x > 0.
=a=b
fisl—1 Case 2: when x <0
_ x| = x
Let f(x) = ~ i:y

|x|— Xx=-2x>0

=x-2=(x-3
x-3)y . Domain of f(x) = (- o, 0)

2-3 .

y , Sol: (a) Iff A—>Bthen f . B — A
.. For each y € B, there exists an element 1
X €A ,such that f(x) =y. | fof ":B—>B
.. fis on-to o fof 7 =1
Hence, fis a bijection. . Option (a) is false.
uﬁu Regular Doubt clearing Sessions | Free Online Test Series Programme
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55. Ans: (d) . * is associative on P(S)
Sol: Let us show that f'is injective. we have, A® ¢p=A, V A € P(S)
Let x, y be elements of A such that f(x)=f(y) . ¢ 1s identity element in P(S) w.r.t. *.
Then, x = Ia(x)= g(f(x)) = g(f(y)) = Ia(y) =y We have, A@ A=¢,V A € P(S)
- fis one-to-one function .. For each element of P(S), inverse exists,
Let us show that g is surjective because inverse of A=A, V Ae P(8).
Let x be any element of A -~ (P(8), ) is a group.
Then, f(x) is an element of B
58. Ans: 1
Such that g(f(x)) = 1a(x) = x Sol: Let e be the identity element.
= g is a on-to function a*e=ag
ae
56. Ans: (c) = 57
Sol: The order of element a = the smallest — = ")
positive integer n such that a" = e (identity). Let a’! is inverse of a
(a) The element 1 is identity element of the B — -
group -
soorderof 1 =1 = 9 =2
(b)2'=2,2"=4,2"=1 "
.. orderof 2 =3 = y J
(©)3'=3,3"=2,3=6,3"=4,3=5,3=1 4
Inverse of 4= — =1
.. order of 3=16 4
Hence, option (C) is not true
(d)4'=4,4"=2,4=1 59. Ans: (c)
.. order of 4 =3 Sol: Let e be the identity element.
Nowa*e=a
57. Ans: (¢) =2ae=a
Sol: A ® B=(A-B)uU (B-A) oo 1
we have A ® B € P(S), V A, B e P(S) 2
. *1is a closed operation Let inverse of 2 is x
We have (A@B)®C=A ® (B® C) 3
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62. Ans: (d)
Sol: (d) The cube roots of unity, G= {1, ®, »*} is
a group with respect to multiplication.

&

2.1
3 2
= Z(E.Xj = l
3 2 The inverse of ® = ®”
= 3 .. The statement is false.
8
63. Ans: (¢)

Sol: 5®¢2=1
= Inverse of 5 is not 2.

60. Ans: (b)
Sol: Let e be the identity element.

a*e=a
64. Ans: (¢)
Sol: Order of (-i) = 4, because the smallest

—>atetae=a
integer n such that (—i)"=1 isn=4

=e=0
Let a'=inverseofa
a*al =e
65. Ans: (a)
= ata +aa’ =0 (. 0 is identity element) Sol: (a) G= {1, 3,5, 7} is a group with respect to
— ®sg.
=>a =
a+1 H;={1,3} and H, = {1, 5}
H, UH;= {1, 3, 5}
Here, H, and H; are subgroups of G,

.. Inverse of —1 does not exist.
but H; W H; is not a subgroup of G.

Hence, option (b) is false.

66. Ans: (d)
Sol: (d) Every subgroup of a cyclic group is

61. Ans: (d)

Sol: (d) G = {1,-1, i,i}

(1) G is closed with respect to multiplication. ]
cyclic (theorem)

(i1) Multiplication is associative on G.
67. Ans: (d)
Sol: (d) 2°=2®,2=4

(ii1) 1 is identity element in G with respect
to multiplication.
(iv) The inverse elements of 1,-1,i,— are 1, ’=4®,2 =1
2 is not a generator of G, because we can not
generate 3, 5 and 6 with 2.

—1, -1, 1 respectively.

.. G is group with respect to multiplication.
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Affordable Fee | Available 3M |6M |12M |18M and 24 Months Subscription Packages




(o)
N
v v 6 'I
™ A
VN .Y Engineering Publications

Discrete Mathematics

68. Ans: (¢) Further, we can show that fourth row is ¢
. . ) a d b and
Sol: The identity element of G is 0. In the sets a'=d b'=bc'=candd ' =a,
given in options (b) and (d), the identity
element is missing. 72. Ans: (a), (b), ()
The set {0, 4} is not closed w.r.t @. Sol: D is false. For eg, A = {1,2}, B= {1}, C =
The set {0, 2, 4} is closed w.r.t ©. {2} then (A — B) — C = Empty
.. The set in option (c) is a subgroup of G. But (A=B)=(B-0C)= 12}
Remaining statements are true.
69. Ans: 4
Sol: Number of generators in G = ¢(10) =4 73. Ans:(a), (c), (d)
where ¢ is Euler fungtion Sol: B is Not Onto because negative values
cannot have pre-image.
70. Ans: (d) (a), (c), (d) are Onto.
71. Ans: (a)
Sol: Any group with 4 elements is abelian.
= The rows and columns of the table are 5. Probability and Statistics
identical
= First columnis [b d a c]" andsecond | 1. Ans: (a)
columnis [d ¢ b a]'. Sol: y
Now, the modified table is
* la b ¢ d 0, 1)
a |[b d a c
b |d ¢ b a
c |a b x  x (1,0) «x
d |[c a x X ) .
Let x and y are two numbers in the interval
In the composition table of a group, one of
h f entries should coincide with th ©. 1
t t th t
© TOWS OF CHTHEs Showid cotnetde Wi © We have to choose x and y such that
top row. 2, 2o
X .
.. The thirdrowis a b ¢ d Y
Hence, the identity element is c.
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Required probability = Area of the shaded region (n _ 1)2
Area of thesquare ' N B
n/4 Required probability = m
1 4
02. Ans: (a) = M
Sol: A non-decreasing sequence can be described 2n(n - 2)
by a partition n =ng + n; + ny
where n; is number of times the digit i 04. Ans: (a)
appear in the sequence. Sol: Foreachie {1,2, ...... ,n},
There are (n + 1) choices for ng and given ng let A; heads be the event that the coin comes
there are n—no + 1 choicgs for uis up heads for the first time and continues to
So, the total number of possibilities is come tip heads there after.
Zn: (H —n,+ 1)= (n + 1).(n + 1)— ino Then, the desired event is the disjoint union
" w < " of A;.
=@+ D). ()= ) Since, each A; occurs with probability 27"
_ (n+ 1)2(n +2) The required probability =n. 2™
Required probability = %é—?-i_rz 05. Ans: (b)
Sol: Probability of the event that we never get the
03. Ans: (d) consecutive heads or tails
Sol: Number of ways, we can choose R = C(n, 3) =P(HTHT HT...)+P(THTHTH ....... )

