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Chapter

Basics of Control Systems

(Solutions for Text Book Practice Questions)

Objective Practice Solutions

01.

Sol:

02.

Sol:

03.

Ans: (¢)

2 d’y(® +3
dt’

Apply LT on both sides

28 Y(s)+3sY(s)+4Y(s) = R(s)+2e*R(s)

Y(s)(2s* + 3s+4) = R(s)(1+2¢”)

Y(s)  1+2e”
R(s) 2s*+3s+4

YO 4 ay0) =10+ 21661)

Ans: (b)

LR =2.¢'u(t)

Output response c(t) = (1—e ) u(t)
Input response r(t) = ?

R(s)
2
TF=L(IR) = -
11
C(s) S s+2 _ l
RO=9F =72 7
s+2
R(s) = -
S
r(t) = u(t)
Ans: (b)

Sol: Unit impulse response of unit-feedback

control system is given
c(t)=te"

T.F=L(L.R)
1
(s+1)
Closed Loop T.F

1-Closed Loop T.F
1
(s + 1)2

Open Loop T.F =

04. Ans: (a)
Sol: G changes by 10%

= £><100:10%
G

Ci=10%

[ .- open loop] whose sensitivity is 100%]
%G change = 10%

% of changein M 1

% of change in G y 1+GH

0
% of change in M = " 1(21/8)1 =1%
+

% change in C, by 1%

05.
Sol: M =C/R
c ., GK
R 1+GH
nga—MXE:I
oK M

["K is not in the loop = sensitivity is

100%]
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Postal Coaching Solutions

06.

Sol:

07.

Sol:

08.

Sol:
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gM :8—1\/[><E :i(G_K)E
"BH M  A6H\1+GH /M

_[ck-G) || H
(1+GH)" || _GK

1+GH
S =7———
(1+GH)
Given data

G=2x10% 0G = 100
% change in G =aEG><lOO=5%

% change in M =0.5%

% of changein M 1
% of change in G 1+ GH

0.5% 1

5% 1+2x10°H
1+2x10°H =10

H=45x10""

Ans: (b)

K = output

input

Ans: (d)

Introducing negative feedback in an

amplifier results, increases bandwidth.

Conventional Practice Solutions

01.

Sol:

Transfer function gives the mathematical
representation of a system and it gives
system characteristics by relating the input
and output.

Properties of Transfer Function

e The transfer function is defined only for
a linear time-invariant system.

e The transfer function between an input
variable and an output variable of a

the

impulse response.

system is defined as Laplace
transform of the
the

between a pair of input and output

Alternatively, transfer function
variables 1s the ratio of the Laplace
transform of the output to the Laplace
transform of the input, with all initial

conditions of the system set to zero.

e The transfer function is independent of

the input of the system.

e The transfer function of a continuous-
data system is expressed only as a
function of the complex variable ‘s’. It
is not a function of the real variable,
time or any other variable that is used as
the independent variable. For discrete-
data systems modeled by difference
equations, the transfer function is a
function of ‘z’ where the z-transform is

used.




Control Systems

Fig: Lag-lead Network

s

1 e
S
Z =Rl =—-
18 R, +—
C;s
Ry
__Cs _ R
CRs+l CR;s+l
Cs
1 C,R,s+1
Z,=R, +—= 2225
C,s C,s
Transfer function of lag-lead compensator is
C,R,s+1
Vo(s)_ Z, _ Cy8
V.(s) Z,+2, R, +C2R25+1
CRis+1 C,s
C,R,s+1
C,s

" R,C,5+(C,R,s+1)CR ;s +1)
(CIRIS + 1) (Czs)

V,(s) (C,R,s+1)1+CR;s)

V,(s) C,R;s+C,C,RR,s*+(C,R, +C,R,)s+1

V,(s)  CC,RR,s*>+(CR, +C,R,)s+1

Vi(s) C,C,R,R,s*+(C,R, +C,R, +C,R,)s+1
02.
Sol: Overall Transfer function

G
= (1)
1+ GH

Effect of Feedback on overall Gain

e From Equation (1) feedback affects the
gain G of non feedback system by the
factor 1 + GH.

+ +

Vi G Vo

H

e The quantity GH may itself include
minus sign, so the general effect of
feedback is that it may increase or
decrease the Gain G.

e In a practical control system G and H are
functions of frequency, so the magnitude
of 1+ GH may be greater than 1 in one
frequency range but less than 1 in
another range. Therefore feedback could
increase the system gain in one
frequency range but decrease it in
another frequency range.

Effect of Feedback on Sensitivity:

e In general, a good control system should
be insensitive to parameter variations
due to disturbance/noise but sensitive to
the input commands.

e Consider G to be a gain parameter that
may vary. The sensitivity of the gain of
the overall system, M to the variation in
G is defined as,

M _OM/M % change inM

S =
“  8G/G  %changein G

Where OM denotes the incremental

change in M due to the incremental
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03.

Sol:

change in G (i.e 0G).The sensitivity
function is written as,
§M = oM G _ 1
0G M 1+GH
e Above relation shows that if GH is a

positive constant, the magnitude of the

sensitivity function can be made

arbitrarily small by increasing GH,

provided that the system remains stable.

e For open loop system, sy =1

e GH is a function of frequency, the
magnitude of 1 + GH may be less than
unity over some frequency ranges, So
that feedback could be harmful to the
sensitivity to parameter variations in
certain cases.

e Feedback can increase or decrease the

sensitivity of a system.

25 1
G(s) = ———, H(s)= —
© s(s +2) X 4
=G0 _
1+G(s)H(s)
NS 1
W% =1 6n 1y 25 1
s(s+2) 4
__As(s+2)
4s(s+2)+25
_ 4s” +8s
452 + 85 +25
8jo—4w’

Y
¢l 25 40’ + 8jo

:‘8j—4

| =0.398
21+8j

X

I

-25
(ii) SITI _ —GH _ s(s+2)

1+ GH 1+ 25
s(s+2)

X

-

=2
4s(s+2)+25

-25
45 +8s+25

-25 | -25|_
—4425+8j |21+8]|

1.11

04.
Sol: Given path transfer function G(s) = _K
s(s + P)
Case (i): when feedback path H(s) =1
Transfer function = _6
1+ G(s).H(s)
__G@)
1+ G(s)
_ K
s’ +Ps+K
Sensitivity with respect to K:
oM
. — |x100
m _ Yochangesin M ( M JX
%changesin K (GKJXIOO
K
oM K
= — X —
oK M
(+Ps+K)-K1| K
(52 +Ps+ K)2 K
s?+Ps+K
s? +Ps s?+3s

T s24Ps+K  st43s+12
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&:ACE
Sensitivity with respect to P: —-sK P
[s2 +s(P+Ka)+K] K
s* + s(P + Ka)+ K

=<

<

v OM P

Sp =——.—

oP M
3 -Ks P B —sP B —3s
(52+pS+K)2' K s +s(P+Ka)+K s +4.68s+12
is2 +Ps+Ki . )
Sensitivity with respect a:
_ —sP _ 2_—35 M oM o

s?+Ps+K s”+3s+12 Se S5 M
Case (ii): When H(s) = 1+ as _ —sK? a
Closed loop transfer function [s2 +s(P+Ka)+ K]z K

G(s) sz+s(P+K(x)+K
MG ¥t R
+G(E)HE) s? +s(P+Ka)+K
K gi_ —1.68s
_ s(s+P) ¢ $24468s+12
K
1+ (l—i-as)
s(s+P)
_ K
s> +Ps+K +Kas
K

M:
s* +s(P+Ka)+ K

Sensitivity with respect to K:

M_ 9M o K
Sg =L X =
FTOK M
[ +s(PrKa)+ K -K ot K

[52 +S(P+ K(x)+ K]Z K

s? +s(P+Ka)+K
B s* +sP
s? +s(P+Ka)+K
s* +3s

T s+ (0.14x12)]+12

M s’ +3s
SK = 2 4 reeii
s +4.68s+12

Sensitivity with respect to P:
M_OM P

S, =—.
P M
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Chapter

Signal Flow Graph
and Block Diagram

Objective Practice Solutions

01. Ans: (d)
Sol: No. of loops =3
Loopl: — G1G3G4H H,H3
Loop2: — GsG4H H;
Loop3: — G4H;
No. of Forward paths =3
Forward Pathl: G;G3Gy4
Forward Path 2: G,G3Gy
Forward Path 3: G,G4
_ G,G5G, +G,G,G, +G,G,
1+G,G,G,HH,H, +G,G,HH, +G,H,

02. Ans: (a)
Sol: Number of forward paths = 2
Number of loops = 3

Y(S): S S s S

R(s) I_RX(_I)@(_1)+ix:(_1)+(zxi(—1)ﬂ

03.
Sol: Number of forward paths = 2
Number of loops =5,

04.

Two non touching loops=4

241-(-0s)]+10{1~(-3]
1—[—24—3—4+(5xzx(—1)+(—0.5))]+[30+1.5+2]+((—1}(_24)]
2

_76_19
88 22

TF=

Sol: Number of forward paths = 2

05.

Number of loops = 5
G,G,G, +G,G,

TF=
1+G,G,H, +G,G,H, +G,G,G, +G,H, +G,G,

Ans: (¢)

Sol: From the network

V,(s) =5 16)

—Vi(s) + RI(s) + Vo(s)=0
I(s) = %V]. (s)+ (_Eljvo () I— (2)

From SFG
Vo(s) = XI(S) coverennes (3)
I(s) = %v]. OERAAC) - 4)

From equ(1) and (3)
1

X=—

sC
From equ(2) and (4)

TR
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06.
Sol:

07.

Ans: (a)
Use gain formula
transfer function = G(ls)
1-]1 G(s) —— + G(s
( ( )G(S) ( )j
= & =
1-1-G(s)

Vi(S)

S+1
S+1

Vi(s)

[ =2 H

Vi(S)

[12 |
12

—*V*"(S)

172
Vi) Vils)
28 0
- (O—{2 | o1+42s !
[12 ]
12
~O—[—O—{1- 2
<f> 1+2s
2s+1
2s
Vits) s Vi(s)
—> 1 > >
1+4s
2s+1
2s
48
Vol®) _ 1445 _ 4
Vi(s) . 2@2s+D)  8s+3
1+4s
08.
Sol: Apply Mason’s Gain formula
>
M, A
M=Yout — k=l o
Y. A

No. of forward paths =2

First forward path gain = G1G,G3Gy
Second forward path gain = GsG¢G7Gg
No. of loops = 4

First loop gain = —G,H;

Second loop gain = — GgHg

Third loop gain = — G3H3

Fourth loop gain = — G7H;
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Non touching loops = 4 Conventional Practice Solutions
Loop gains — GoH,G¢Hg
e d G2H2G7H7
01.
= GeHsGrH; Sol: Number of forward paths from R to C = 6
— G,H,G3H; C_ MA +MA; + MA; + MA, + MAS + MgA,
: R A
Transfer function =
G,G,G,G,(1+G.H, +G,H,)+G,G,G,G, M = GGuGs,  M2= G1G3Gs
(1+G2H2+G3H3) M; = GGG , My = G,G5Gg
1+G,H,+G,H,+GH,+G,H,+G,H,G,H  +
G,H,G,H,+ G,H,GH +G,H,G,H, Ms = -G,G7H1GsGs

Mg = —G5G8H2G1G7
Number of individual loops =3
L1 = —G3H1, L2 = —G4H2’
L3 = G7G8H1H2
Gain product of two non-touching loops is
L1 L2 = G3G4H1H2
A :1—(L1+L2+L3)+(L1 L2)
A :1—(—G3H1—G4H2+ G7G8H1H2)+G3G4H1H2
Alzl I G3H1, Azz 1+ G4H2, A3: I, A4: 1

A=1,A=1
G,G,G,(1+G;H,)+G,G,G,(1+G,H,)+G,G,G, +
€ G,GG,-G,G,G,GH, -G,G,G,GH,
R 1+G,H, +G,H, -G,G,H H, + G,G,H H,

02.
Sol: Block diagram Reduction:
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——&

—&—

r

r'

v

v

_> @ G _’®_' G2G3 +G4
A I
H,
GoH,y
G2G3 +G4
. . G2G3 +G4
D — —» G >

eé‘ »é‘ : 1+H2(G2G3 +G4

>

G, H,y

G2G3 +G4
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v

G1(G2G3+Gy) >
4 1+H,(G,G3 +Gy)

GoH,
G2G3 +G4

G1(G,G3 +Gy)
1+ H,(G,G3 + Gy )+ GG, H;

v

G1(GyG3+Gy)
1+Hy(GG3 +Gy4)+GGoH; +G(GyG3 +Gy)

— G1G4 +G1G2G3
1+G,G;H, +G,H, +G,G,H, +G,G, +G,G,G,

Signal flow graph is a graphical
representation of set of linear algebraic
equation between input and output.

