ESE | GATE | PSUs

CE|ME|EE|EC|IN|PI

ENGINEERING
MATHEMATICS

Volume - | : Study Material with Classroom Practice Questions

HYDERABAD | DELHI | BHOPAL | PUNE | BHUBANESWAR | LUCKNOW | PATNA | BENGALURU | CHENNAI | VIJAYAWADA | VIZAG | TIRUPATHI | KUKATPALLY | KOLKATA




ACE

Engineering Publications

(A Sister Concern of ACE Engineering Academy, Hyderabad)

Hyderabad | Delhi | Bhopal |Pune | Bhubaneswar | Bengaluru | Lucknow | Patna | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad

Engineering Mathematics

(Solutions for Volume : I Classroom Practice Questions)

ACE is the leading institute for coaching in ESE, GATE & PSUs

H O: Sree Sindhi Guru Sangat Sabha Association, #4-1-1236/1/A, Abids, Hyderabad-500001,
Ph: 040-23234418, 040-23234419, 040-23234420, 040 - 24750437

7 All India 1t Ranks in ESE
43 All India 1%t Ranks in GATE



r 1 Linear Algebra

Arthur Cayley
(1821 - 1895)

Chapter
01. Ans: (d) For the product (PQ)1ox20
-1 -2 1 0 Number of elements in PQ = 200.
Sol: |A| _ I 0 0 3 To compute each element of the matrix PQ,
1 2 -1 3 we require ‘5’ multiplications.
0 -2 3 4 .. Number of multiplications = 200x5
Cs— C4—-3C = 1000
-1 =2 1 3 For the product [(PQ)R]1ox10
1 0 0 0 Number of elements in (PQ) R = 100
|A| 112 -1 0 - To compute each element of the matrix
0 -2 3 4 (PQ)R, we require 20 multiplications.

02.

Sol:

By expanding the above determinant along

the 2™ row, we get

-2 1 3
Al=(-1)2 -1 0 =-12
-2 3 4
Ans: 1500
Given that P is 10x5 matrix.

Q is 5x20 matrix

and R is 20%10 matrix

Now PQR is 10x10 matrix. Total number of
elements in PQR = 100. Here, we can find
the product PQR only
i.e., (PQ)R and P(QR) because PQ # QP.

So, to find the product matrix PQR first we
find PQ and then find (PQ)R (or) we, first
find QR and then find P(QR)

in two ways

03.

Sol:

.. Number of multiplications = 100 x 20
=2000
Hence, the total number of multiplication

operations to find the product [(PQ)R]i0x10

=1000 + 2000
=3000
Similarly, if we find the product

[P(QR)]iox10 by above method, the total

number of multiplication operations to find

the product [P(QR)]iox10= 1000 + 500
=1500

.. The minimum number of multiplication

operations to find PQR = 1500.

Ans: 324

Det M, =2r-1

Det M| + Det M, + ...... + Det Mg
=1+3+5+..... + 37
=324

Arthur Cayley was probably the first mathematician to realize the importance of the notion of a matrix and in 1858
published book, showing the basic operations on matrices. He also discovered a number of important results in matrix theory.



Postal Coaching Solutions

04. Ans:-3
Sol: Given that |A'% = 1024
— |A10| — 910
— |A|]°=210
= |A]=2
=-o’-25=2
=a’+27=0 or &®*+3°=0
= (a+3)(a*+3a+35)=0

.. The real value of o0 is — 3

05. Ans: 0.5

1 1
Sol: Giventhat A= [l 1+sin0

1 1 1+cos0

R, -Rj, R3—Ry
1 1 1
=0 sin® O
0 O cosH
=sin 0. cos 0
_ sin 20
2
.. The maximum value of A =
06. Ans: 0
COsX X
Sol: Given that f(x)= [2sinx x’
tan x X

Applying R, and Ry

X X

1
1

Q
2

1
2xX

X

cosx x 1
f()zi): 2sin X < 2
X X
tan x 11
X
1 0 1
Lt f(’j)zz 0 2 =0
x—=>0 X
1 1 1
07. Ans: (b)
Sol: Here, determinant of A = —8
...A—l ) ad_] A
|A|