We have to count number of ways we can
choose R, so that median (R) = median (S).

Each such set R contains median S, one of

the (HT_I} elements of S less than median

n-1

(S), and one of the (Tj elements of S
greater than median (S).

2
So, there are (HT_IJ choices for R.

CER0Y
-6

The required probability = 1 — 2(%) (%)

3n _ 2n+l
32n
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06.

Ans: (¢)

Sol: Number of ways of selecting three integers

= 20¢,
We know that, product of three integers is
even, if atleast one of the number is even.

Number of ways of selecting 3 odd integers

=10,
.. Required probability
G2 '
*c, 19 19
Conditional probability
07. Ans: (¢)
Sol: Given that P(A|B) =1
P(ANB) _
P(B)
= P(ANnB)=PB) ............... (1)

08.

Sol:

P(B°NA) _ 1-P(AUB)

P(B¢ | AS) =

P(A°) 1-P(A)
_ 1-{P(A)+P(B)-P(AnB)}
1-P(A)
_1-P(a)
= l—P(A) [from (1)]
=1
Ans: (a)
Let A = Getting electric contract and B =

Getting plumbing contract

09.

Sol:

10.

Sol:

Ans: (d)
P(A U B) = P(A) + P(B) - P(A N B)
_ 33
PA= 100
_ 14
P® =100
P(A A B)= ——_
100

(A n B) is not empty set.
Therefore, A and B are not mutually
exclusive.

P(A nB) #P(A) . P(B)
Therefore, A and B are not independent.

Ans: 0.2
To find the number of favourable cases

consider the following partition of the given

set  {1,2,..., 100}
Si={1,6, 11, ......., 96}
S,=1{2,7,12, ......., 97}
S;={3,8, 13, ......., 98}
S;=1{4,9, 14, ......., 99}
Ss= {5, 10, 15, ....., 100}

Each of the above sets has 20 elements. If
one of the two numbers selected from S;
then the other must be chosen from S;.

If one of the two numbers selected from S,

then the other must be chosen from S;.
Number of favourable cases
=(C(20,1).C(20,1)+C(20,1).C(20,1)+C(20,2)

PA) = 2; P(B)=2; P@B)=> — 400 + 400 + 190 = 990
S 7 7 : . 990
) .. Required probability = ———
P(AUB)= =; C(100,2)
232 17 =20
PANB)==4+=-Z2 = —— 50x99
5 7 3 105
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11. Ans: 0.66 Range 0.65 to 0.67 13. Ans: (a)
Sol: Let N = the number of families Sol: If A and B be disjoint events then AnB={ }
Probability of ANB =0 ............... 1
Total No. of children = (H X 1] + (E X 2) robabiiity o1 A 4 M
2 2 If A and B are independent then
_3N P(A " B)=P(A).P(B) ............. (2)
2 From (1) and (2)
@ 2} P(A).P(B) = 0
..The Required Probability = = Pr(A) =0 or Pr(B) =0
¥ ou
_ % _0.66 14. Ans: 2.916 range 2.9 to 2.92
Sol: E(X) = %(l+2+3+4+5+6) =35
12. Ans: 0.125
e BOO) = L2422 43 14 4574 62)= 21
Sol: Total number of outcomes = 6° 6
Number of outcomes in which sum of the - Variance = E(X?) — {E(X)}’
numbers is 10 = Number of non-negative _ 91 (3.5¢ =2.916
integer solutions to the equation a+b+ ¢ =10 6
where 1 <a,b,c<6
= Co-efficient of x'* in the function 1S Ans: (c)
DI NN BN Sol: Total number of counters
2, 3 A5, 63 3 2, 3. 4 5\3 n(n+1)
(XX XX HXOHX)” = X (XXX X +x0) =1+2+ ... +n=——~=
=x’(1-x°)Y (1-x)~
o n +1 n n 2) o Probability of choosing counter k and
=x’(1-3x° + 3x"2 — x'%) Z . 2k
0 winning k™= ——
n(n + 1)
- n + 1 n + 2) o
:(X3—3X9+318—X2]) Z N K
0 Expectation= Y k.
oo n(n + 1)
Co-efficient of x'* =36 -3 x 3 =27
‘ L _ 2 n’@+1)] n(n+l)
.. Required probability = 316 =0.125 n(n +1) 4 7
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16. Ans: (b)

Sol: The probability that she gives birth between

8 am and 4pminaday=%

By Total theorem of probability,
The required probability

Random Variables

17. Ans: 0.75 (No range)

Sol: Total probability = [ f(x)dx =1

:>icx dx=1
0

1
=>c=—
2
P(X>1)= Tf(x)dx = jlx(dx): 3075
1 12 4

18.
Sol:

Ans: 1.944 range 1.94 to 1.95
The probability distribution for Z is

V/ 0 1 2 3 4 5
6 | 10 | 8 6 4 1 2

PO |~ | = | = ===
36 | 36 | 36 | 36 | 36 | 36

E(Z) =37 . P(Z)