Mason’s Gain Formula: The relationship
between an input variable and an output
variable of a signal flow graph is given by
Transfer Function or Gain between Xj, and

Xout
X.

m

1 n
Xout ==Y MA, =
A k=1

Where, n = total no. of forward paths

Mgk = path gain of the k™ forward path

Ax = The value of A which is not touching
the k™ forward path.

A =1 — (sum of loop gains of all individual
loops) + (sum of gain product of all possible
combinations of two non-touching loops)-

(sum of gain product of three non-touching
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e While drawing a signal flow graph from
a given block diagram the adjacent
summing points and take off points (but
not a take off point preceding a summing
point in the direction of signal flow) are
represented by a node and the block
transfer function is represented by a line
joining the respective nodes.  The
direction of signal flow is indicated by
an arrow on the line.

e However, in the direction of signal flow
if, a take off point precedes a summing
point then such points are represented by
two separate nodes with a transmittance

of unity between them.

Gy

(@Yo}

03.

Number of forward paths from R to C =2
C MA +M,A,

R A

M= G1G,G3, My =G Gy

Number of individual loops = 5
Li=-Gi1G2Gs, Ly =—- GyG3Hy,

L; =—GiGoHy, Ly = — GGy, Ls=—G4Hy,

Number of two non-touching loops = 0
A=1-(L,+L,+L;+L,+L;)

A :1—(—G1G2G3—G2G3H2—G1G2H1—G1G4—G4H2)
Ar=1, A,=1 (- All the loops are
touching forward path 1 and 2)

C_ G,G,G, +G,G,
R 1_(_GleGs _GstHz _GIGZHI _G1G4 _G4H2)
C G,G,G, +G,G,

R 1+G,G,G,+G,G,H, +G,G,H, +G,G, +G,H,

Sol:

R(s) +

&l
| ¢+
\

Gs 1@ >C(s)

Hi/Gs

Hi/Gs

[
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l [H: ]
TR R
i : 1+HG, A )
H,/Gs
[Gs ]
+ G.G +
. iren 285 . .
+®[ 161 1+H,G, + G,G,H, +® ~C(s)
H]/G3
[Gs ]
R(s) G,G,G, N,
1+H,G, +G,G,H, - G,G,H, )
G, ]
C(S):G G,G,G,
4

+
1+H,G, +G,G,H, -=G,G,H,

~ G,G,G;+G,[1-G,G,H, +G,G;H, +G,H, ]
1-G,G,H, +G,H, +G,G,H,

Signal flow graph:

C(s)
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From the signal flow graph
Number of forwarded paths =2

M1 :Gl Gz G3
M2:G4

No of loops =3

L1:G1 G2H1
LZZ—GzHl
L3:—G2G3H2

No of non touching loops = 0
A=1—L; +L;,+L3)
=1-G1GH +G2H; + G, Gs Hy
A1 = A for that part of the graph which is not touching 1* forward path = 1
Similarly
Ar=1-G; G, H; + G, Hy + G2 Gs H;

. C(s) G,G,G,+G,[1-G,G,H, +G,G,H, +G,H,]
TR(s) 1-G,G,H, +G,H, +G,G,H,

04.
Sol: When w(s)=0
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H3/G3
G2G3
»Y
1+G,H, ®)
>Y(s)
Y(s G.G
( ) — 16,6, ZM(S)
R(s) wo 1+G3H,+G,H; +G,G,G,H,
When R(s) =0
[H; ] W(s)

_l’_

é (Gs|——Y()

+

]

-GH,
By shifting summing point
] WS
N 1G] N Gl
(G : (] X (s)
_l’_

-Gi1H,

(0) O 0 Pt SR LT @ SN ITET ) il Hyderabad « Delhi « Bhopal « Pune « Bhubaneswar « Lucknow ¢ Patna « Bengaluru « Chennai « Vijayawada ¢ Vizag « Tirupati « Kolkata « Ahmedabad
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w
2 G )
+
G, H,
1+G,H, G.H, G,
W +
<, [G] Y (s)
+
_(G2G1H1 + Hz)
1+G,H,
" (S)zY(s)| _ G, (1+G,H,)
"YU W(s)| ., 14+G,H, +G,G,G H, + G H,

0s.

Y.
Sol:  —>: no of forward paths = 2
1

Mi=G; G, Gs  and My =Gy G
No of loops =5
Li=-G/H, , L,=-G3H;, L3=-G; G, G3 H3, L4=— G4 G3; H3 and Ls=-H,4
Product of two non-touching loops = 2
L,;Ls=G;HH,4
L,L, =G HG;3H;
Y.

5

MA, +M,A,
Y, 1-(L+L,+L,+L,+L,)+[LL,+LL,]
B G,G,G, +G.G,
1+G,H, +G,H, +G,G,G,H, +G,G,H, +H, +G,HH, +G,H,G,H,

Y4

Y,

Forward paths = 2

M =G G2

M, =Gy

And A; = (1+Hy)
Ay = (1+Hy)
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We know that A = (1—(L1 + L2 + L3 + L4 + L5) + [L1L2 + L1L5]) =0

<

Y, G,G,(1+H,)+G,(1+H,)
Y, 1+GH, +G,H,+G,G,GH,+G,G,H, +H, +GHH, +GHG,H,
YZ .
Y,
Forward paths = 1
M1 =1
A= [1+ Hy + G3H2]
LY, MA [1+G,H, +H,]
'Y, A 1+GH, +G,H,+G,G,GH,+G,G,H,+H,+GHH,+GHG,H,
YS .
Y,
Y,_ Y, Y
YZ Yl Y2
_, GiG,G; +GG,
1+G;H, +H,
06. ( 10 J
Sol: Where GI(S)= s+1 _ 10
R R . 10 11s+1
: : L+ )
R() o SR ELUEE NEE N IR § IR y
2 s+1 i s
R(s) ( 10 j(10s+1j C(s)
: | > >
i g i 11s+1 S
Where G(s) = 10des+b
S(11S+1)
H(s) =1
R(s) Gi(s) R 10s+1 | C(s)
S
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Chaptere> Time Response Analysis

Objective Practice Solutions

01. Ans: (a)
CO -1 pe?

Sol: =——, R(s)=—
R(s) 1+4sT
C(s) = =ct)=8l—e'"
) s(1+sT) ® ( )
032
36=8 [l—e T J
03
045=1-¢ T
03
055=¢ T
_0_59:ﬂ
T
T =0.535 sec

02. Ans: (¢)

Sol: cos ¢ =¢
cos 60 =0.5
cos 45 =10.707
Poles left side 0.5 < & <0.707
Poles right side —0.707 < & <-0.5
~05< gl <0707

3rad/s < o, < 5rad/s

03. Ans: (¢)
Sol: For R-L-C circuit:
_V,(s)

T Ve

V,(5)=16)

_ 1 Vi(s)
CsR+Ls+L
Cs
rp= Yold)_ L
V.(s) RCs+LCs®+1
b
_ LC
, R 1
ST+ —s+—
L LC
IS
L LC
sz+2<‘§,c0ns + ooﬁ =0
1 R
R O S0~ —
VLC L
R |C
&_2 L
—6
g 210 106107 o
2 ¥ 1x10
_ &
_e2
Mp=¢e V"

=163% ~ 16%

04. Ans: (b)
8/s(s+2)
- -8as 8
s(s+2) s(s+2)
_ 8
s(s+2)+8as+8
_ 8
s*+2s+8as+8

8
_s2+(2+8a)s+8

Sol: TF =
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o2 =8 =, =2 2 07. Ans: (d)
2w, =2+ 8a Sol: Given data: o, =2, {=0.5
1+ 4a Steady state gain =1
5= K
242 OLTF = ———— andH(s) = K,
1 1+4a s"+as+2
—=—= = a=025
V2 22 cLTF = 9O
1+G(s)
05. Ans: 4 sec C(s) K,
Sol: T.F = 100 R(s) s’ +as+2+KK,
(s +1)(s +100) DC or steady state gain from the TF
B 100 K, B
s> +101s+100 2+K K,
@, =100 Ki(1-K))=2 ool (1)
o, =10 CEiss’+as+2+KK,=0
2o, = 101 o= 42+K K, =2
= 101 4 = (2K Ky)
20 KikK,=2 (2)
€ > 1 —system is over damped i.e., roots are
real & unequal. Solving equations (1) & (2) we get
Using dominate pole concept, Ki=4, K»=05
2o, =a
F= 100 = L , Here T =1 sec 1
100(s +1)  s+1 S
.. Setting time for 2% criterion = 4t 2
=4 sec a=2
06. 08. Ans:A-T,B-S,C-P,D-R,E-Q
Sol: M. = C(tp )— C(oo) Sol:
ol: My = C(oo) (A)If the poles are real & left side of s-
1.254—-1.04 plane, the step response approaches a
- 1.04 =0.2 steady state value without oscillations.
(lnM )2 (B) If the poles are complex & left side of s-
&= W plane, the step response approaches a
n i
b steady state value with the damped
M;=0.2;5=0.46 oscillations.
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(C) If poles are non-repeated on the jo axis, kp= o0
the step response will have fixed . A 1
amplitude oscillations. STy k, 140
(D)If the poles are complex & right side of Parabolic = k, = 10
s-plane, response goes to ‘oo’ with 1
damped oscillations. ° T 10 0.1
(E) If the poles are real & right side of s-
11.

plane, the step response goes to ‘oo’

without any oscillations.

09. Ans: (¢)
Sol: IfR T damping T
R [C
:> = — PR
5 2 VL

(i) If RT, steady state voltage across C will
be reduced (wrong)

(Since steady state value does not
on §)

If £ T, C () = remain same

Gi) If &1, o, ¢(md=mn@ )

(i) If & 4, t, T = 39
Statement is false
av)Ifg =0

True

depend

0
= 2 and 4 are correct

10.
Sol:

(1) Unstable system
.. €ITOr = 00
. 10(s +1)
(i) G(s) = —

S

1

S

Step > R (s) =

Sol: G(s) = 10/s* (marginally stable system)

.. Error can’t be determined

kp= Lt G(s)

10= Lt G(s)
k=10

R(s) = Si (ramp)

Y e "
ok, k, 10
(System is increased by 1)
= e =0.1
13. Ans: (a)
Sol: T(s) = @;2)2 (unstable system)
(s—1) (s+2)
14. Ans: (b)
Sol: Given data: r(t) = 400tu(t) rad/sec

Steady state error =10
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T

1.e., € = (10°)radians
180°
G(s) = _20K and H(s) =1
s(1+0.1s)
1(t) = 400tu(t) = 400/s’
Error (es) = A = 400
KV K \Y%
Ky = Lirgls G(s)
Ky = Lims— 2%
s>0 5(1+0.1s)
KV: 20K
400
Css = ———
20K
20 m
Css = —/— =
K 18
K=114.5
15. Ans: (d)
d’y
Sol: —=—e(t
i (t)
s Y(s)=—E(s)
x(t) =tu(t) =X(s) = iz

S

XGs) -~ E6) | 1 e

2
+ S

Y(s) = g—zlE(s)

v -1
E(s) s’

E(s)_ -1
X(s) 1+—
2
S
E(s) = 32 X(s)
-s* 1 -1
= X— =
1+s> s*  1+s’

16. Ans: (a)

Sol: ey = 0.1 for step input
For pulse input = 10
time = 1 sec
error is function of input
t— oo input=0

.. Error = zero

17. Ans: (¢)
_Cs) 100
Sol: RE) " G+1)fs+3)
, 100x02
(s +1)(s +5)
100
(s+1)s+5)+20
B 100
8246545420
100
s + 65 +25
) =25, 0,=5

2Em, =6
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18.

Sol:

19.
Sol:

20.