= 0= _?1 (cofactor of the element 6 in A)

_1 3+1 2 3
=—[-1
N ]0 4‘
c=-1
08. Ans: (d)

Sol: Giving that
I-A+A’— .+ (=D"A"N=0..... @)
Multiplying by A™', we get
AT—T+A-A*+ A+ DA =0 ...()
Adding (i) & (i), we get
A+ (D)"A"=0
LA =DM AN
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:3: Linear Algebra

R3 —)2R3*5R2
1 -1 0 -2
~10 2 2 2

0 0 -4 -10

Sop(Asa) =3
12. Ans: (¢)
_ -1 2 5 -1 2 5
2

A Sol: | 2 -4 a-4|~|0 0 a+6
1 -2 a+l 0 0 a+6

-1 2 5

=10 0 0| ifa=—-6and Rank=1
10. Ans: (¢) 0 0 0

Sol: In a skew symmetric matrix, the diagonal

.. If a # —6 then Rank of the matrix is 2
elements are zero and a;; = —aj; for 1 # .

Each element above the principal diagonal, e s comect.

we can choose in 3 ways (0, 1, —1). 13. Ans: 1

Numb f el ts ab th incipal .
umbet of clements above the principa Sol: If the vectors are linearly dependent, then

n(n — 1)

diagonal = 5\ 1-t 0 0
I 1-t 0 |=0
.. By product rule, 1 10 =t
Required number of skew symmetric
() =(1-1°=0
matrices = 3 2 . Lt=1
11. Ans:3 14. Ans: 1
1 -1 0 -2 Sol: If the vectors are linearly independent, then
Sol: Given A={2 0 2 -2 1 1 0 1
4 1 3 -8 1 0 0 1
#0
R, —» R, —2R;; R3 — R;-4R, 1 -1 0 t
1 -1 0 -2 0 0 1 O
~10 2 2 2
0 5 3 0
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15.

Sol: The augmented matrix of the given system

16.

Sol:

Postal Coaching Solutions

Expanding by third column

111
=D 0 1#0
1 -1 t

=CD.(1—(=1)-1)=0
Stz

Ans: (b)

1S

1 -1 2 —1]1
[AB]=11 0 1 110
0 -1 1 -2|-1
R, — R,
1 -1 2 —1]1
~lo 1 -1 2|-1
0 -1 1 -2|-1
R3+R2
1 -1 2 -1 1
~10 1 -1 2]-1
0 0 0 0(-2

Here, Rank of coefficient matrix A =2 and
rank of [A|B] =3
= p(A) # p(A[B)

.. The system has no solution

Ans: (¢)
Let the given system be AX =B
The augmented matrix of the system

11 1]6
[ABI=11 2 310

1 2 Alp

R>—Ri, R3 =Ry

17.

Sol:

[S—
—

6
2 | 4
A-1pn—-6

l
(e R
—_

R;—-R;

[a—

1] 6
2 | 4
A-3|pn-10

l
(e
O =

.. The system has a unique solution if A # 3.

Ans: (a)
1 2 0
GivenA=|1 0 -1| and n=3
2 0 -2
R, > R;—R;; R3 —>R3-2R
1 2 0
~10 -2 -1
0 -4 -2
R; > R3;-2R;
1 2 0
~0 -2 -1
0 0 0

Here, r = p(Asx3) = 2 and n = number of

variables = 3

.. The number of linearly independent

solutions of AX = O is given by
p=n-r=3-2=1
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25 Linear Algebra

18. Ans: (a) The system is inconsistent
if c-b-3a#0

or 3a+b—-c=#0

o W N

1 1 3
Sol: Consider (A B)=|1 2 4
2 3 a

20. Ans: (¢)

R, > R;—Rj;; R3 > R;—2R
? 2omb } : Sol: If the system has a non trivial solution, then

1 3 2 4 b ¢
~10 1 1 1 b ¢ a|=0
101 a-6/b-4 c a b
R; > R3—R; Ci>C+C+GCs
11 3 2 a+b+c b ¢
~10 1 1 1 = la+b+c ¢ a|=0
10 0 a-7{b-5 a+b+c a b
Ifa—7=0 and b-5=0 then R2 — Ry, R3 — R
p(A)=2=p(AB)<n=3 a+b+c b c
.. Many solutions existifa=7and b=15 = 0 c-b%a-c=0
0 a-b b-c