_ %(0(6)+ 1(10)+ 2(8)+ 3(6) + 4(4)+ 5(2))

7035 ou

36 18

19. Ans: (¢)

Sol: E(a") = iak. P(X =k)

k=0

el (Y

= in a*C(n,k)a*. (1)
2" S
_ (a +1Jn
2
20. Ans: (d)
Sol: Given that mean = E(X) =1

and Variance = V(X) =5

E((2 + X)*) = E[X* + 4X + 4]
=E(X) +4 E(X) + 4

Given V(X) =5

= B(X*) - (B(X))* =5

S EX)=5+1=6

E(2Q+X))=6+4(1)+4=14

21. Ans: (a)

Total Probability = » P(X=x)=1

x=1

Sol:

© x-1

= 2 K(-B)

= K(1+(1-B)+ (1 -p)*+

- _ K
1-(1-p)

=K=8

=1
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22. Ans:209 25. Ans: (b)
Sol: Sol: By Chebyshev inequality
1
X 2 -3 4 -5 6 -7 8 -9 10 -11 12 Pr(u—k0< X< u+k0)2 l_F
A2l sl s ls el |20
PO) | 36| 36| 36| 36 | 36 | 36 | 36 | 36 | 30 | 36 | 36 26. Ans: 0
Sol: Let X = Number of rupees you win on each
E(X) = $x P(x) =(~ 3)x 1o exligl 11 throw. The probability distribution of X is
6 2 3.2 EX)=X XP(X)=0
E(X%) =52 P(X)=9 X -+ 36 X +81x - = 2>
. , S 2 32 |97 Ans:i (o)
- E@X A+ 1)7=B@AxX"+ 4X + 1) Sol: Let X = Number of rupees you win on each
= 4E(X) +4E(X) + 1 throw.
93 11 The probability distribution of X is
=4x—+4x—+1
2 - X Jo I 2 |3 [4 [s
=209 6 10 8 6 4 2
PX) 1356 |3 |3 |3% |3% |3
23. Ans: (d) 35
Sol: Let X = Amount your win in rupees EX) =2 XPX) = 18
The probability distribution of X is shown
28. Ans: 0.23 range (.22 to 0.24
below.
Sol: Let X = number of ones in the sequence
X |1 |23 |[4]|5 |-6 n=>5
11 11111 11 p = probability for digit 1 = 0.6
PX) | = | == |— |= |~
X116 |66 6|6 q=04
Required probability = P(X = 2)
The required expectation =(C(5,2). (0.6)%. (0.4)
=E(X) = X[X. P(X)] =0.23
1 -1
=% (1-2+3-4+5-6)=— 29. Ans: 0.25 range 0.24 to 0.26
Sol: Given that, mean = 2(variance)
24. Ans: 0.1 . = np = 2(npq) ... (1)
Sol: E(W) = jo 0.003 V2 (V) dV further, np +npq=3 .......... )
1
Solving, n=4,p=q= —
- ["0.003v> v s P=d75
0 10 V(1) 1
2
=0.1Ib/ft P(X=3)=C(4,3). (—J (—) = — =025
Where f(V)= probability density function of V 2)\2 4
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30. Ans: (d)
Sol: Let X = Number of times we get negative
values.
By using Binomial Distribution,
P(X=k)=C(n, k) p"q" "
1 1
Where p = E,q— E,n—S
Required probability = P(X < 1)
=P(X=0)+PX=1)

e a4 1)

_1+5 6
32 32
31. Ans: (d)
Sol: We can choose four out of six winning in

C(6, 4) different ways and if the probability

of winning a game is p, then the probability

of winning four out of six games
=C(6,4) p*(1 - p)*
= 15(p* ~2p° +p°)

32.
Sol:

Ans: 0.5706
The odds that the program will run is 2 : 1.

Therefore, Pr(a program will run) = % Let

B denote the event that four or more
programs will run and A; denote that exactly
j program will run. Then,
Pr(B) = Pr(As U As U Ag)

= Pr(A4) + Pr(As) + Pr(A¢)

=C(6,4) @j Gj + C(6,5)@) G) + C(6,6)(§j

=0.5706

33. Ans: 0.224 range 0.2 to 0.3

Sol: Average calls per minute = % =3
Here, we can use poisson distribution with A=3.
352
Required Probability = P(X = 2) = ° 2"3
-3
=2 2'9 =4.5¢7=0.224

34. Ans: 0.168
Sol: A = average number of cars pass that point

60/12
Using the Poisson distribution,

in a 12 min period =

4

. Required probability Pr(4)=¢ % =0.168

35. Ans: 0.7
Sol: The

range 0.65 to 0.75

probability density function of

1
X=f(x)= Efor 0<x<10

0 otherwise

P{(X +§j > 7} = {(P(X* +102 7X)

=P(X*-7X + 10> 0)
=P{(X -5) (X -2) =0}
=P(X<2o0rX2>)5)
=1-PQ2<X<5)

= I—Ef(x) dx
s 1

=1—LEdX
3

=1-—=0.7
10
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36. Ans: (a) 39. Ans: 1.095
. : e . s
Sol: We can use Exponential Distribution with Sol: 11 = Mean = z {Xk P (X _ k)}
mean u =5 k=1
Let X is waiting time in minutes. =1(0.1)+2(0.2)+3(0.4)+4(0.2)+5(0.1) =3
Probability Density function of X is P(X<2)=0.1+02=0.3
fix)=02¢ " if x>0 P(X<3)=0.1+02+0.4=0.7
=0 if x<0 MedianZ—2+3 =2.5
The required probability = P(0 < X < 1) 2
. Mode = The value of X at which P(X) is
= | 02¢"dx =0.1813 maximum = 3
0 5
Variance = ) x;.P(X =k)-p’=10.2-9=1.2
k=1
37. Ans: (a) Standard deviation = /1.2 = 1.095
Sol: > P(X=r)=1 | |
= 40. Ans: k=6, Mean = —, Median = —,
— k(1 + (1-B) + (1B + ... 00) = 1 2 2
1 Mode = 1 and S.D = 1
1-(1-B)
Sol:

38.