Sol:

5.1

)

ISX% =4 rad/sec

Ans: (¢)

Md?x dx
f(t) = +B—+ Kx(t
(t) e " x(t)

Applying Laplace transform on both sides,
with zero initial conditions
F(s) = Ms”X(s)+BsX(s) + KX(s)
X(s) 1
F(s) Ms?+Bs+K
Characteristic equation is Ms” + Bs+K =0

B K
—s+—=0
M M

sz+

Compare with s> +2{ @8 + ©> =0

B
2 O\)n: -
5 M
- N
2/ MK Y
Time constant T = L: l><2M
Co,
T: 2_M
B

Hence, statements 2 & 3 are correct

Ans: (¢)
type 1 system has a infinite positional error
constant.
Ans: (a)
. 1
Given G(s) = ———,H(s)=1.
®) s(1+s)s+2) ©)

21.
Sol:

It is type-I system
Positional error constantk S = L‘% G(s)H(s)
k =Lt ;
Pso0 s(1+58)(s+2)
=00

Steady state error due to step input

1+k,
Open loop T/F G(s) = ——
e P ) S(S+P)
S"+SP+A
o, <&
Setting time = 4/, =4
2w, =P \& _,
P/2
8
&.'(DnZP/2 =>P=—-=2
4
—TCE_,
e 01> _ 10 =23
1-¢&°
2
= 3 >=0.5373
= 1.5373 £ =0.5373
£=0.59
Emn=1

= o, =1.694 = A= =287

22.
Sol:
R(s) 10 |1 C(s)
S+0.8+10K s
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C(s) - 10 Conventional Practice Solutions
R(s) s(s+0.8+10K)+10

10
¢ +5(0.8+10K)I0 o
' Sol: % M, =25%
®, =10 2tm,= 0.8+ 10K n.
. t, =—=12sec
= 2x=x+10 =0.8+10K N
2 k, /s’ k
K =0.236 TF=—t2 =
=K=0.
- n—¢ m—cos(§) S
Lo o1-¢ e = =025
_ Tcz—;cé3 074 sec §=0.4037
. O‘)d ~ E = 0‘)n 1 | az
T 2
t,= —=1.1sec
My o, = 1.7169 rad/sec
,J&z On = \/k_l
%Mp=e V"= =0.163 x 100 = 16.3%
4 | ki= o) =1.7169" = 2.94
ts (for 2%) = = =2.53sec _
Ew, O.SX\/E ki =294
2&0)11 = k1k2
2x0.4x1.72 _k, =k =0.472
2.94
02.
Sol: TF= ZL
s +ks+A
Given & = 0.6
q = 8
0= m,/1-E
O, = L = 10 rad/sec
J1-(0.6)*
Comparing with standard second order
2
system, TF = — O >
s”+28m, s+,
o, =10rad/sec
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03.

A=0’=10"=100
A =100

28w, =k
2(0.6)(10) =k
k=12

input R(s) = %

C(s) 100
R(s) s> +12s+100

—nt
“ %M, =e V" x100=9.47%

00
x100=9.47

oli,)= 72

o(t,) = 2.189

.. Peak value of response = 2.189

floo)= 220 2 (0)5 2

x ¢(o0)+ F

Sol: (i) In the absence of derivative feedback

(a=0), the system can be represented as

R(s) 9 C(s)
s(s+2) .
9
C) __s(st2)  _ 9
RO 1, 9 542549
s(st+2)

CE=5’+25+9=0=5"+2(0,s+0, =0
=9 and 20w,=2
03n=\/§ Co, =1
o, =3 rad/sec (3=1=C :%

. . 1
Damping ratio & = 3

Natural undamped frequency = 3 rad/sec

Calculation of steady state error for a given
) o 1
ramp input 1(t) = tu(t) implies R(s)=—
]
Steady state error for unit ramp input is
A 1

e, =—=— (A=1
““K. K, (A=)

K,= lings.G(s) = Velocity error constant

Given open loop transfer function is

G(s) = 9
s(s+2)
K, = lims. > A0 D
s>0  S(st2) 0+2 2
& esszl:g:O.ZZ
9 9
2

(ii) By Mason's gain formula

R(s) 9 C(s) R
s(s+2)
as
9
C(s) _ s(s+2)
R(s) [ 9as 9
s(s+2) s(s+2)
C(s) 9

R(s) s*+s(9a+2)+9
CE=s*+(9a+2)s+9=0

=5’ +2(w,s+o, =0
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Comparing, we get 2w, =2+aK = 2(.JK =2 +aK
o, =3rad/sec +
| R 0T e )
26w, =(9a+2)  ({=0.7 given) 2K
(2)(0.7)(3) = (92+2) Steady state error for unit ramp input is as in
42 =9a+2 case (i)
a=0.24 € = 1.2 impliesK | = 2
Steady state error for unit ramp input is K, 2
A 1 = 1
€y :K_VZK_V (A=1) Ky= 1imsG(s)
Gs)=—— 4 — LS 2K K :KKzzg
= = > +2)+ +
s(s+2)+9as  s(s+2+9a) S(s+2)+Kas :
K 9
) 9 h” B - 4)
K,=limsG(s) =—=2.16 &
o) =5 o024 4. Q
Substituting equation (3) in (4)
1
e, =——=046 K 9
2.16 ———=—gives K=39.69
) 200.7)WK 2
(iii) Given data (=0.7 and e ,=— asin
9 Substituting the value of K in (4) gives
Case (i): a=0.1718
The gain of 9 in the forward loop be Therefore, K =39.69 and a=0.1718
adjusted to higher value ‘K’ to reduce the By increasing gain to 39.69 and maintain a =
steady state error 0.1718, we will get the required response.
K2 04.
+
s(s+2) Sol: Given M, =0.2,C=10°Fand L= 1H
With this, G(s) - Kk R=7?
s(s+2)+Kas
From given diagram,
C(s) _ K
R(s) s(s+2)+Kas+K Vols) _ 1/sC
V.(s) R+Ls+1/sC
CE is s’ +s(2+Ka)+K=0 ------—--- (1)
4 s ', ) TF 1 1/LC
and s"+2C0o sto, =0 -------mm- = 2 =
LCS +SRC+1 SZ+BS+1/LC
Comparing equation (1) and (2), we get L
®’=Kand o, =JK By comparing above transfer function with
standard second order equation.
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2F,con—5and(o —; Error eSS:L:KI
LC Ky
Where & (EnMp)z To get the constraints on the value of K and
ere &=
7 +(mM, K
C.E = s*(s+25) + KKs + K(1+0.0255)= 0
_mo2) ¥+ 2587 + K(K +0.02)s + K=0
+2552 + +0.02)s + K =
7 +(n0.2) $+255+ KK, )s
=0.456
s’ 1 K(K, +0.02)
1 _R 2 25
JLC L || 25K(K, +0.02)
. 25
2% = R\/E S K
L
For the system to be stable, K> 0, and
-6
Rv10™ =0.912 25K(K, +0.02)-K
=R =9120 25
= 25K (K;+ 0.02) >K
05. (a) = K;+0.02>1/25
Sol: Input is unit ramp and n(t) =0 — K> 0.04 -0.02
K = K(>0.02
s?(s +25) ~Y(s) The constraints are K; > 0.02 and K> 0
Ks Now the block diagram is,
(b) ;
K(l + 0‘025) INPUT=Untt step

Inner block becomes, —
s?(s+25)+ K sK

— T >OUTPUT
Now error ¢, = — C(s)
! [Ks I
Where
K, = LtsG(s) = sK (1+0.02s) )
§-0 S—>0 s[s s+ 25 +K K] By applying Masson’s gain formula
K C(s) _ K
=— R(s) s*(s+25)+KK, s+K(1+0.025)
KK, 1 :
1K, R(s) =3 (step input)
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K

5(s7(s125) + KK s+ K(1+0.025)) T
= 1 b
C(e0)=lim sC(s) 220, ="
=lims— K 1 b
20 s(s (s+25)+KKts+K(1+O,025)) =E&= Eﬁ
=1
O‘)d = (’On 1 - &2
06. - £ 1_l£
Sol: The given second order system a 4 ac
’ dac—b>
290199 co=r(y) _ [¢ [d4ac=b?
dt dt a 4ac
Taking Laplace transform on both side we 1 Jaac—b?
o, =—+V4ac-b
will get R PY
as’0(s) + bs(s) + cO(s) = F(s) ST N 1b
= (as” + bs + ¢) 0(s) = F(s) 2 \ac
Then
Transfer function = 0(s) =— L
F(s) as"+bs+c i{
1 e 1 b
B(t)=—|1- ; sin{ —~/4ac—b’ t+cos’1( j}
.. Step response 0(s) = (2;)1 ¢ 4ac—b (23 ) 2Jac
as"+bs+c)s 4ac
¢
1 a |1
| Py s
a a
_ 1/a 1
EILANCEL
a a

compare with standard second system, with

unit step input applied, we get response as

2
()

n

s(s? + 28,5+ 0 )

—Eoyt
J1-¢?
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Chapter Stability

Objective Practice Solutions 02.
Sol: ()s’+s'+s’+s?+s+1=0
01.
Sol: CE=5"+4s*+85’+85’+ 7s +4 =0 +s [ 1 1 1
+st 1 11
3
S 1 3 7 +s 02) 0(1) 0
1
+s° — 1
L4 8@ 4 2
(H-s'| -3 o0
0
$ |6(1) 61) 0 2)+s 1
AE(1)=s'+s+1=0
s |1 1 0 Row of AE d(AE
y < dAE) 450
ds
s' 102 0 0  — Row of zero =28 +5=0
. AE CE
s No. of sign changes below  No. of sign changes in
AE=2 1* column = 2
No. of AE roots = 4 No. of CE roots = 5
No. of AE roots =2 No. of CE roots = 5
0.0 roots 0. 0 1001s No OfRHP:2 No. ofRHP:2
No. of sign changes No. of sign changes No .of LHP =2 No. of LHP = 3
Below AE =0 in 1* column = 0 No. of jop=0 No. of jop = 0
No. of RHP =0 2+ No.of RHP =0 System is unstable
No. of LHP =0 No. of jop =2 c . 4 3 9
L (i) s’ +2s"+2s +0s" —s"—2s—2=0
No. of jop =2 = No .of LHP =3
s° 1 2 -l -2
5
System is marginally stable. ° 4 2() 0 —2-D 0
s 21) 40 =2(-1) 0
S lod 0 0 0
(i) s>+ 1=0 s log -1 0 0
1
s=tlj=tjo, S 4/g
0
-
o, = 1 rad/ sec -1
o AE=s'-1=0
Oscillating frequency o, = 1 rad/sec JAE
——=45’+0=0
ds
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CE AE 04.
No. of CE roots = 6 No. of AE roots =4
Sol: CE=1+ K(S+1)

No. of sign changes

No. of sign changes

in the 1% column= 1 below AE =1
No .of RHP =1 No. of RHP =1
No .of LHP =3 No. of jop =2
No. of jop= 2 No. of LHP =1
03.
Sol: CE=5>+20s*+ 16s+ 16 K=0
s’ 1 16
s? 20 16K
20(16) — 16K
P A
S 20 0
g’ 16K

20(16)— 16K "

(1) For stability
=20(16)—16 K>0
=K<20and 16 K>0 =K>0

Range of K for stability 0 < K <20

(i1) For the system to oscillate with @, it
must be marginally stable

1e., s' row should be 0

s? row should be AE

. A.E roots = + jo,

. s' row =20 (16) — 16 K =0

=K=20
AE is20s>+ 16 K =0

208’ + 16 (20)=0
=>s=1j4

o, = 4 rad/sec

$*tas®+2s+1
s+as’+(K+2)s+K+1=0

$*+as? + (K+2) s + (K+1) =0

K+2

s a K+1

ki 2) (k1)

a

s’ K+1

Given,

O =2

=s'row=0

s* row is A.E
a(K+2)—(K+1)=0

K+1
a:
K+2

AE=as’+K+1=0

_ K+1
K+2

(k+1)[ p +1j=o
k+2

s +k+2=0
s=+jyfk+2)

O, = M=2

s?+K+1=0

k=2
am KL _3_ 45
k+2 4
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05.
Sol: s* +ks?+9s+ 18

s> 1 9

s K 18

g | 9K-18
K

s? 18

Given that system is marginally stable,

Hence, s' tow=0
9K —18 _0
K

IK=18=>K=2
AEis9s’+18=0
Ks*+18=0,

257 +18=0 = 2s*=—18
s=133

. ®, = 3 rad/sec.