19. Ans: (b) = (atb+c) (2’ +b*+c”—ab—bc— ca)=0
Sol: Let the given system be AX =B s at+b+c=0or a=b=c
The augmented matrix of the system
1 2 -3|a 21. Ans: (d)
[AB]=]2 3 3|b 1 1 3
5 9 -6|c Sol: A=| 5 2 6
-2 -1 -3

Rz — 2R1; R3 — 5R1

1 2 -3 a Ry~ 5R;; R;+2R,
~10 -1 9 |b-2a 1T 3
0 -1 9|c-5a ~10 -3 -9
R:- R, 0 1 3
12 -3 a 3R3+ R,
~10 -1 9| b-2a 1 1 3
_O 0 O|c—b-3a ~lo =3 -9
0 0 O
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22.

Sol:

23.

Sol:

Postal Coaching Solutions

Here, p[A] =2
If B is a linear combination of columns of A,
then p[A] = p[A[B]

.. The system has infinitely many solutions

Ans: (a)

1 2
Let A=

The eigen values of A are 1, 2

The eigen vectors for A = 1 are given by
[A-I]X=0

=0 e

=y=0

X1 =0 !
0

The eigen vectors for A = 2 are given by
[A-2[]1X=0

=13 B

1 2
.. The eigen vector pair is [0} and [J

Ans: 1
Product of eigen values = |[A| =0
3 4 2
=19 13 71=0
-6 -9+x -4

24.

Sol:

25.

Sol:

26.

Sol:

R, 3Ry, R; + 2R,

3 4 2
=0 1 1{1=0
0 x-1 0
=3(1-x)=0
Lx=1
Ans: (d)

The given characteristic equation is
A -6+ -4=0

= |A] = product of the roots of the
characteristic equation =4 and
Trace of A = sum of the roots of

characteristic equation = 6

.. option (d) is correct

Ans: 3

Sum of the eigen values = Trace of A =14
—atb+7=14... (1)

product of eigen values = |A| = 100

= 10ab = 100

solving (i) & (ii), we have

=a=5andb=2

S la=bl=3
Ans: (¢)
The characteristic equation is
a-A 1 0
I a-A 1 |=0
0 1 a—»\

=@-1)[{a-1’-1}-(@a-1]=0
VS a,ai\/i
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Linear Algebra

27. Ans: -6

Sol: The given matrix has rank 2

.. There are only 2 non zero eigen values

The characteristic equation is |A — AI| =0

-1 0 0 0 1
0 —-1-2 -1 -1 0
= 0 -1 -1-x -1 0 [=0
0 -1 -1 —-1-x 0
1 0 0 0 1-A
R; > R +Rs5 and
Ry >Ry +R3+Ry
2-A 0 0 0 2-A
0 -3-A» -3-A -3-2 O
=/ 0 -1 -1-A -1 0 |=0
0 -1 -1 -1-x 0
1 0 0 0 1-1
= 2-1).(-3-2N).
1 0 0 0 1
0 1 1 0
0 -1 -1-» -1 0 (=0
0o -1 -1 -1-A 0
1 0 0 0 1-A
=>Ar=2,-3

.. Product of the non zero eigen values = —6

28. Ans: (b)

Sol: A is a real symmetric matrix.
= The eigen vectors of A are orthogonal.
For the given eigen vector, only the vector
given in option (b) is orthogonal.

.". option (b) is correct.

29.

3 4
Sol: Let A= [4 }

30.

Sol:

Ans: 0

-3
The characteristic equation is |A —Al| =0
3-A 4
= =0
4 -3-A
=>A=15
The eigen vectors for A = 5 are given by
[A-51]X=0

=[Sl

=>x-2y=0

X1 =C -
1

The eigen vectors for A =—5 are given by
[A+51]X=0

=l 3l

=2x+y=0

X2:C2 !
-2

Hence,a+b=0

Ans: 3
If A is an eigen value of a matrix A
then AX =AX

4 1 2|1 1

=117 2 1]|[2]=A2
14 -4 10||k| |k
= 6+2K=A e, (1)
21 +K=2N oo 2)

Solving (1) & (2), we get
A=12 and k=3
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32.