Sol:

=k=p
- P(X=1)=B(1-p)""
This function is maximum when r = 1.

.. mode =1

Ans: Mean = 34, Median = 35,
Modes = 35,36 & SD =4.14

Mean =&= 34
n

Median is the middle most value of the data
by keeping the data points in increasing
order or decreasing order.

Mode =36

S.D=4.14

We have jf(x)dx=1
-
Ik(x—xz)dX:l
0

[ 7 o\! A\ !

HROIS

K 2 0 3 0

l—lj:l:>k(ﬂj=1:>k=6
2 3 6

=k

=k

© 1
Mean = '[Xf(X)dX = '[6()(2 -x*)dx
-0 0

3 4!
S S R S e )
34, 3 4] 2

Median is that value ‘a’ for which
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1 @ ) 42. Ans: 4
P(X<a)= P J. 6(x—x")dx = Sol: If n missiles are fired then probability of not
o hitting the target = [1 — (0.3)]" = (0.7)"
= 6[% —a?j =% = Probability of hitting the target atleast
1 once =1-(0.7)"
— 3a%-2a°= By We have to fired the smallest +ve integer n
so that, {1 —(0.7)"} > 7
—a=— 100
: . . = {1 -(0.7)"} >0.75
Mode a that value at which f(x) is max/min ) o )
) The smallest +ve integer satisfying this
- f(x) = 6x —6% . lity i 4
inequality is n =
fl(x) = 6 12x auatity
For max or min f'(x) =0 =6 —12x =0
) 43. Ans: 0.865 range 0.86 to 0.87
=X= E f“(x) =-12 f”(éj =-12 <0 Sol: Let X = number of cashew nuts per biscuit.
We can use Poisson distribution with mean
. maximum at x = 1/2
. _, 2000
.. mode is 1/2 1000
S.D = E(x*) - (E(x))’ o 9k
P(X=k)=— k=0,1,2...
N (X=k)="—" ( )
245 Probability that the biscuit contains no
cashew nut = P (X = 0)
41. Ans: 0.2 —et=¢°=0.135
Sol: The area under normal curve is 1 and the Required probability = 1 — 0.135 = 0.865
curve is symmetric about mean.
E 44. Ans: (b)
! 10.3 Sol: Let A = getting red marble both times
8(I) 1 0:0 1'2 0 B= getting3bot121 marbles of same color
P(ANnB)=—.—
- P(100 <X <120)=P(80 < X < 120) 10 10
=03 oyl 6.3 2
Now, P(X < 80) = 0.5 — P(80 < X < 120) B)=170"1010
=0.5-0.3=0.2
Required probability = PANB) _ 0 1
P(B) 48 8
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45. Ans: (d) 02. Ans: 25
Sol: Let E; = The item selected is produced X y
machine C and E, = Item selected is | Sol: Let A :( 10— x]
defective Y ,
Det A=x(10-x) -y
P(E, AE,)= 20 5 :
100 100 For maximum value of Det A, y =0
50 3 30 4 20 5 X 0
e,)- 0[], 20 4 ), 20 (5 Now. A-
100 \100 ) 100 \100) 100 \ 100 0 10—x
= |A]=x(10-x) = 10x — x
Required probability Let f(x) = 10x — x>
_P(E . )_P(El/\Ez)_loo_Q =f'(x)=10-2x
VTP, 37037 =f{"(x)=-2
Consider, f'(x)=0
46. Ans: (a), (b) & (¢) =>x=5
Sol: If P and of are independent then, Atx=5,f"(x)=-2<0
At x=5, the function f(x) has a
(PrQ)=P(P)L(Q)0#PPNQ)" puce | _ ®)
maximum and is equal to 25.
statement If (P U Q) = P(P) + P(Q) (P Q)
Now, P(P) + P(Q) > P(PnQ) Otherwise | 03. Ans: (c)
(P(P U Q) becomes negative Fe
Sol: Given A={1 1 1|andB=A".
False statement
Mutually exclusive events need not be 0 0 1
(P ) The element in the second row and third
independent True = P nQ)> P(P)
column of B
= Cofactor of the element in the
6. Linear Algebra third row second column of A
1 0
i L J .
01. Ans:3
Sol: If rank of A is 1, then A has only one ~. Required element = L(_ 2) _ __1
independent row. | Al 2
The elements in R; and R, are proportional
3 P P 04. Ans: (a)
P :E P Sol: Here, A" is a zero matrix. [Property]
. p=3 . rank of A" =0
R DEEP Regular Doubt clearing Sessions | Free Online Test Series Programme
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05. Ans: 46

Sol: Here, | adj A| = |A]?
= 2116 =|Af
= |A| =+46

= Absolute value of |A| =46

06. Ans: (b)

Sol: S)) If A and B are symmetric then AB need

not be equal to BA

for example, if A=

and B =

then A and B are symmetric but AB is not

equal to BA.
.Sy s false.

S,) If A and B are symmetric then AB — BA

1s a skew-symmetric matrix of order 3.

. |AB-BA|=0

(" determinant of a skew-symmetric matrix

of odd order is 0) Hence, S, is true.

07. Ans: (a)

Sol: Each element of the matrix in the principal

diagonal and above the diagonal, we can

choose in q ways.

08.