06. Ans: (d)

Sol: Given transfer function G(s) :%
(s*+1)
Characteristic equation 1 — G(s).H(s) =0
k
e =

st+2s2+1-k=0....(1)

RH criteria
s* 1 2 1-K
s’ 4 4 -
s 1 1-K
s' 4K
s’ 1-K

07.

Sol:

08.

Sol:

AE=s'+2s+ 1-K
d .
—(AE)=4s" +4s
ds

1-K > 0 no poles are on RHS plane and
LHS plane.
All poles are on jo- axis

- 0 <K <1 system marginally stable.

Ans: (d)

Assertion: FALSE
Let the TF=s. “s”
Impulse response L'[TF]=L"[s]=8& (1)
Lt 8'(t)=0

t—>w

is the differentiator

.. Itis BIBO stable

Reason: True

\ /\f\ o
\V\\UU

Lt x(t)= Lt tsintis unbounded

t—o0

x(t) =t sint
X(t)

Ans: (a)

Assertion: TRUE

If feedback is not properly utilized the
closed loop system may become unstable.
Reason: True

Feedback changes the location of poles

Let G(s)=_—2 H(s) =1
s+1
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Closed loop pole is at s =1 (unstable)
. After applying the feedback no more
system is open loop. It becomes closed loop

system. Hence poles are affected.

gﬁu éﬂgﬁm 30 Control Systems
Open loop pole s =1 (stable) Conventional Practice Solutions
-2
a1 _ 01.
CLTF =S+l _ =2 , .
4= 2 s-—1 Sol: Given open loop Transfer function
s+1 K

G(s)

- s(s+4)(s* +4s + 20)
CE  s(s+4)(s™+4s+20) +K =0

(s? +4s)(s’+4s+20) +K=0
§*+ 48+ 208+ 45’ +16 2+ 80s + K =0

s*+ 853+ 36s°+ 80s+ K =0

st 1 36 K
s |8 80
s? 26 K
S |s0- 2K
26
¢ |K

1) The system to be stable for

26x80—-8K
—_— >
26

K>0& 0

K <260
S 0<K <260
i1) The system to cause sustained
oscillations
K =260
26s° +260 = 0

s = ij\/ﬁ
o, = J10rad/sec

02.
Sol: C.E. equation
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S+ 65t +0s7 s> —s+6=0

1 —6-1 6

g 1 0 -1

s 6 0 6

s30(_24) 0

s? 0(‘5) 6

| 6

s |—x24

IS

S0 6

A.E equations — 6s* + 6 =0
A ug-
ds

Number of LHP =2
Number of RHP =2
Number of jop = 2

03.
Sol: CE is 1+G(s) =0

14 128

0

s® +3s7 +10s® +24s° + 48s* + 965> +128s% +192s

=0
s8 +3s7 +10s° +24s° +48s* +96s> +128s? +192s

+128=0
R-H Tabulation

$* |1 10 48 128 128

s"3(1)  248)  96(32) 192(64) 0

$12(1)  16(8)  64(32) 128(64) 0

$10(3)  0(16) 032) 0 0

4

st 8 64 64(24) 0 0
o Se Y

s | -8(-1) —40(=5) O 0 0

s 13(1)  2408) 0 0 0

s'|3 0 0 0 0

" 18 0 0 0 0

AE=s%+8s*+32s>+64=0

d(AE)
ds

=6s° +32s° +64s=0

3+ 165 +32s=0

No.of CE Roots = 8

No. of AE Roots = 6

e Number of  sign

changes = 2.

e Number of Roots in
RH of s-plane =2

e Number of Roots on
jo axis = 2.

e Number of Roots in
LH of s-plane = 4.

Number  of
changes below the AE
=2

Number of Roots in
RH of s-plane = 2.
Number of Roots in
LH of s-plane =2

Number of Roots on

sign

jo axis = 2.

e So, the system is AE roots are also CE
unstable. roots and these roots
are symmetrical with
respect to the origin
04.
Sol:
st 5 10k
s |k 10 0
s* | 5k-10 10k>
k k
s k=10 1010k ©
Sk-10
k
s’ | 10k

As there should not be any sign changes in

the first column of Routh’s array
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Control Systems

0s.

Sol:

k>0,
5k —-10
k
N 50k —100

>0

—-10k* >0

(As Sk 10 >oj
k

50k —100—10k*> >0
10k* — 50k + 100 <0 ........ (1)
5k—10
k
5k—10>0
5k > 10

= >0

[As k> 0]

put x=2
X =
10(2)* =50(2) +100 > 0
10(3)* =50(3)+100 > 0
For all k > 2, (1) is not satisfied

So, given system unstable for any value of k.

The given open loop transfer function

2
A u2(8+0t)3
o (1+s)s

Closed loop transfer function
A u(s + oc)2
1+A  o?(1+s)k’ +u(s+a)
Characteristic equation
o’ (1 + s)s3 + ;,L(s2 +a’+ 20cs)= 0

= a’s’ +a’s’ +us’ +2aus+pa’ =0
The system stability can be calculated by
applying Routh Hurwitz criteria.

Apply RH criteria
o2 n ol
S o2
o 2ua | 0
s pL—2uo uocz
s' 2% —4p’a’? - pot 0
n—2pa
0 ol

For stable system,

There should not be sign changes in the 1%
column of Routh’s array.

As o is the
p(12a) >0 ....(1)

From the last row p o > 0

positive  for a,

As o is the positive,u also should be
positive

from (1), as p is the positive

1-2a>0

1>2a

a<l

wo (2p—-4po —o’)>0

As p is positive a (2p—4pa —o’) >0

Two cases will be possible
() a>0,2u—4po—o’>0&
(i) @ <0, 2 — 4po —o® < 0
() a>0,p(24a)>a’
3
a>0,u>

2—4a
() a<0,p(2-4a) <o’

o

As a. <0, 1S—ve

—4a
But p is positive so this case is wrong
3

1 o
Lo>0,a<—, u>
2 2—4o
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Chapter > Root Locus Diagram

Objective Practice Solutions (b) k =4 roots are real & equal
= Critically damped & = 1
01. Ans: (a) (¢c) k>4 = roots are complex
Sol: s; =1+ j\/3 0 <& < 1= under damped
s5=-3-j3
K 03. Ans: (a)
G(s)-H(s) = (S 4 2)3 Sol: Asymptotes meeting point is nothing but
5 centroid
=_1+4+ ;
s1=-1+ jv3 .. 2poles—2 zeros
K centroid ¢ =
G(s).H(s) = ; p—z
(—1+j\/§+2) _-3-0 _
K 3-0
- (1+j\/§)3 centroid = (-1, 0)
= _3tan"'(4/3) 04. Ans: (b)
=- 180y Sol: break point = gK| =0
It is odd multiples of 180°, Hence s; lies on ds
Root locus % (G,(s).H,(s))=0
$=-3-if3 .
—Isls+1fs+2)]=0
(o) H(s) = K LS+ 1) +2)
(—3—1*/5”) 352+ 6s+2=0
K =-0.422,-1.57
=
(-1-33) |
=-3 [180°+ 60°] =-720° 72 /—11 TO

It is not odd multiples of 180°, Hence s, is

not lies on Root locus.
But s =—1.57 do not lie on root locus

02. Ans: (a) So, s =—0.422 is valid break point.

Sol: Over damped — roots are real & unequal
—~0<k<4 s +3s? +2s+k=0
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S 1 2 06. Ans: (¢)
2l 3 k Sol: If the roots are lies on the real axis then
g! 6-k 0 system exhibits the non-oscillatory response.
g0 12 from K > 0 to K < 0.384 roots lies on the
Ass' Row = 0 real axis. Hence for 0 < K < 0.384 system
k=6 exhibits the non-oscillatory response.
37 +6=0
Z=9 07. Ans: (a)
Sol:
s=12j V2
point of inter section: s =+ j\/z /‘\
O K
3 2 0
05. Ans: (b)
Sol:
9 o) -2 Ke+2)
S ' ds| s(s+2)
$+6s+6=0
-2
break points — 1.27, — 4.73
radius = SN 4 1.73
center = (-3, 0)
K
s(s+1)(s+2)
substitute s = -0.423 and apply the 08. Ans: (¢)
magnitude criteria. Sol: G(s).H(s) = M
s(s+2)
| K =
1(~0.423)(<0.423+1)(~0.423+2)| W o|Ca=4+2)
=4 | (—4+3)
K =0.354
_Jea2)
when the roots are complex conjugate then (_ 1)
the system response is under damped.
From K >0.384 to K <6 roots are complex 09. Ans: (a)
. 2 — — 1
conjugate then system to be under damped | Soli s"=4s+8 =0 = s=242j are two zeroes
the values of k is 0.384 <K <6. s*+4s5+8 = 0 = s = ~2+2] are two poles
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o, =180-ZGH|_, Conventional Practice Solutions
G = K5 =(+2j)s - (2-2j)] oL

[s—(-2+2j)s—(-2-2j) K43
S
i 1 H(s) =
oo = LKEH Sol: GEOHE) = 1)
=00 /4 /44 4]
90" — 45° = 45° Poles s=0,-2
Zeros s=-3

ba=180"—45 =+ 135"

10.
Sol:

Ans: (b)
s’—4s+8 = 0 = s = 2+2j are two zeroes

s +4s+8 = 0 = s = —2+42j are two poles

¢, =180° + Z/GH

S=-242]

kls (2 +2j)lfs = (2-2j)] |
[s—(-2+2j)lls—(-2- 2j)]‘s?2¢2j

Zk(—4)~4+4j)
Z4j

ZGH|

S=-242j

=180"+180"-45—90" = 225
bg = 180"+ 225° = 405°
(I)d =+45°

11. Ans: (d)
Sol: Poless=-2,-5;Zeros=-10

j®

.. Breakaway point exist between —2 and —5

12.
Sol: Refer Pg No: 84, Vol-1 Ex: 8

Number of asymptotes = [P —Z| =1
(1) Break points:

d

—G(s)H(s)=0

ds

s+3

i)
ds| s(s+2)

(s> +28)—(s+3)(2s+2)=0

s +28=2s"+2s+6s+6
s?+6s+6=0

s=-1.267,-4.732 Img

| » Break away

.. Both points are valid break points.

(i) |G(s)H(s)| =1

s(s+2) K
s+3
I l(l)‘:l:()j
= 2 2
(-4)-2)_
KS:_4 :‘_—1—8
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02.