Sol:

Postal Coaching Solutions

Ans: (¢)

: If A is singular then 0 is an eigen value of A.

.. The minimumeigen value of A is 0.
The eigen vectors corresponding to the eigen

value A = 0 is given by

[A-0I[X=0

3 5 2||x 0
=5 12 7||y|=|0
2 7 5|z 0

Applying cross multiplication rule for first
and second rows of A, we have
X y z

- — =——=
11 —-11 11

X z
=T73171
1
.. The eigen vectors are X =k | —1
1
Ans: 3
2 0 -4
Given matrixis A={0 0 8
0 0 1

= The eigen values of A are A, =2, 0, 1
which are different.
By the property of eigen values and eigen

. th .
vectors, if the n~ order matrix A has 'n'

different eigen values A, Ay, ........ An then
n"™ order matrix A will have 'n' linearly
independent eigen vectors X, Xo, ........ Xq.

. The given matrix As.; has '3' linearly

independent eigen vectors corresponding to

33.

Sol:

34.

Sol:

three different eigen values A; =0, A, =2 &
7\,3 =1.

Ans: 3

Let A=

S O N
S NN O

1
1
3

Here, A is an upper triangular matrix
= The eigen values are A=2, 2, 3

The eigen vectors for A = 2 are given by

[A-21]X=0

0 o 1[x] [o
=10 0 1| yl|=|0
00 1|[z| |0

= Here Rank of [A — 21] =1

.. Number of Linearly independent eigen
vectors for A=2isp=n—-r=3-1=2

For since, A = 3 is not a repeated eigen
value, there will be only one independent
eigen vector for A = 3.

.. The number of linearly independent eigen

vectors of A is 3.

Ans: 2
1 1 0
Given A=|0 1 0
0 0 1

= A =1, 1, 1 which are repeated eigen
values
Consider the characteristic matrix of Aj.s

matrix.
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35.

Sol:

Linear Algebra

=>r=p(A-AD)=1
= P =n—r=(order of matrix Asz.;) —r
=>P=3-1=2

.. The number of linearly independent eigen
Az
corresponding to 3 repeated eigen values
A=1,1,11s2.

vectors of the given matrix

Ans: (¢)

a
Let A:[
c

b
d} be the required matrix.

The given eigen vectors of a matrix A

corresponding to eigen values A; = — 2 and

-4 1
M =5 and X; = {3} andXZZL}

respectively.
Consider Ax; = MX
a b|l—-4 -4
=-2
c djf| 3 3
—4a+3b=8....... (1)

—dc+3d=-6.....(2)

Consider Ax,; = ArXo

Mgl

atb=5...... 3)
ctd=5....... (4)
Solving (1) and (3), we get
a=1&b=4.
Again Solving (2) and (4), we get
c=3&d=2
.. The required matrix is A = [a b}:{l 4}
c d| |3 2
36. Ans: (¢)

Sol: The characteristic equation is |A —Al| =0
> -4H2+4)=0

=1'=16
By Caley Hamilton's theorem, we have
A* =161
37. Ans: (d)
Sol: The characteristic equation is a matrix A
isAt =2
=1 -A=0
= AMA-1)=0
=A=0,1,-0.5+/3i
S A=0,1,-0.5%(0.866)i
38. Ans: (a)
Sol: Let the given vectors X; =[2, 2, 0],

X,=13,0,2]and X5=1[2,-2, 2]
Suppose X; =a X; +b X3
=[2,2,0]=2a[3,0,2]+b[2,-2, 2]

2=-2Db
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:10:
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From (i) and (i1), we get
a=0andb=-1

But, equation (iii) is not satisfied for these

values.
.~ The given vectors are linearly
independent

39.