Sol:

Number of elements in the principal
diagonal = n

Number of elements above the principal
. n-—1
diagonal = n(T)

By product rule,
number of ways we can choose these

%)

elements = q".q

Required number of symmetric
)
matrices=q ' ’
Ans: (b)
n-1 -1 .. -1
— 1 il S [ -1
A=
-1 -1 .. n-1
Ri—>Ri+Ry+........ + Ry
D T 1
-1 n-1 ... -1
A=
-1 -1 .. n-1
Rz—)Rz + Rl, R3 —)R3 + Rl, ...... , Rn_l—)R ot Rl,
I 1 .. 1
0 n ... 0
A =
0 0 ... n
n-2
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09.

Sol:

10.

Sol:

11.

Sol:

Ans: (a)

S1 1is true because, any subset of four
linearly independent sequence of vectors is
always linearly independent.

S2 is not necessarily true,

For example, x;, X, and X3 can be linearly
independent and x4 is linear combination of

X1, X2 and X3.

Ans: (¢)

The given matrix is skew-symmetric.
Determinant of a skew symmetric matrix of
odd order is 0.

.. Rank of A <3.

Determinant of a non-zero skew symmetric

matrix is > 2

.. Rank of A=2
Ans: (a)
1 -2 1
Let A=| 2 0 «
-2 2 o

For the system of linear equations to have a
unique solution, det(A) = 0.

= (0-2a)+2Qa+2a)+ @ -0)=0
=>20+8a+4+0

=>6a+4+0

=6a~=—-4
-2
=S>o#FE—
3

.. Option (a) is correct.

Sol: D=1

12. Ans: (¢)

1 2 3

Sol: A=|2 -1 4

4 3 10
Applyll’lg R2 — 2R1, R3 — 4R1

1 2 3]
~l0 -5 =2
0 -5 -2

Applying R; — R,

1 2 3]
~10 =5 -2
0 0 0

which is an echelon matrix with two non-
ZeTo TOWS.

.. Rank of A =2

If rank of A is less than number of variables,
then the system AX = O has infinitely many
non-zero solutions.

If rank of A is less than number of variables,
then the system AX = B cannot have unique
solution.

Hence, option (c) is not true.

If rank of A is less than order of A, then the
matrix A is singular.

. A" does not exist

13. Ans: (b)

k 1 1
k 1
1 1 k
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=kK+1+1-k-k-k R, >R,-Ri; R3>R;-R
=(k-1)’(k+2) 11 1 |3

Thus, the system has a unique solution when ~10 1 2 1
k—17((k+2)=#0 0 3 k-1] 3
=kz#landk#-2 R3—)R3—3R2
11 1 3
14. Ans: (¢) N ~lo 1 ) |
Sol: The augmented matrix is 00 k7! 0
4213 If k — 7 # 0 then the system will have unique
(A | B): 6 3 47 solution.
2101 If k = 7, we have rank of A = rank of [A | B]
o 13 =2 (< number of variables)
R, > 2R, 3R, 0 5 5 .. The system has infinitely many solutions.
R; —>2R; +R,
0 -1 -1
16. Ans:-1or0
4 2 1 3 - .
R; >5R;+R, [0 0 5 5
00 0 0 Sol: A=|0 k-1 k-1
0 0 k’-1
p(A)=p(A | B) =2 (< number of variables).
.. The system has infinitely many solutions. =Y -~ - 0 has only one
independent solution
15. Ans: (C) = Rank of A =2 ( 1’1—1’23—1':1)
Sol: Given AX =B =>k=-1 ork=0
L1 1) x 3 17. Ans: (b)
=23 yi =4 Sol: Given AX =B
1 4 k z 6 ) o )
B = linear combination of independent
11 11 3 columns of A
[A|B]={1 2 3| 4 =pA)=p(A|B)=3
I 4 k|6 .. The system has infinitely many solutions.
5ﬁ3 DEEP Deep Learn - India’s Best Online Coaching Platform for GATE, ESE, and PSUs
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18. Ans: (¢) 19. Ans: (d)
Sol: The augmented matrix of the given system Sol: If A ., has n distinct eigen values, then A
32 01 has n linearly independent eigen vectors.
is (AB) = 4 0 71 If zero is one of the eigen values of A, then
b 13 A is singular and A~ does not exist.
1 =270 If A is singular then rank of A < 3 and A
R; <> Rs cannot have 3 linearly independent rows.
b Only option (d) is correct
i :
4 0 7 1 yop
3 2 01
20. Ans: (b)
1 -2 7 0
8 -6 2
Ro = 4R, Ry = 3R, R =Ry Sol: A=|-6 7 -4
1 1 1 3 2 4 3
0 -4 3 -11
~ The characteristic equations is
o r & —18d%+45d=0
— =+ =
0 -3 6 -3
= d =0, 3, 15 are eigen values of A.
Ry & Rj
1 1 1 3
0 -1 -3 -8 21. Ans: (a)
“lo 4 3 11 Sol: Since, A is singular, A = 0 is an eigen value.
0 -3 6 -3 Also, rank of A =1.
The root A = 0 is repeated n — 1 times.
R3 - 4R, R4 - 3R,
1 1 1 3 traccof A=n=0+0+..... +7Ln.
0 -1 -3 -8 = =1
“lo o0 15 21 .. The distinct eigen values are 0 and n.
0 0 15 21
22. Ans: (¢)
Rs—R3 . .
1 1 1 3 Sol: The characteristic equation is
0 -1 -3 -8 A-1DA-2)(A-3)=0
~ 0 0 15 21 7\3—67\,2+117\,—6=0
00 0 0 By Caley Hamilton's theorem,
-:p(A)::pOAB)::3 A?—-6A?*‘11Am—61::0
= no. of variables Multiplying by A,
Hence, there exists only one solution. (A~ 6A+111)=6A"
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23. Ans: (b)
10 —4
Sol: Let A =
18 —-12
Consider |A - M| =0

24,

Sol:

=M= (2A+(-120+72)=0
= A +20L—-48=0
.. A =6,-8 are eigen values of A.