Sol:

(ii1) Proof of circle for complex plane

KE*I) g0
s(s+2)
ats = o Hjo.... angle criteria
P (6+jo+3) _ 180°
(c+jo)o+2+jo)
tan”' —tan” 2 —tan”' —2_ = —180°
3+o c c+2
180+ tan”" —2 =tan" 2 + tan"!
3+0 c c+2

Taking tan on both sides, we get

O o
o0 G o+2

R

® o(c+2)+ 0o
3+6  olc+2)-’
o’+2c6-0’'=Q2c+ 2)(3+0)
6’+26-0'=60+26"+6+20
=5 +66+0° +6=0
= (6+3)+ (007 = (V3]
It is of the form,
(x —a)> + (y — b)> = * which is a circle
Where, centre (a, b) = (-3, 0) and radius is

r=3

K
s(s +4)(s” +4s +20)

Number of Poles s =0, 4, -2 + 4i
Number of Loci =4(P > Z)

G(s)H(s) =

Centroid ¢ = _Tg =-2

Control Systems
Angle of asymptotes

0 =45° 135°, 225° 315°

Break points:

d
L GOH) =0

d 1

FRPE 3 2 =0
ds| (s* +8s” +36s” +80s)

4s’ +24s* + 725 +80) = 0
s=-2,-2+j2.5 Img
4j

+2.5j

0 Real

2.5i

—4j

All the 3 points are valid break points

CE

S s(s+4)(s°+4s+20)+K=0
s*+8s’ +36s° + 80s + K =0

st |1 36 K

|18 8 0

2 126 K

g! [26x80-8K
26

¢ | K

(1) The value of K for the system to be
stable
26x80—8K
_—>
26

K>0& 0

K <260
S 0<K <260
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(ii) For K =260 Py [{02 ~o’ +26+ 5}+ j{203 + 200)}] — _180°
265> +260 =0 (6> —0* +0+5)+ j2oc + o)
52 =-10 tan'l( 20+260 j—tan'l( 260+ ® j—7180"
S:ijm 6’ —w +26+5 ol-—w'+o+5)
tan’l[ 200+ 20 j — _180° 4+ tan’l{ 200+ ® }
W, = \/ﬁrad/sec CYZ—UJZ+2G+5 GZ—Q)2+G+5
Natural frequency of  sustained Apply tan on both sides
oscillations = /10 rad/sec 5 26(;” 20 =— 2602)+ ®
6 -0 +20+5 o -0 +0+5
0 (2o020) (6° - 0* + 6 + 5) = Qoo+w) (o°
| K +2+5) —w’+20+5)
s*+2s+
Sol: Gfs)= et ;H(s)=1 26 +2) (-~ 0> +c+5)=Q2c+1)(c°—
( i ) o*+ 20 + 5)
GMH(s) =52 P50
S +s+5 e .
. cotmw =5
Pole=-0.5%j2.179 Comparing with (x—a)* + (y—b)* =’
Zeros =—14j2 Which is a circle with centre (a, b) and
RLD .
A radius ‘r’
42179 Center (0,0)
radius /5
92 .. Root loci is a circle.
04.
Sol: Poles at (-2, 0), (-2, 0)
32 Zeros at (-1, 0), (-1, 0)
i.e., double poles, double zeros at same
~i2.179 .
point
K(S+1)
. Gon(s) - K8
Proof of circle for complex plane (S + 2)
/ K(sj +2s+ 5): _180° ats = 6 + jo Put s = 6 + jo, for complex plane angle
sT+s+06 criteria should be satisfied
[Angle criteria should be satisfied] For any point on root loci
. 2 .
+ +2(c+jo)+5
L{(G J.(D)z o ,Jm) }2—1800 2tan_l(LJ—2tan"I£ @ J:—180°
(c5+](o) +(c5+_](n)+5 o+l G+2
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. 2
LK((‘S-&-‘_](})-I-IB — _180°
(G+JO)+2)
tan_l(ij—tan_l( ® )——900
o+1 o+
EACHN O
tan ™! o+l o+2 90°
IO
co+lo+2
RO O
o+l o642 _ 1, @ @ _)
1+ o o o+l o+2
co+lo+2

c°+36+2+®° =0

(6+1.5)* + w* =0.25

Comparing with (x — a)> + (y — b)> = 17
which is a equation of circle.

.. Plot of root loci is a circle.

Sol: Necessary conditions for stability:

Let us consider the characteristic equation
aos4 + a1s3 + a2s2 +astas=0

For stability necessary condition are

e All the coefficients (ag, a; etc..) in the CE

should be of the same sign.

e There should not be any missing

coefficients in the CE.
The given open loop transfer function

G(s)=———&
s(1+st,)(1+5T,)

Hence characteristic equation

Control Systems
K

(i) CE=1+ =
s(I+st,)(1+s7,)

s(1+st)(l+s1)+K=0
531112+sz(tl+12)+s+K=O

R-H tabulation

3

S T1 T2 1

2

S TI+TZ K

s' | (g, +1,)-K11, 0
T, +7T,

s | K 0

For stabilityt,t, >0,1, +1, >0,K> 0 and

(t, +7,)-K1, 1,

>0
)

= (1,+7,)>Kr1 1,

T, +7T T, +T
@+T) > K :>K<—(1 )

LT, (7,.7,)

So condition for stability
0<K< ’51+—T2

T2
(i1) Given open loop transfer function

G(s) = K
s(I+st,) (1+s7,)

Ex: Letassume G(s)= K
s(s+ 2)(s+5)

No. of root locus branches=3(3" order
system)
No. of Asymptotes N=P-7Z=3-0=3

0
Angle of Asymptotes = %

/=0,1,2
=60°, 180°, 300°
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Centroid 6 = AEis 7s* +K=0
(Z real part poles — Z real part of zeros )of G(s)H(s) 762 = _K
P-Z .
H_5 _7 787 =-70 (s =jm)
- ( 3 ] - [?j=—2,33 s = 1j3.16 rad/sec. is the point of
) 1 intersection of root loci with imaginary axis
Break away point G,(s)H,(s) =———
s(s+2)(st+5) ,
K d Plot of Root loci of G(s)H(s) jo
— =—(G,(s)H,(s))=0 = K r
ds ds s(s+ 2)(s+5) 7, (K=)

%[s(s2 +7s +10)]= 0

i[53' +7s? +10s]: 0
ds
3s°+14s+10=0 gives s =-0.88,-3.786

\
ST

s=-3.786
As two poles exist on right side of

0

s =—3.786 root loci does not exist.
.. It is not a valid break point.
s =—0.88 is a valid break away point.

Intersection of the RLD with respect to the
imaginary axis 1is calculated from RH

criteria

CE=s’+7s*+10s+K=0

Routh tabulation
s |1 10
7| 7 K
s'| 70-K 0
7
' | K 0
707_K =0 givesK=170

(K=0)

Stable for 0<K<70
o,=3.16rad/sec

Y316
7 A x=10)
(K=0) (K=0) 33 k)| |(K=0)

< 309 o
. \j3.16

(K=70)
O (K=0)

S-plane

Root locus diagram after addition of a
Zero to the OLTF
Let the zero be added to the OLTF ats =-3
K(s+3)
s(s+2)(st5)
0-2-5+3
s % _
Angle of asymptotes = £ 90°

ie; G(s)=

Centroid (o) = ©

(k=)

-5 -3
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Chapter

Frequency Response Analysis

Objective Practice Solutions

01. Ans: (¢)

100

Sol: G(s).H(s) = (s +4)5+16)

Phase crossover frequency (opc):
ZG(jo).Hjo) o =e, =-180°

—90° —tan "' (®pc/4) — tan”' (wpe/16) = —180°
—tan”(p/4) — tan ' (op/16) = -90°

tan[tanﬁl(oopc/4) + tanﬁl(oopc/ 16)] =tan(90°)

u)pc O)pc
_4 16 _1
_copc ®pe 0

4 16

w7, = 16 x 4 = o, = 8 rad/sec

02. Ans: (d)

Sol: G(s).H(s) = _ 100 ¥
s(s+ 2)(s + 16)
Gain margin (G.M) = 1
k}(jw)H(J 0)) (J):(J)pc
GGio)H(jo)_, - e
" (x)pc\/oaic +16\/0)§C +16°
= i
64
GM= 64 _ 12.8
5
03. Ans: (¢)
2 e—O.Ss

Sol: G(s).H(s) = m

gain crossover frequency,

0ge = [G(jo)H(jo),,, =1
2
o, +1

©% +1=4 = o = V3rad/sec
04. Ans: (b)
Sol: mg. = \/grad/sec

P.M = 180°+ ZG(jo)H(jo)/ 0 =w,,

£G(©)H({o) ., =05 0g — tan" (o)

=-109.62°
P.M =70.39°
0S. Ans: (a)
1
Sol: M,=25=——
2841 -E7
2efl-g? =L
2.5
EY—E2+0.04=0
£’ =0.958 £7=0.0417
£=0.204 (M, >1)
06. Ans: (a)
Sol: Closed loop T.F = L
s+2
I 1
nput
cos(2t+20°) s+2 Output  Acos(2t+20°+6)
Ao L1 _ 1

“Jo'+4 Ara B 22
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— ol
b= tanlco/z (0.1)(1_'_5]
=_tan 2/2 G(S)H(S) _

07.
Sol:

= ¢= —tan (1) =—45°

output = Lcos(2t +20° — 450)

22

! cos(2t —25°)

22

Ans: (¢)
Initial slope = —40 dB/dec

Two integral terms (gj
S

<. Part of TF = G(s)H(s)= Ez
S

ato=0.1

Change in slope =20 — (-40)

=20°

S
K(l + ]
Part of TF = G(s) H(s) = ¢

S

At ® = 10 slope changed to —60 dB/dec
Change in slope = —60—(-20)
= —40dB/dec

K[l +—S j
TF (G(s)H(s)) = N 0D >
sz(s + lj
10

20 log K- 2 (20 log 0.1) =20 dB
20 log K =20-40
20 log K=-20

K=0.1

08.

Sol:

09.

Sol:

_(0.1)x10%*(s +0.1)

(0.18%*(s +10)*
_100(s +0.1)
G(s)H(s) = SE10)
Ans: (b)
G(s)H(s) = —3

(1+SJ[1+SJ
2 10

12 =20 log K+ 20 log 0.5

12 =20logK + (—6)

20 log K = 18 dB = 20 log 2°
K=8

Gls)H(s)= (28i :)?;;1:)5)

GEH(E) = : 160s

2+s)10+s)

Ans: (b)

Y27V _ _40dB/dec
X, =X,
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20y K[1+Sj
loglO—logl G(S)H(S): 0.1

S
=+60dB s* 1+ —
Yi |w§1 ( 10)
= 20 log K =60 20logK~2 (20 log 0.1) = 20
K=10’ 20 logK = 20-40
10°(s +10)’(s + 20) K=0.1
Gls(s) =12 2 1
107 x20x(s +1) 0.1x - (0.1+5)
G(s)H(s)= :
_(+10/(s+20) T e
2s+1)° 10
_10(0.1+s)
10. Ans: (d) s*(10+5)
Sol:
IG($)H(s) 11.
Sol: 200 100
s(s+2) S(1+Sj
2
T > O 1
@2 x:—KT:>—(100)x5=X:—50
—40 dB/dec
12. Ans: (¢)
Sol: For stability (—1, jO) should not be enclosed
; calculation: by the polar plot.
0-20 .
—_— For stability
logl —logm,
1>0.01 K
=-20 dB/dec
_ = K <100
W] = 0.1
o, calculation: 13.
—20-0 Sol: GM =-40 dB
logw, —logl 1
_ — 2
—  70dB/dec 2010g;— 40 =>a=10
@2 =10 POI = 100
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14. Z=2
Sol: (i) GM = 1 410 = 20dB Two closed loop poles are lies on RH of é-
0.1 plane and hence the closed loop system is
PM = 180°— 140°= 40° unstable.
(i) PM = 180-150°= 30°
1 17. Ans: (¢)
GM=—=wx POI=0
0 Sol: GH plane
(iii) opc does not exist oo
- 0.4
GM =+ =0 PM = 180° + 0° = 180° CLo
0 !
(iv) mgc not exist =0
mpc 0
1 K, =04 When K =1
GM=—=w K
0 K
PM = oo Now, K double, K° =04
v) GM= =2 K. = 0.4x2=0.8
0.5 GH plane
PM = 180 — 90 = 90’ o=
- 1,0) °8
15. Ans: (d)
Sol: For stability (-1, jO) should not be enclosed o0
by the polar plot. In figures (1) & (2) (-1, jO) Even though the value of K is double, the
is not enclosed. : . .
system 1is stable (negative real axis
.. Systems represented by (1) & (2) are ) g
magnitude is less than one)
stable.
Oscillations depends on “ &’
16. Ans: (b) § c —— as K is increased & reduced, then
Sol: Open loop system is stable, since the open JK
loop poles are lies in the left half of s-plane more oscillations.
S P=0.
From the plot N=-2 . 18. Ans: (a)
No.of encirclements N =P - Z Sol: Given system G(s) = 10(s —12)
N =-2, P =0 (Given) s(s+2)s +3)
S N=P-Z It is a non minimum phase system since
-2=0-Z2 s = 12 is a zero on the right half of s-plane.
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19.

Sol:

. 10(s+3
Given that G(s)H(s) = 125+3)
s(s—1)
s-plane
Nyquist Contour R
=100
®=0"
=0
4G
®=-00

e Nyquist plot is the mapping of Nyquist
contour(s-plane) into G(s)H(s) plane.

e The Nyquist contour in the s-plane
enclosing the entire right half of S-plane
is shown figure.