Sol:

Ans: k#0
If the given vectors form a basis, then they

are linearly independent

kK 1 1
=10 1 1/#0
k 0 k
=K+k-k#0

k=0
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Calculus

(With Vector Calculus & Fouries Series)

Chapter Sir Isaac Newton G. W. Von Leibniz
(1643 —1727) (1646 — 1716)
01. Ans: (d) 03. Ans: (a)
Sol: By the definition of modulus function, X —sin x 0
Sol: Lt ———— — form
X, x>0 x>0 l—cos(x) 0
we have y = f(x) = |x| = . .
-x,x<0 Now, we have to evaluate it by using the
x| _x L-Hospital's rule.
LHL=Lt —= Lt — =Lt —-1=-1 :
x>0 X x>0 X X—0 t X—SlIl(X) = Lt 1_COS(X) 9 form
x| N x>01—cos(x) x—>00+sin(x) |0
RHL=Lt —=Lt —=Lt 1=1 () 04 si ()
X —>0" X x—>0 X x>0 N Lt X S\ x - + Sin (X
x—>0]— x =0
Here, LHL=-1#RHL=1 cos(x) cos(x)
x| . L 2osink) 0
.. Lt — does not exist x50 l—cos(x) 1
x—>0 X
02. Ans: (d) 04. Ans: (b)
Sol: By the definition of step function, we have Sol: It | secx — 1 =Lt 1 __ 1
NN l-sinx )] x>0l cosx 1-sinx
-1, -1<x<0 :
y:f(x):[x]: 0, 0<x<l ~ Lt l—smx—?osx Qform
I, 1<x<2 X_,g cosx(l—smx) 0
Now, [x] = 5, 5<x<6 =ty —c'osx+sinx
6, 6 <x <7 ™| —sinX —cos2x

LHL= Lt [X]=Lt65=5

X—6" X—

RHL= Lt [x]= Lt 6=6

x—6"

Here, LHL=5#RH.L=6

.. Lt [x] does not exist

X—6

(by L' Hospital's Rule)

= 0
05. Ans: (¢)
Sol: Lt (1+xz)efx = oo’ form

Let y= Lt (1+X2)eix — o’

X — 0

Then logy=Lt e 10g(1+x2) — 0.0

Issac Newton(most influential scientist) and Leibniz (universal genius) independently developed calculus which leads to
the development of differential and integral equations of mathematical physics



:12:
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o0
o0
By L-Hospitals rule, we have
! - 2X
= logy= Lt HX—X
X — 0 e
= logy =Lt 2x > 2z
8y X—>°°il+x2 iex o0
2 2
= logy=Lt ==
Y X—>f>°(1+xz)e"+eX (2x)
= log y=0
ny=e’=1=Lt (1+x2)e"X
06. Ans: (a)
1
n n 5 ' !
Sol: Lt (7"+5")= Lt 7(1+[7j ]
=7 [ Lt " =0, ]r]<1}
07. Ans: (a)
Sol: Lt sin2x +asinx b

x—0 X3

By L' Hospital's rule

Lt 200s2x+zacosx b
x>0 3x
=2+a=0 (" bis finite)

a=-2
By L' Hospital's rule,

¢ 2c082x —2C0SX

x—0 3x?2 b
Lt —4smn2x+2sinXx _}
x>0 6Xx

08.

Sol:

09.

Sol:

Again, by L' Hospital's rule

—8cos2x +2cosx

Lt b

x—0

= b=-1
a=-2&b=-1

Ans: (a)

If f(x) is continuous at x = 0, then
Lt0 f(x)=1(0)

1
= Lt 1—ij — £(0)
x>0\ 1 +x
B 1
- Lt (I—X)j — £(0)
x—0 =
_(1 ar X)x
e—l
= ~— = f(0)
(S
- f(0)=¢?
Ans: (a)
5, if x=3
Given f(x)=12x -1, if x>3
X7 i x<3
X+7
LHL=1Lt f(x)=Lt =5
x =37 x =3 2

RHL=Lt f(x)=Lt 2x-1=5

x =3 x =3

and also f(3) =5
Here, LH.L=5=R.H.L=13)=5
.. f(x) is continuous at x = 3

Hence, option (A) is correct.
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11.
Sol:

:13: Engineering Mathematics
Ans: (d) Consider £(x) = ax’+1  ,x<1
: Given f(x) = x> , x>0 O T e L ax b, x>
_ 2
=% ,x<0 f(17) = f(1*) (+ f(x) is continuous at x = 1)
LHD - 1 11O Sa+l=1+a+b
x—0" X — O
) S b=0
0 x=o0
0 x=0 e 12. Ans: (d)
RHD = Lt 1®)=f(0) Sol: Given f(x)=|x—4| on [0, 5]
x—0" X — O
2 i
- X% k-0
x=»0" X =0 x>0
Here, LHD = RHD for f(x) atx =0 ~
A
.. f(x) is differentiable once at x =0
B
Letgx)=f(x)=2x , x>0 /
=-2x , x<0 : ' | . | > X
Y o 1 2 3 4 5
Test for second derivative
LHD= Lt g(x)-g(0) _ L =2x=0__, From the above graph of the function
-0 x—0 e Ol y = f(x) = |x — 4], the given function f(x) is
RHD = Lt g(x)—g(0) _ Lt 2x-0 _ ) continuous from a point A to point B and the
X0 x=0 0 x=0 graph of the function f(x) has a sharp corner
Here, LHD # RHD for g(x)atx=0 atx=41in [0, 5].
= g(x) is not differentiable at x =0, -. The function f(x) = [x — 4| is continuous
i.e., f'(x) is not differentiable at x = 0 in [0, 5] but not differentiable in [0, 5].
.. f(x) is differentiable once at x = 0, but not Hence, option (D) is correct.
twice.
13. And: (b)
Ans: (¢) Sol: Let
Now, f'(x) =2ax, x < 1 , _ , 8
f'(x) = sin (x) + 2.sin (2x) + 3. sin (3x) — —= 0
=2x+a,x>1 L
Consider f'(1") =f(1") be the given equation.
( - since f(x) is differentiable at x = 1) Then,
2a=at2=a=2 f(x) = —c0s(x) — cos (2x) — cos(3x) — > (x) + k
T
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Here, if the function f(x) satisfies the all the Jce(02)5 ()= f(2)-1(0)
three conditions of the Rolle's theorem in 2-0
[a, b]. _ 1 _fO
Then, f '(x) = 0 has at least one real root in I+¢* 2
(a, b). " ce(0,2)
As cos(ax) is continuous & differentiable —~0<c<?
fL.lIlCtiOIl. and ag + a;x 1is continuous | & < <2
differentiable function for all x, the function 40P+l 4
f(x) 1s continuous and differentiable for all ' : .
= > >
* 140> 1+¢> 1427
Here, (i) f(x) is continuous on [O, E} — 1 < 1 < 1
2 142> 1+c¢>  1+0°
(i1) f(x) is differentiable on (0, Ej = 1 < v < !
2 5 2 1
2
(i) f(0) =~ 3 + k= f@ L E<t@<2 () 1) € (04.2)
.. By a Rolle's theorem, the given equation 16. Ans: (a)
has at least one root in (O, gj Sol: By Cauchy's mean value theorem
N f'(c) _ G- £
Hence, option (B) is correct. gr(c) 2(3)—g(l)
14. Ans: (d
(d) Nl
= 1 S
Sol: Here, the given function f(x) = x * is not 1
defined at x =0 in [-1, 1]. 3
= f(x) is neither continuous nor =43
differentiable in the interval [-1, +1].
.. Option (d) is correct.
15. Ans: (b)
Sol: Let f(x) be defined on
[a,b]=[0,2]> f'(x) = ! > VX
1+x 17. Ans: (¢)
Then by Lagrange’s mean value theorem, Sol: Let f(x) =logx & a=2
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18.
Sol:

19.

Sol:

20.

Sol:

Engineering Mathematics

Then the coefficient of (x—a)" in the Taylor
series expansion of f(x) about x = a is given
f(n)(a)

n!

by a, =

~. The coefficient of (x — 2)’ is given by
W= flll(z) B l i B L
o3 k), 24

Ans: (d)
Letx—m=t

Then x=m+t

Now sin x _sin(n+t) _ —sint
T X-T t t
-1 't
= —qt—-——+——.........
t 3t 5!
B t* t
mn - A ¢
2 4
_ o x-n)f (x=m)
1+ 3 m
Ans: (¢)
2 3
e _1+(x+x2) (x+x2) +(x+xz! .
1! 2! 3!
2
et =l+x+3i+zx3
2 6
Ans: (b)
3.3
Letuztanl( i(y 4j
X +y
X3y3

Then f(u) =tanu = ———;
X +y

21.