For A = 6, the eigen vectors are given by

[A-6I] X=0
RMEH
— =
18 —18||y 0
= x—y=0
= X=y

The eigen vectors are of the form

1
X, =k, .

For A = -8, the eigen vectors are given by

[A+8I] X =0
18 —-4||x 0
= —
18 —4||y 0
= 18x -4y =0
= 9x-2y=0

The eigen vectors are of the form

F}
1 = k2

9
Ans: (¢)

The given matrix is upper triangular. The
eigen values are same as the diagonal

elements 1, 2, —1 and 0.

25.

Sol:

The smallest eigen value is A = —1. The
eigen vectors for A =—1 is given by

(A-A) X =0

= (A+DX=0
2 1 -1 2||x
0 3 0 1If]|y

= =0
0 0 0 1]|]|z
00 0 1||w

=>w=0,y=0,2x-z=0
=X=k[102 0]

Ans: (b)

Let A be the third eigen value.

Sum of the eigen values of A = Trace (A)
= (3)+(3)+r=2+1+0

=>A=5
The eigen vector for A =5 is given by
[A-511X=0
-7 2 -=3||x 0
=| 2 -4 -6||y|=10
-1 -2 -5||z 0
X z
R Tl
X z
=170
1
.. The third eigen vector =k| 2
-1
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26.

Sol:

27.

Sol:

Ans: 7
8 -6 2
Given A=| -6 x —4
2 -4 3
2
eigen vector X = | —2
1

We know that AX = AX

8 -6 2] 2 2
-6 x —-4||-2|=A|-2
2 -4 3] 1 1
[ 30 21
~16-2x | =|-2A
15 A

Clearly eigen value A = 15
=-16-2x=-30

So2x=-14
x=17
Ans: 2

If A 1s an Eigen values of A, then

A*— 327 is an Eigen value of (A*—3A%)

PuttingA=1,-land 3 in (A*—31%),

we get the eigen values of (A* —3A°%)
are—2,4,0

Trace of (A*—3A%) = Sum of eigen values

of (A*-3A% =2

28.

Sol:

29.

Sol:

30.

Sol:

Ans: 8
1 0 -1
Given A=(-1 2 0
0 0 -2

The characteristic equation is A’~A*—4A+4=0
By Caley-Hamilton's theorem,
A - A*—4A+41=0
adding 2I on both sides
A= A*—4A +61=21
Let B=A’ - A’ —4A + 61
Now B =21
- Bl=121 =8

Ans: 2

(6—2 211 1
-2 3 —1[|2|=A|2
2 -1 3]|0 0
[2 1

4|=2n|2

0 0

Clearly A =2

Ans: (d)

We have, A" =-A (.~ A is skew-
symmetric)
SA+A"=(A-A)=0
Rank of (A + AT)=0
. Number of linearly independent eigen

vectors =n —rank of (A + A") =n
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31.

Sol:

32.

Sol:

33.

Sol:

Ans: (a)
For upper triangular matrix the eigen values
are same as the elements in the principal
diagonal.
[0 a b]
A=]10 0 ¢
10 0 0
[1 a b]
I+A)=]|0 1 ¢
10 0 1]
I+Al=1
I + A is non-singular and hence
invertible.
Ans: 8
The characteristic equation of M is

A 1207 +ar-32=0
Substituting A =2 in (1), we get a = 36

Now, the characteristic equation is
A —120% +361-32=0

= (A-2)(A* =101 +16)=0

=>1=2,2,8

.........

.. The largest among the absolute values of

the eigen values of M = 8.

Ans: (b)
I 2 -3
A=|-3 -4 13
2 1 =5

34.

Sol:

Applying R, + 3R, R; — 2R,

1 2 -3
A~|10 2 4
0 -3 1
. 3
Applying Rj;+ ERz
1 2 -3
A~|0 2 4
0o 0 7
1 2 -3 1 0 O
U=(0 2 4 |andL=|-3 1 O
00 7 2 3
2

[The corresponding coefficients in the

elementary operations]

Ans : (¢)
It is easy to check if a specific list of
numbers is a solution. Set x;=3, X,= 4 and
x3=—1 and find that
53)-(4)+2(-1)=9

—2(3) +6(4)+9(-1)=9

-73)+5(4)-3(-1)=2
Although are
satisfied, the third is not, so (3, 4, —1) is not

a solution of the system. Notice the use of

the first two equations

parentheses when making the substitutions.
They are strongly recommended as a guard
against arithmetic errors.