The Nyquist Contour has four sections Ci,

Cy, C; and C,4. These sections are mapped

into G(s)H(s) plane

Mapping of section C;: It is the positive

imaginary axis, therefore sub s = jo,

(0£w=x) in the TF G(s) H(s), which gives

the polar plot

G(s)H(s) = 10(s+3)

s(s—1)

Lets=jo

Gljeo)H(je) = 1002+

jo(jo-1)
10V 0*+9 ®
G(jo)H(jo) = ——— 7 {tan”' (—j
ovo’+l 3
—[90° + 180° — tan' ()]}
Ato=0 = w0/-270"
At ®=op=+3 = 10£-180°

Control Systems
At o =0 = 0/-90°

point of intersection of the Nyquist plot with
respect to negative real axis is
calculated below
10(jw+3)
jogo-1)

= —180° will give the ‘@p’
Magnitude of G(jo)H(jo) gives the point of

ArgG(jo)H(jo) = arg

intersection

-1, @ 0 0 -1
Ztan™ () =[90° +180° —tan™" (@)
=-180"j0o =0,

B Q) —_
Z tan 1(%)—[90O +180° —tan ' (. )) = 180"

o
tan ™' (Tpc) +tan” (0,,) =90°

Taking “tan” both the sides

i,

7_T3 —=1tan90°’ =

1- De

3

O pe
3

o . = ﬁ rad/sec

pc
Therefore the point of intersection is

1-== -0

» O 100, +3°
|G(jo H(jo )|at ©,, = — =10
O+ 1+ o,
Point of . ]
intersection T - img

=0 4
G(s)H(s)-plane

» real

o

The mapping of the section C; is shown

figure.
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Mapping of section C;: It is the radius ‘R’

semicircle, therefore sub s=limRe” (0 is

Row
from 90° to 0° to —90°) in the TF G(s)H(s),
which merges to the origin in G(s)H(s)

plane.
Img

A

G(s)H(s) plane

e, real

10(s +3)

G(s)H(s) = s(s——l)

A A i
G(Re"H(Re") = ke +3)
Re”(Re” 1)
The plot is shown in figure.

Mapping of section Cj;: It is the negative
imaginary axis, therefore sub s = jo,

(-0 < o £ 0) in the TF G(s)H(s), which
gives the mirror image of the polar plot and
1s symmetrical with respect to the real axis,
The plot is shown in figure.

Img

A

G(s)H(s)-plane

W=00"
» real

Mapping of section Cy: It is the radius ‘¢’

semicircle, therefore subs = Lim ee’’

e—0

(-90° < 6 < 90°) in the TF G(s)H(s), which
gives clockwise infinite radius semicircle in
G(s)H(s) plane.

The plot is shown below

G(ee)H(ee) = M
ge'’ (e’ —1)
G(ee)H(ge®) ~ 10x£ —0/180° — 0
—EC
When, 0=-90° 0.,270°
0=-40" «0.,220°
0=0" o0,0°
0=40" w0/140°
0=90" 00,90°

It is clear that the plot is clockwise ‘o0’

radius semicircle centred at the origin.

A Img

/— G(s)H(s) plane

real

Combining all the above four sections, the
Nyquist plot of G(s)H(s) = 106 +3)
s(s—1)

is shown in figure below

From the plot N=1

Giventhat P =1
N=P-Z
Z=P—-N=1-1=0, therefore system is
stable Jmg
G(s)H(s) plane
o 7 » Real
> (-140)
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20. At o = 50 rad/sec, slope is changed to
Sol: The given bode plot is shown below. —12dB/octave.
.. change in slope =— 12 — (—6)

t —6 dB/octave -6 dB/octave
Gain in d% 12 |10 éolloo

~20dB[--"\_!

W(log scale)

—12 dB/octave
-6 dB/octave
¥

Initial slope = — 6 db/octave.
1.e., there is one pole at origin (or) one
integral term.
portion of transfer function
G(s)= LS

S
At o = 2 rad/sec, slope is changed to 0dB/
octave.
.. Change in slope = present slope —
previous slope

=0 - (-6) = 6 dB/octave

.. There is a real zero at corner frequency

(01:2.

(1+sT1):(1+wilj:(l+%j

At o = 10 rad/sec, slope is changed to
—6dB/octave.
.. change in slope=—6—-0
=— 6 dB/octave.
.. There is a real pole at corner frequency
My =2.

1 1 1

1+ST2 1+i (l—i_sj
o, 10

=— 6 dB/octave
.. There is a real pole at corner frequency

o3 = 50 rad/sec.
1 1 1

+ST, (S (Hsj
, 50

At ® = 100 rad/sec, the slope changed to —6
dB/octave.

.. Change in slope =—6 —(-12) =6
dB/octave.

.. There is a real zero at corner frequency

o4 = 100 rad/sec.

(1+ST4):(1+%4JZ(1+%)

_ K(s+2)s+100) 2100

~ s(s+50)s+10) 1 1
50°10

 2.5K(s+2)s+100)

B s(s+10)s +50)

In the given bode plot,
at o = lrad/sec, Magnitude = —20dB.

2 2
~20dB = 2010gK—2010gm+20\/1+[(5J +20\/1+[1‘(’;0j

2 2
()] ()]
—20log./1+| — | —20log.|1+| —
A (soj 3 (10}
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Ato = 1 rad/sec, Conventional Practice Solutions
—20 = 20logK — 20 logw/m = 1 rad/sec

[ Remaining values eliminated] 01
~ 20=20logK ' K

Sol: G(s)H(s) =

= K=0.1 (OH(E) s(1+sT))(1+5sT,)

.. Transfer function K

G(jo)H(jo)| =
C(s)  0.25(s+2)(s+100) [GleH o) =— ot o)

R(s)  s(s+10)s+50)

Z/G(jo)H(jw) =90 tan™ (0T)) — tan™ (wT>)
®o=0 o0s/-90°

w=0 0/£-270° L 270°
I/’ “\\\
~180° [
yr'd
7900 v

oT, +oT,
180 =90 — tan” | "1 T,
1-0, TT,=0
o - |
* YT,

GGioH(jo)|,_, =

K
i O O

KyTT, _K(TT)

(T,+T,)> T +T,
TITZ

M= L
Gio)H(jo),.,,

_ 1 T +T,
KTI TZ KTI TZ
T, +T,
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RH criteria: 2
. e . . TF = 2 5 - (D“ 2
The characteristic equation is s"+28m,5+®,
ST Tots*(Ti+Ty) +s +K =0 Since the steady state gain is 5 so the
For stability the condition is transfer function is multiplied by it’s
T +T, magnitude i.e, steady state gain 5.
O<K<——=
lT2 _1x 5 10
e F
02. £=05,0.88
10*
Sol: G(s) = ———— 1
s(s+10 Butéeé< —, . £=0.5
(s+10) 4 4 < g s
. 10 10
G(o)| = —— T > g2 _
| io(jo+10)? | m( rﬂoz) O =g y1-28% =512
o, =10
At © = 0y, [G(jo)| =1
0 TH=es
o(® +100) PN
®’+1000 —10*=0
04. Refer Page No. 109 Example 25.
Solve the above equation
®g =20 as o is real 05.
K
. a1 © Sol: G(s)H(s) =
£Gje) =~ 90 - 2tan l(ﬁj OO = e
£G(s)| . =-90-2tan™ (2) G(jo)H(o) = £
jo(l+ joT,)(1+ joT,)
=-216.869° : . K
Ge)H(o)| = —
PM = 180 + ZG(s)| o1+ (@ T7) 1+ 0T
ZG(jo)H(jo) = -90 — tan"'oT; — tan"' & T>
PM =-36.869 : .
Nyquist contour in s-plane
o
03. .
Sol: Given that af N\ R
‘ ®=0" N o
The steady state gain = 5 w=0" %,
(& R—0
M, = ﬁ at o, =542 rad/sec o=
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The Nyquist contour is having 4 sections Cj,
Cy, G5, Cy
Mapping of section C;
0<o <o
IG()H(jw)w-o = o
ZG(jo)H(jo)|e-0 = —90° - 0 = -90°
K

ZG(Jo)H({O)|g=w=— =0
0.8}
ZG({®)HG®)|g=n = —90° —tan'co —tan'co
=-270°

Nyquist plot intersect —ve real axis at @pc
£G(jo)H(jo)],., =-180°
—180°=-90° —tanlcoTl —tan_l(;)Tz

tan_lmTl + tan_looTz =90°

oT, +oT, o

I_O)ZTITZ
1
(D:
TITZ
. : K
| G(j)H(j®) |y, = T T
i TR
T,\ T
_ KT T,
T +T,

Nyquist plot in G(s)H(s) plane

Imaginary

»Real

Mapping of section C,
s=Re", R — o, 90° >0 > -90°

G(jo)H(Gw)| = |
GieHGo) ‘S(1+ST1 )(Hrst)S:Reje R
_ K ~0 Imaginary
R G(s)H(s)
Real
Mapping of section Cs:

It is mirror image of C;, w.r.t —ve Real axis

—0<<0

R Imaginary
i\\ [ G(s)H(s) pole
E 2 = »Real
Mapping of section Cy:
S=ce’e —>0,-90°<0<90°
. . K
G(jo)H(Gow) = . A .
GoH02) € el (1+ e T, Xl+ € eJeTz)
= E /-0 Imaginary
€ 0_“ G(s)H(s)
0 =-90° ©0/90°
s o — Real
0 =0°, 0”20
0 =90°, 0/-90° 0"

By combining all four sections, we get

4 —270°
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06.

Sol:

(1) Point of intersection = 0.1
Then critical point (—1, + jO) lies outside
of the unit circle.
Number of right hand open loop poles
P=0.
Number of encirclements about the
critical point N = 0.
N=P-Z
Z=0
Z represents the number of right half of
s - plane poles.
.. The system is stable
(i1) Point of intersection = 10
then critical point lies inside the unit
circle.
Number of encirclements about the
critical point N = — 2
(" clock wise direction)
S~ N=P-Z
2=0-Z
7Z=2
.. Two poles on right half s-plane

.. System is unstable

B 4s+1
GOHE) = st
|G(s)H(s)|: view™ +1

0 (@ + (4’ +1)

ZG(s)H(s)=—-180 — tan™ (w) + tan™ (4w)

—tan” 20)
=0 o0/-180°
o=0 0£-270°

+270°

/N
\\

~180° L / "

-90°

By equating phase to — 180° then we can get

phase cross - over frequency.

— 180 =- 180 — tan" (w) + tan™ (4w)

~tan” Qo)
o+ 202) _ 4o
1-2m
3 o122
4
2(1)2=l = o= 1
4 8
() L rad/sec
pc 2\/5
V16w +1
G(s)H(s)| = —— >
0 (@ + 1)(40* +1)

iEen

GSHE)| =10.67

|G(s)H(s)”m:wpc =

.. Critical point lies inside the unit circle.
Number of encirclement about the critical
point is N = -2,

Number of right hand open loop poles
P=0.
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S N=P-Z
Butf < —— -£=034
7=2 V2
.. Two poles are lies in right half s-plane. -, = o 4/1-28
. System is unstable. 3= o A1-2(0.34)
RH crlterl'a:. o o, = 3.42 rad/sec
Characteristic equation is 0.9x11.69
9x11.
I+ Gls) His) =0 = S o 30sr11.69
=’ (s+])(2s+1)+4s+1=0 -
= (28> +3s+ 1)+ 45+ 1=0 & :WZOWSSCC
=25 435 + 7+ 45 +1=0 '
%M, = e =32.11%
+ st 2 11 0.9x11.69
C(s) = ' ' R(s
+ 8 |3 4 O = 23211600
- § | -5 1 0.9x11.69
+ s 29 Steady state error = input — output
5 =1-09
+ 8 |1 =0.1
.. Number of sign changes = 2 08.
.. System is unstable with two right half s- 40 40

plane poles.

.. The system is unstable.