Moreover, The system is consistent and has
unique solution.
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35. Ans: (b), (¢) 03. Ans: (¢)
Sol: (a) No. TI‘le pivots have to occur in Sol: f(x) is in 0 form
descending rows. 0
(b) Yes. There’s only one pivotal column, By L-Hospital's rule
and it’s as required. i
3 4 2 3
(c) Yes. There’s only one pivotal column, Lt f(x) = Lt y2a X —x _?(a X)3
and it’s as required. e e a— (ax3)1
(d) No. The pivots have to occur in
consecutive rows. By L-Hospital's rule
7. Calculus oy ) m 3
1 -1
X—a 3 az EXT
01. Ans: 0.8165 range 0.81 to 0.82
1+x —4a
I: Let f(x)= —
Sol: Let f(x) Yo d _(3j_l6_a
-3 9
and g(x)= 1-+x (4)
Lt f(x):z (finite) 04. Ans: (¢)
e 3 Sol: (a) f(x) =[x is not differentiable at x = 0
Lt g(x)zl (finite) (b) f(x) = cot x is neither continuous nor
x—1
S b h2 he lim = differentiable at x = 0
tht t te.
s, DOTH TG TR ATE AT (¢) f(x) = sec x is differentiable in the
. . 2): |2
The given limit = (Ej :\/; =0.8165 interval (—%, %) and hence in the
i 1[-1,1
02. Ans: (a) mnterval -1, 1]
E (d) f(x) = cosec x is neither continuous nor
Sol: Require formula = RIito E(l B eiRt/L) differentiable at x =0
E(e—Rt/L)L 05. Ans: (a)
= Lt 1 L Sol: we have Lt f(x)= Lt f(x)=f(1)
(BgtL.Hospital’s Rule) .. f(x) 1s continuous at x = 1
L
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— 08. Ans:
(1= Lt {f(l +h) f(l)} ns: (a)
hs0- h Sol: Given f(x) =3x>+4x—5
- Lt[w}zl f'(x)=6x+4
m h By Lagrange's Mean Value Theorem, there
L f(1+h)-f(1)
£+ = h£§+ h exist a value ¢ €(1, 3) such that
£f(3)-f()
2(1+h)-15-1 rny— 1) —T)
:Lt{{( )-1 }:2 f©=="-
h—0+ h
32
o) = (1) =5 - 16
Hence, f(x) is not differentiable at x = 1.
06. Ans: (a) 09. Ans:2.5 range 2.49 to2.51
Sol: Since, f iS differentiable at x = 2, Sol: By Cauchy's mean Value theorem’
£'2)=f' (2+) £'(c) _£(3)-(2)
— (2X)_2=m glc) eB)-22)
_ 32
= m=4 :>—ezc=% = ¢=25
Since, f is continuous at X = 2 Saly ©
(x))x=2 = (mx + b)y=»
e 4=2m+b 10. Ans: ()
Sol: The conditions of Cauchy’s theorem hold
=>b=-4
d for fi d .
Hence, option (a) is correct. good for f{x) and g(x)
By Cauchy’s theorem, there exists a value ¢
07. Ans: (¢) such that
Sol: By Lagrange's theorem, f'(c) _ f(3)-f(2)
glc) g3-2@
) [
4 85-5 2 )
A c ) \3 2 _
C2 7 — 2 == 1 1 —C 2.4
C =+22 ¢’ 9 4
Butonly, C= 242 e (1, 8)
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11. Ans: (a) 14. Ans: 0.53 range 0.52 to 0.54

Sol: f(x) = cosh x + cos x

12.

Sol: y’

f'(x)=sinhx—-sinx = f'(0)=0
f"(x)=coshx—cosx = f"(0)=0

" (x)=sinhx+sinx = f""(0)=0

""" (x)=coshx+cosx= 1" (0)=2>0

". f(x) has a minimum at x =0
Ans: (b)
=0=4x—6x*+2x=0

= x =0, —, 1 are stationary points

Sol: The curve is symmetric about x-axis and

15.

intersect x-axisatx =0 and x = 1.

.. Required area

=2jydx=2j\/;(x—1)dx =

8
1

=0.53
Ans: 9

Sol: The required area

= [xdy= j( (y+4) ——y jdy=9

y
y' =12x"— 12x +2 4.4)
= y(x) has minimum at x =0 & x = 1
X
.. Required Area o
1,-2)
—I x*—2x7 +x +3)d o1
30
13. Ans: 0.785 range 0.78 to 0.79
© 16. Ans: (¢)
t sin 2x .
Sol: | ————dx x* :
-([ cos® x +sin” x Sol: Let f(o _[ X, (i)
0 logx
4 tan x q Differentiating with respect to a, partially
=2 X
-([ coszx(l—i-tan4 x) 1 1 |
f'(oc)=.[ (X“ 10gx)dx=jx°‘ dx =——
Loy ) logx 0 l+a
= I - dt  (by putting tan x = t)
) 1 Integrating, f(a) = log(l + o) +C......... (i)
n From (1), f(0) =0
4 From (ii), f(0) = log(1) + C
=0.785
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Discrete Mathematics

17.

Sol:

18.
Sol:

= 0=1log(1) +C
=C=0
s (o) =log(1 + o)

Ans: (a)
Given that, x sin(nx) = If (t)dt
0

differentiating both sides

x cos(mx).7 + sin(mx) = f(x).2x
Putting x =4

4n cos(4m) = 1(4).8

:>f(4)=g

Ans: (¢)

First of all note that, the integrand f(x) = x™
(In x)" has no meaning at x = 0. It can be
made continuous on the interval [0, 1] for

any m > 0 and n > 0, by putting f(0) = 0.

[x“ In XJ =0

Hence, in particular, it follows that the

Indeed Lt x™ (Inx)"

x —>+0

Lt

x = +0

integral I, exists at m > 0, n > 0. To compute

it we integrate by parts, putting

u = (Inx)", dv=x" dx,
n—1 m+1
du= —n(ln X) dx, =2 .
X m+1

Hence,
1 o (ln X)n ! 0! }
Ixm (ln x)n dx= Ixm(lnx)n dx
0 m+1 ‘0 m+1
== & In—l
m+1

The formula obtained reduces I, to I,_;. In
particular, with a natural n, taking into