07.
Sol: K=0.9
K=0.9
M,=14=—"_—""
2641-6€°
28 1
9 gfi-g
2 zzgjz
E(1-€°) (28
£€=0.34,0.94

Sol:  G(s)H(s)= s(1+0.1s) s(1+s/10)

Magnitude Plot
Factor Slope of Slope of Frequency
Factor Mag plot | Range
1 —20 dB/dec | —20dB/dec | 0—10
s
1 —20dB/dec | —40dB/dec | 10—
[1+5/10]

|G(®)H(jo)|o=1 = 20log40 —20log1 =32 dB
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Phase plot:
®
Phase ¢ =— 90 — tan ' 10
o ¢
1 —-95.7°
5 —-116°
10 —135°
20 —153°
0 —-180°
Magnitude plot:
Magnitude in dB
32dB —20 dB/dec

—40 dB/dec

44) A

—95.7°
—-116°
-175°

—-153°

—2700 1 5 10 2()

Calculation for mp.:-
at ® = wpc = ZG(jo)H(jo) =-180°

90° _tan' | 2 | = 180
10

(V)
tan™ (ﬁ] =90°

Control Systems
Calculation for mg, :-

(2) ® = oy’ [G@)H(o) = 1

40

(joo)(10+w)j
10

400=10 Vo’ +10
(400)* = &* (& + 100)
Let o® = x

x> + 100x — 160000 = 0
X =400 £97.18

X, =400 /-97.18

w;, =400 £-97

=1

g =20 £48.5
0gc= 20 rad/sec
40
|of[1+0.1je)
N &
w41+ (0.10)
(40)* = o” (1+0.01”)
(40)* =’ + 0.01 o'
1600 = x + 0.01 x*

X; = 400 £97

X = 400 £/-97

®pc = oo rad/sed

GM =

M \w:mpc =—oodB

GM=-M,_,
= —(—00) =0

g = 20 rad/sec

¢, =—153°

8

PM = 180-153 =27°
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09.

Sol:

1
‘G(j(;))H(jm)‘mzwpc

opc : ZG(jo) Hjo) / © = opc =—-180°
—90°—tan"' (@pe) — tan ' (0.05 ®,c) = —180°
tan ' (wpe) + tan ' (0.05 pc) = 90°

o0, +0050, 1

G.M =20 log

-0, x0.05 0

K=3.73

Phase margin = 180° + ZG(®)H({®)|e = e
ZG(jo)H(®)=90°—tan "' (®)—tan '(0.05 ©)
40° =90° — [tan '(m) + tan '(0.05w)]

50° = tan"'(®) + tan '(0.05 )
1.50=1.19-0.595 o’

0.595 @+ 1.05 0~ 1.19=0

g = 1.06 rad/sec

At 0y, [Go)H(Go)| =1

®pe = =+/20 rad/sec K
N K ~1
G(jo) (J®)|—\@\/ﬁ¢1.05 T21 1.06y1+(1.06) /1+(1.06x0.5)"

21 K =154

GM=20log —=15
K
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Chapter

Controllers &
Compensators

Objective Practice Solutions

01. Ans: (a)

Sol: G¢ (s) = (—1{—?—?J= (1)(1){% +slc}

R,

100x10°)+—
( ) sx107°

Co8)= 10°

1+0.1s

Ge(s)=

02. Ans: (¢)
Sol: CE = 1+ G (s) G, (s) =0

1+0.1s 1
=1+

s ><(s+1)(1+0.1s)
1+0.1s

=1 =0

’ s(s+1)(1+0.1s)

=>s+st1=0=>w0,=1,

k=
e ks _ 163
M, = 16.3%

03. Ans: (b)

Sol:T.FZM
1+0.17s
T=0.17,aT=0.3:a=£
0.17
C=1pnF
_ RiR, C,a=R1+R2
R, +R, R,
RR, 017 — 170000

R,+R, 1x107°

04.

Sol:

0s.

Sol:

@=1.764
2
aT=R; C
~aT 03 6\
R= F:?:(O‘?’) (10°) = 300 k2
Bv
300k +R,— 1.76 R, = 0
300

R, = ——=1394.736
0.70

=400 kQ

Ans: (d)

PD controller improves transient stability
and PI controller improves steady state
stability. PID controller combines the

advantages of the above two controllers.

ForK;=0=

C(S) - (KP +KDS)

R(s) s(s + 1)+ (KP + KDs)
K, +Kys

| s +(1+K, s +K,

on= Kr

2&0\)“: 1+Kp
—2(0.9) JK, =1+K,,
—~ 18 JK, =1+K,

. ) 1
Dominant time constant —— =1
0]

n

1

= o = =1.111
9

n
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Kp= w2 =1.11°
=1.234
From eq. (1),

= 1.8x L:1+KD
0.9

:>KD:1

Conventional Practice Solutions

01.
Sol: Given that

0,(1)=2 { et ﬂ

Applying Laplace transform on both sides

-

with zero initial conditions

0,(s)= 20{E(S)+$+ TdsE(s)}

S

T

Ts

T

0.(s)= 20(1 LI Tds]E(s) .......... (1)

i) If Integral action is not used then,

0. (s)=20(1+T,s) E(s)

0,(5)

= =20(1+T,s)

PD Controller Plant

R(S) E(S) Oc(s) 40 C(S)

Characteristic equation is 1+G(s)H(s) =0

40 20(1 + Ts)
+ > =
10(s*+ 85+ 80)

<+ s(%j +160=0 .......(2)

2" order prototype characteristic equation is,

s2+ 2Emps + (onz = 0 then we get,
=4/160 = o, = 12.649 rad/sec

80 +800T,

and 2w, = d for&=1
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2x1x12.649=28 (1+10 Ty)
Tq4=0.216 sec.

ii) If the value of derivative time is maintain

then,
0
R—(Sz e _20[1+TL+0A216SJ C(S); 40 C(S)=
a "1 10s% +80s + 800
Characteristic equation is, 1+G(s)H(s) =0
1+201+L+0.216s( ; 40 j:o
Ts 10s” + 80s + 800
10T.s* +252.8T.s* +1600T.s +800 =0
R-H Tabulation
s* | 10T, 1600 T,
s? | 2528 T, 800
s' | 404480T2-8000T. O
2528 T.
s” | 800 0
For the system to be stable
s' row > 0,
404480T,> — 8000 T, > 0
T,>0.019 sec
.. Minimum value of T, = 0.0197sec.
02.
Sol: G¢(s) =7
Ramp error constant = Ky =5
cLrr-Y6) _ K
R(s) (s?+20s+200)s+a)

Kv =5
Lts.G(s)=5

s—0

Gl(s) k

1+G(s) (s+a)(s® +20s +200)

1+G(s) _ s +5°(20+a)+5(200 +20a)+200a
G(s) k
s’ +s°(20+a)+s(200+20a)+200a »

1
G
I _s’+5°(20+a)+5(200 + 20a)+ 200a -k

G K
OLTF = G = G(s)

k (s)=1

s* +57(20+a)+s[200 + 20a]+ 2002 — k
KV =5
Lt sG(s) =5

s—>0
.. G(s) should be type — 1
Here 200a k=0 = k =200a

k
SO sl +(20+a)s + (200 + 20a)]
y 200a _
50" s[s? + (20 +a)s + (200 + 20a )|
200a
200+20a
200a — 100a =5 x 200
a=10
K = 200a = 2000
2000
Gl)= sfs> + (20 + 10)s + 400] Hs)=1
2000 G(s)100

G(s): s(

s” +30s+400)  s(s” +10s+100)

_20(* +10s+100)

G
) s? +30s + 400
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03. 100 100,[(2)k, | +K} »
Sol: G(s)= / -
) (s+4)s+5)(s+7) 2/4+16/29V/53
PM = 50° at ® = 2rad/sec kp =072k = 3.196
TF of PI controller TF of PI controller = 0.72 + 3.196
s
k k
ek sl ) ) 04.
) 5 5 Sol: Given lead network can be drawn as,
G(s) with controller = G¢(s) LCs
~100(sk, +k;) M
(s+4)s+5)Ns+7)s TJ:%
1
PM =180°+ ZG(s)H I
(S) (S)|m:u)gc Vi(s) §R2 Vo(S)
50 = 180° + /Ge(s)H(s) j' |
- ZG(s)H(s)|,_, =-130° '
) V,(s) R
ZGe(s)H(s) = —130° V‘f o Y\
Given g = 2 rad/s R,*+R, |l sC
tan™' {%J —90—tan™' (%) —tan”' (—J tan ™’ (—j =—-130° = R, 1+R,Cs
tan_l( - ”j= —40° + tan”' (0.5) 1R
1
— RlRZ — Rl + R2
+tan”' (0.4) + tan '(2/7) T= (Rl R, ]C prd a = i

] =2431

tan ™ 2k,
kI

»=02241%

At 0y = |G(s)H(s)| = 1

100y (wk, f +1

=1
\/(02 +42\/032 +25\/w2 +49 ®

Transfer function :l I+aTs
a\ 1+Ts

The sinusoidal transfer function is
: 1+jaTow
G, (jo) =2
I+ joT
Phase angle at any frequency o is given by

o= 2G_(jo)=tan" (awT)—tan ' (wT)

Differentiating with respect to ‘®’
do _ aT B T
do 1+(@oT) 1+(oT)
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When — =0 C
do
aT T 0 a+ 1
1+(a0, T 1+(0,T) a-l
aT T Al B
2a

= =
1+(aw, T)  1+(o0,T)

= a(l + ((omT)2 ): 1+ (ao)mT)2

AC=y(a-1) +4a

= a+aw, T’ =1+a’w. T’
=a’+1-2a+4a

:mfnTz(a—az):l—a
= o’T?a(l-a)=(1-a) =(a+1)°
1 =a+1
S0 T =— =
a _
1 ’ oo singy, = a—i
2 _ _ a+
T T, T T

At ® = ©p, the maximum phase lead ¢, is

¢  =tan™ (aw, T)-tan (o, T)

1 1
=tan"'|a.—=T |-tan"'| —=.T
[ Ta J (TJE ]
1
., =tan” Ja)-tan™ (—]
b, =tan ' (Va) - an |-
Apply ‘tan’ on both sides, then we get
| a—1
Ja-—— 2
tand = Ja = Ja
" 2

lJr\/;.\/lg

a—1

NEY
afa-1
¢,, = tan [2\/;J

. Maximum value of phase lead ¢y, is

tan¢,, =
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Chapter > State Space Analysis

Objective Practice Solutions

01. Ans: (a)

SOI: TF:%
S°+5s+6
B 1
(s+2)(s+3)
1 -1
= +_
s+2 s+3
-2 0 1
A= B=
0 -3 -1
C=[1 1]

02. Ans: (¢)
Sol: Given problem is Controllable canonical

form.
(or)
TF = C[sI-A]'B+D

s 1 0 17To
6510 s 1o
5 -3 s+6| |3

3 +15s+18
s* +6s> +3s+5

03. Ans: (d)
Sol: —-+——
dt dt
2" order system hence two state variables
are chosen

Let x; (t), X2 (t) are the state variables
CCF -SSR

04.

Sol:

0s.

Sol:

Letx;(t)=y(t) .eeunnn..n. (1)

X2 =y().een.. (2)

Differentiating (1)

XM=y =%X2(t) ceerenen.n 3)

%,(0= § (O =u®-3y'(H)— 2y
=u(t) — 3xz (t) = 2x1(t) ....... 4)

[;":Hg N {z;}g}um

From equation 1. The output equation in

matrix form

-0 X D=0
y =I[ ]Xz’ =

Ans: (b)
OCF - SSR

R MR

X
y()=[0 1] { }

X,

Ans: (¢)
Normal form — SSR
TF = Y(s) 1 3 1

G(s) s +3s+2 (s+1)(s+2)
= Diagonal canonical form
The eigen values are distincti.e., — 1 & — 2.
.. Corresponding normal form is called as

diagonal canonical form
DCF — SSR
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Y6 _ b by _[y,] [too ]|
U(s) s+1 s+2 y = i
_ _ Y2 00R, .
b] - 1, b2 - _1 12
b b y=CX
Y(s) = ——U(s) + —=U(s
) s+1 ®) s+2 ) I 0 O
—— —— C=
X‘ 2 0 0 R,
Let Y(s)=X;(s)+Xs(s)
Where y(t) =xi(t) + x2 (1) .o.oooell. (D) 07. Ans: (a)
. _ AT
Where X, (s) = bllU(s) Sol: T.F=C[sI-A]'B+D
ST s+4 1 1
$ X1 (5)+ X1 (9) = by U) =ol
Take Laplace Inverse
. 1 s+1 -1 |1
x +txy=bjut) . 2 = Of——
o &) | ]sz+55+1{—3 s+4}{1}
b
Xa(s) = —-U(s) | s+1 -1 [1
S+2 =2—1[1 O]lxz 3 4 1
s X5 (5) + 2 X5 (s) = bs U(s) TN =3 st
1 1
= ——|s+1 -1
Laplace Inverse s? 1 5g +1[ ]lszL
X, +2x, =b,u(t) 1
: =——|s+1-1
X, -1 0]|x, 1 s2+58+1[ ]
= + u(t)
X, 0 -2||x, =1 p S
245541
From (1) output equation.
. 08. Ans: (¢)
y®)=[11] Ll } Sol: State transition matrix ¢(t) = L '[(sI-A) ']
’ s+3 -1
sI-A=
{ 0 s+2}
06. Ans: (¢)
Sol: R sl-Al' = — L 5t
’ —’V\/\;\r—>—qslgxl‘p io(t) 12 (s+2)s+3)] 0 s+3
15(t) 1 I 1 1

Vi@) ::_VIO/PI R, OP, _[s+3 (s+2)s+3)

| i

s+2

O/P, = yi = V. -3t -2t -3t
. 1 B =
o/P, = Y2 = Ry1p 0 e—2t
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09. Ans: (b)
Sol: Controllability

[M]=[B AB A’B. A"'B
0 1

% AN
wel

|M| =—1#0 (Controllable)

ap-|

Observability
[N]=[c™ A™C™...(AT)y"'C"]

arer [0 2] _[-2
1 =31 -2
1 -2
N =
§ o
|N| =0 (Not observable)

10.
Sol:

Ans: (¢)
According to Gilberts test
controllable and observable.

the system is

11. Ans: (¢)
Y(s)  bs’+b,s+b,

Sol: 3 5
U(s) s’ +a;s” +a,s+a,

at node X,
X] =—a1X] —axXpy —az X3

at X, =x; & X; =X,

X, —a, —a, —a, X,
0= 1 0 0 |=|x,
X, 0 1 0 X,

—-a, —a, -—a,
A= 1 0 0
0 1 0
12.
Sol: The given state space equations:
X=X,
Xz =X -

X, =-2X, -3X, +u,
and output equations are :
Y, =X, +3X, +2u,

Y, =X,

Y>

for

The given state space equations in matrix
01 0][x,] [o o

{l= 0 0 1 X, +[-1 0

J0 =20 =3 | X 0 1]

ug
u 2x1
X
{y}_l 30 X
Y. |0 1 0 2
2x3 X

2 0 ul
+
0 0] [us],

Where A: State matrix

R

o

B: Input matrix
C: Output matrix

D: Transition matrix
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Characteristic equation Conventional Practice Solutions
sI-A|=0
s 0 0] |[O 1T O 01.
0 s 0|-|0 0 1 ol: Y(s) _ 10(2s+3)
0 0 s 0 -2 -3 U@s) (s+D(s+2)(s+3)
1) Phase variable form
>0 Y 1025 +3
= s -1=0 UES;:2 (25+53)
S
0 2 S4+3 (s +3s+2)(s+3)
B 10(2s +3)
:S[S(S+3)+2]+1(O):O s3+352+2s+3sz+9s+6
= s(s?+3s+2)=0 Y(s)  10(2s+3)
S s(s+1)(s+2)=0 UG) 34652 411546
The roots are 0, —1,-2. 0 1 0 0
[i(t)}: 0 0 1| [x@w]+lo]V
-6 -11 -6 10
y0=0 2 0] x(1
i1) Normal forms
Y(s) 10(2s +3)
UGB) (s+D(s+2)(s+3)
Apply the partial fractions
10(2s +3) 5 . 10 15
(s+D)(s+2)(s+3) s+1 s+2 s+3
-1 0 0 5
{i(t)} =10 -2 0 |x(t)+| 10
0 0 -3 -15
y®=[1 1 1] x()
02.
2 — J—
Sol: Y(s) _ (s 235 1)
UGB) (s+1)°(s+4)
A N B . C
s+1 (s+1)° s+4
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03.

Sol:

12 N 3

C(s+1Y (s+1) s+4

U(s) 2U(s) 3U(s)

- +
(s+1F s+1  s+4
Y(S) = X1 — 2X2 + 3X3
UGs) Us) 1 x,

= = X =
: (s+1)2 s+1 s+1 s+1

Y(s) =

= sSX] tX1=Xp

XIZ_XI_'_XZ """ (1)

U(s)
2:

s+1

SX2+X2:U

x,=U-x, = - (2)

U

Xy =——
s+4

sx3 +4x3=U

X, =U-4x;, - 3)

From equations 1, 2 and 3

Normal form is

-1 1 0 0
[X(t)]z 0 -1 0 |x()+|1 u(t)
0 0 4 1

y=[ -2 3]x()

BISH
B=

-1 5
c=[1 2]
TF=C(I-A)'B+D

IA_s+5 1
(s1-A)= -3 s+l

A_—S
a) A= 3

s+1 -1
+3 s+5

(sI-A)" =
(s+1D)(s+5)+3
s+1 -1 (2
I 2]
3 s+5]5
TF= > ==
s +6s+8

2
[s+1+6 —1+2s+10][5}

s’ +6s+8
2
[s+7 2s+9]{}
5
s’ +6s+8
_2s+14+10s+45 _ 12s+59
s’ +6s+8 s’ +6s+8

s oJo|
b)A= B=
7, % 0
x,(0)]_[0
x,(0)]| |1
e =9(t) =L {(s1-A) "}

(sI—A) s -1
S — —
2 s+3
{s +3 1}

-2

sl—Ay'= L2 5]
s(s+3)+2

Apply ILT to the above matrix

s+3 +1
=11 fer_ayilor1)sT+3s+2 sP+3s+2
L' {s1-a)" =14 +38 X
s +3s+2 87 +3s+2

2 B 1 1 B 1
=1 s+1 s+2 s+1 s+2

-2 N 2 -1 N 2
s+1 s+2 s+1 s+2
(I)(t) _ eAt _ 26—1 _ e—zt e—t _ e—2t
—2e ' 42e? —et42e
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L™ [(sI-A) T X(0) -1 0 0 1
[ 2et—e?  et-e [0 0 -2 0 B=
B | —2et+2e —e T +2e7 } { l} 0 0 -3 0
[ et-e™ } O c=[1 0 2]
—e'+2e ] For Controllability:
Lfl[(sl — A)'l BU(s)] The third element in matrix A corresponding
s+3 1 element in matrix B is zero.
S+D(s+2) (s+1)(s+2) 2] 1 .. the given system is not controllable.
- -2 s {0} s+l For Observability:
(s+D(s+2) (s+1(s+2) The second row and second column element
2(s+3) in matrix A corresponding element in matrix
| +D*(s+2) C is zero.
- —4 .. The given system is not observable.
| (s+1)°(s+2)
2 N 4 _y 2 0s.
| +D s+ s+2 . A:{o 1} B:H
4 4 4 0 0 1
LG+ (+1)” (s+2) The system uses the state feedback control
-2 N 4 A 2 u=-Kx.
| (s+D (s+1)° s+2 The desired closed loop poles at S = —3+j3
4 4 4 and S=-3-j3
(s+D) (s+1)?* s+2 Block diagram of state variable feedback
—2¢ ' +4te +2e7
:{ do _dpe-t 4. } ........ (2) T Y(t)

Solution to state transition equation
| et —e™ N —2e ' +4te Tt +2e
—e " +2e™ de™' —4te " —4e™
| 4tet+e e
3¢ —4te ™ —2e™

04.
Sol: Gilbert test is valid for normal form and

Jordon form

State Variable Feedback

u=-Kx
u is the control signal

- x(t) = (A - BK) x(t)+Br(t)
Necessary and sufficient condition for
arbitrary pole placement is that the system

should be completely state controllable.
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The rank of the controllability matrix is
given by
M =[B AB A’B...A"" B]
|M| =0 Not controllable
# 0 controllable

se=lo 1))
ol

controllable and arbitrary pole placement is

M|=-1 #£0

system is completely state

possible. Find characteristic equation from a

given matrix A.

Characteristic equation is |SI & Y — Bk} =0

A—Bk{g (ﬂ—ﬂ[kl k, ]
1o ond Ee
sI—(A—Bk):[Z ﬂ—{_?{l _Lj

_| s -1
-k s+k,
sT-(A-Bk) =0

s(stky) +k; =0
s +tks+k =0 -cmomeeeee (1)

From the given poles (-2 * j4)

. Characteristic equation is (s + 2)* + 4* =0
S +45+20=0 ---o-memee- Q)

Equate 1 & 2

2 +4s+20=5"+kos +k

k1 = 20, k2 =4
SVEFEB controller,
s k=1[20 4]

06.

Sol: State transition matrix ¢(t) =L (sI-A)"
s -17"
(sI-A)" =
2 s+3

B 1 s+3 1
_s(s+3)+2 -2 s

s+3 1
_| s +3s+2 sT+3s+2
-2 S
s?+3s+2 s*+3s+2
¢(t) = L' [(SI-A) ']
s+3 1
1 (s+1)(§+2) (s+1)(s+2)
- S

(s+1)(s+2) (s+1)(s+2)

2 1 1 1

_ s+1_s+2 s+1_s+2
-2 2 -1 2

+ +
s+1 s+2 s+1 s+2
2e—t e e—Zt e—t _ e—Zt
- {— 2 +2e —e '+ 2e_2t}
State equation x(t) = L™'[(sI-A) '] x(0)
+ L7 [(sI-A) ' BU(s)]
L™ [(sI-A) '] x(0)

2t _ e et _ e 1
- {— 2et+2e —et+2e } [0}
Z{ 2t —e } _______ 0
—2e ™ +2e7

L [(sI-A) ' BU(s)]
5. (sI-FAY 'BU(s)
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s+3 1 Compared with standard 2" order equation
[ (s+1)s+2) (s+1)s+2) || 0|1 28m,=1+k
—2 s 5]s 2(0.707) (10) = 1 + ks
(s+1)(s+2) (s+1)(s+2) k,=13.14

5 o = 100

s(s+1)(s+2) | [5/2-5¢"+5/2e™
= = . L 5k; +ky +30=100

> e ki =11.372

(s+1)(s+2) o

ki =11.372,k,=13.14
......... (2)
Adding (1) and (2) we get
s 3 08.
State equation |:X1 } _ 5—3e_t +Ee‘2t Sol: The given state equations
%2 3¢ — 3¢ X] -1 0 ox,][1
Y=o 1]X1 X,|=[0 =2 0 |X,|+|-2[U
©= X, X, 0 0 -3|X, 1
Y = Xz Xl
y(t) =3¢ -3¢ [Y]=]t 1 1]|X,
X3

07.

Sol:

X1 =X, (t)+5x, (t) — (1)

%2 =—6x, (1) + u(t) = 2)

u(t) =—ky x; (t) —ka %2 (t) + r(t) > (3)
From equation (2) and (3)

X2 =6 X; (t) — ki x1(t) — kp Xa(t) + r(t)
=[-6-ki] xi (1) —ka X2 () + 1(t) > (4)
From (1) and (4)

o] )P

C.E. equation

|sI-A|=0
s+1 -5
=0
{6 +k, s+ kj
(s+1)(s+ko) + 5(6+k;)=0
s?+ (1+ky)s + 30 + 5k; + ko= 0

The output response
y(®) = x1(t) +xa(t) +x5(1)

X, (1) .
X, () |=e™ X(0)+ j e*"IBu(t)dr
X5(t) 0

Where e =L" (sI—A)_1 called as state

transition matrix

s+1 O 0
(sI-A)=| 0 s+2 0
0 0 s+3
9 0
s+1
) - 1
So(sl-A) =] 00— 0
S+2
0 1
s+3 |

Since in problem, not given initial

conditions so no zero input response.
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.. Zero state response only exist and it is

equal to =L"'[o(s)BU(s)]

Where ¢(s) =(sI- A)f1

B=

1

-2

1

U(s) = unit step input

=11

=1

1

— 0
s+1
0 1
S+2
0 0
]
s+1
2 (1
s+2 |\s
1
| s+3 ] )
1
s(s+1)
-2
s(s+2)
1
s(s+3)_

11
s s+l
:L71 __1+L
S s+2
Heare)
| 3\s s+3
X, (t) l-e™
X,(t) |= —l+e™
X;5(t) 1 3t
—(1-e
507

.. The output response
y(t) =X () + xa(t) + X3 (1)

=l-e"t=1+e ™ +l(1—e_3t)

1 1
t)=—e"'4e ' ——e ' +—
y(t) 3 3
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