account that

1
m 1
Ip= _([X dx = ol
we get,
. n!
I =(-1
n ( ) (m+1)n+1
19. Ans: (¢)
Sol: Id—x3
—f>°(1+a2 +x2)5
° dx
]
0 (1 +a’+x’ )2
[ Integrand is even function]
Todx
=2I + Putx=Dbtan0
0 (b2 +x° )5
_» J2~b sec’0 do
. b’sec’0
3 cos 6 dO 2 2
-9 = < =
-([ b b>  1+a’
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20. Ans: (d) = flg(x)] = fl—x)
0 N _ 2
Sol: J. e dx Mgl =x
e . flg(x)] has no points of discontinuities in
0
. —0, 0).
= '[ e*ef dx (7, 0)
Pute* =t 23. Ans: (¢)
1 . _ 2)e* 0
=J.et dt =e—1 Sol: y—XI;‘EO(l+X) (oo forrn)
’ Taking logarithms
21. Ans: (a) logy = Lt e*".log(l + xz) (0.0 form)
x 2
Sol: LetI= Ixsinz X dX (1) < @H_X) (f formj
0 X—00 e o0
i P 2x
I=I(n—x)sm (n—x) dx To o
0 = Lt +—j( (By L Hospital’s rule)
X—>0 c
[By property of definite integrals] B
n = Lt 2x (f formj
I= I(n— x)sin2 X dX e (2) H°O_il +&’ ie" 0
0
Adding (1) and (2) = Lt 2
8 7<—>w_(1+x2eX +2xe")
2] = J‘TC sin® x dx [ "By L Hospital’s rule ]
’ =0
) e’ =1
Izn'[sinzxdx y=°
0
I ( 1 J[n} n’ 24. Ans: (a)
= TE —_— P— = —
2)\2 4 Sol: f(x) =x(x — 1)(x —2)
=x’ - 3x% +2x
22. Ans: (2) f/(x) =3x"—6x +2
Sol: Given (f o g) (x) =f[g(x)] Consider f'(c) =0
In (—OO, 0)9 g(X) =X
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25.

Sol:

26.
Sol:

=3¢’ —6¢c+2=0

o 6+v36-24 1

=1

+
6 NE)

.'.c=(1+%)e(1,2)

=1.577

Ans: (b)

XZ

Isin Jx dx 0
Lo [_ form)
x>0 X 0
Applying L-Hospital rule,

sinx (2x)

= Lt
3x°

x—0

2sin X
3x

Lt

x—0

£
3

Ans: (b)

Given f(x) = x’ — 3x” — 24x + 100 in [-3, 3]

= f'(x)=3x"—6x-24,f"(x)=6x—6

Consider f'(x) =0

=3x"—6x-24=0

= X = -2, 4 are stationary points

Atx=-2,1f"(-2) <0

= f(x) has a maximum atx =-2

Atx=4,f"(4)>0

= f(x) has a minimum at x =4

Butx =4 ¢ [-3, 3]

.. Global minimum of f(x) = min{f(-3), f(3)}
=min{118, 28}=28

27.

Sol:

Discrete Mathematics
Ans: 1

Let 2x & 2y be the length & breadth of the

rectangle.

4
.

Let A = 2xx2y = 4xy be the area of the

rectangle.

Then A® = 4x’y” x2(1 - X2)= x> -x*

Let f(x) = x* — x*

Then f'(x)=2x —4x® and f"(x)=2-12x>
For maximum, we have

f'(x)=0
= 2x(1-2x%)=0

=x=0,

1 1
V2© 2
1
Here £"(0)>0, f"|—|<0
00 1)

1-x*

.. Area A =4xy =4x x

=2x41-x"*

1 [1
=2x—x . [1-—=1
V2 2
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28. Ans:-13 30. Ans: (¢)
Sol: Given f(x) = 2x’—x* - 10
= f'(x) = 6x> — 4x°, £"(x)=12x — 12x* and
£7(x) = 12 — 24x. frix) = X
Consider f'(x) =0 ¥

Sol: f(x)= [ ﬂdt

f'x)=0=x=nn
= 6x—4x’ =0 )
wheren=1, 2, 3,.......
= x =0, 1.5 are stationary points )
yo . XCOSX—sinx
But x = 1.5 lies outside of [1, 1] P =——=

Atx =0, £%(0) =0 and f (0) Z4250 Here f"(x) is negative when n is odd.

= f{x) has a minimum F0 f(x) has a maximum at x = nn, where n is odd

.. The minimum value of

f(x) in [-1, 1] = min{f(~1), f(1), f(0)} 31. Ans: ()
= min{-13, -9, —10} Sol: £(x)= 50
=_13 s 3x* +8x’ —18x% + 60
Let F(x) = 3x"* +8x’ —18x” +60
29. Ans: (c) F '(x) = 12x° + 24x* — 36x
Sol: Given f(x) = (k? — 4+ 6x° + 8x* F'x)=0
=x=0,1,-3
= f'(x) = 32x°+18x +2(k™—4)x )
F"(x) =36x"+48x — 36
and f"(x) =96 x> + 36x + 2 (k*—4) F"(1)=48>0

f(x) has local maxima at x = 0 .. F(x) has a local minimum at x = 1

= f(x) has a local maximum at x = 1

=f"(0)<0
2
=2(k"4)<0 32. Ans: (a)
T
2 .
=k’ -4<0 (or) (k-2)(k+2)<0 Sol: IZIX sin*x cos’x dx ... (1)
0
So2<k<?2
Y
J. T— x sin® (1 —x) cos® (1 —x) dx
0
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33.

Sol:

T (3X1)(SX3X1)E
2 10x8x6x4x2 2

=3n%/512

Ans: 4

27
I|Xsinx| dx = k=
0

T 2m
= I|xsinx|dx +I|xsinx| dx =km
0 b

T 27
= stinx dx — Ixsinx dx =kmn
0

T

= [X(— cos X )+ sin x ] ;E+ [X(cos X )+ sin x ] ”

=kn
= n+3t =kn

k=4

& ACE o5
m 34. Ans: (a), (¢
I= j(n— x) sin* x cos’x dx ......... 2) @, ()
0 Sol:  f(x)= x|x|
Addlng (1) and (2) lim f(X) = lim (_ X2): 0
x—0 x—0
2= J.n sin* x cos®x dx Also,
' lim £(x) = lim(x*) = 0
T x—0 N x—0 -
2
1= gJ‘sin4 x cos’x dx = f(x) is continuous at a = 0
0

For checking differentiability

2
f'(()‘): 1imw — limi =0
h—0 n h—0 n
2
£(0°)= 1im LOEN)-FO) 1 b7 g
h—0' n h—0 pn

~ (07 )=1(0")
.. The function is differential at x =0
.. The f(x) = X|X| 1S

continuous and

differential at x = 0.
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