Sol:

22,

Sol:

23.

Sol:

Here, tan(u) is a homogeneous function of
degree 2.
By Euler's theorem, we have

ou f(u) _ 2( tanuj — sin2u

Xﬁ_x+yg_ f'(u) sec’ u

Ans: (¢)

Given u(x,y) = x" tan '(y/x) — y*tan ' (x/y)
Then, u(x, y) is a homogenous function of
degree 2

By Euler's theorem, we have

o’u o’u o’u
o[ Ou Ou |, of0u) _on
x( 2J+2xy( J+y( 2] (2-1u

=2u

Ans: (b)

Letu=yx’+y°+2° or v'=x’+y +7

Then, uy = 2x =X
u

2\/x2 +y*+2z°

= Uy = 5
u

2 2
u-y

3
u

2 2
u —z
3
u

Similarly, uy, = and ug, =

3u2—(x2 +y’ +zz)
3

Now, Uy + Uy T U, =

u
2
ol tUyy U= —
u
Ans: 2.718
Givenu=x¢’ z, wherey=1-x’
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Now, o=, M &y, €2
dx oOx oy dx 0z dx
—eyz+xeyz.[ —X J+xeysin2x
V1-x2
(d_yj =e=2.718
dx (0.1,1)
24. Ans: -1
Sol: Let f(x,y)=x"+y" =c

[ﬁ]
y-1 X
Thenﬂz— ox)_ _yx'T+y .10g§1/
dx (af] x¥ . logx +xy*

ay
(dlj -
dx (1,1)
25. Ans: (¢)
Sol: Givenu=sin(x*+y?) ....... (1)
a’x> + by +ch ... )

dy_dudx audy

Now, +
dx dxdx dydx

Differentiating (2) w.r.t ‘x’, we get

28.2X+2b2g=0

dx

dy -2a’x
d_ = 2b2 ....... (4)

X y

From (1) & (4), (3) becomes

du _ 2x.cos(x2 + yz). 1+2y<:os(x2 +y’ )[—Zazxj

dx 2b%y
.d_u_ 1—i 2xcos(x2+ 2)

R b2 . y

26. Ans: (b)

Sol: Given f'(x) = (x —2)* (x—1)
= f'(x)=(x2)" +2(x— 1) (x-2)
Consider f(x)=0
= x=1,2
Now, f"(1)=1>0 and f"(2)=0

.. f(x) has a minimum at t=1

27. Ans: 12

Sol: Given f(x)=23x> —7x*+5x + 6 in [0, 2]
=f(x)=9x"-14x+5 & f'(x)=18x— 14
Consider f'(x) = 0 for stationary points
= 9x*—14x+5=0

=x-1)%9x-5)=0
5 . .
Lx=1, g are stationary points

Atx=1,f"(1)=18-14=4>0

= Local minimum exists at x = 1

Atx=§,f“ > =18 > -14=-4<0
9 9 9

. . 5
= Local maximum exists at x = 3

Now, f(0)=6, f(2)=12 and f@j:7.13
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:i‘\ ’,E:Engineering Publications 117 : Engineering Mathematics
o, The maximum value of f(x) in Consider x; = X;
[0, 2]= max {f(O),f(Z),f(éJ} =2a=a’
9 =>a=0 or2
=max {6, 12, 7.13} =12 Clearly f has a local maximum at x =2 and a
local minimum at x = 4
28. Ans: (¢) Ca=2(a>0)
Sol: Giveny=alog |x|+ bx’+x
- ﬂ:a'i.ﬂ_kﬂ,)“_l 30. Ans:5S
dx x| x Sol: z=o’+p*=(a+p) —2ap
ﬂ_a+bx2+x =a’—2a+6
dx  x =(a-1’+525
Consider _ﬂ_ ~0 ~.zi1s leastiffa=1
Ldx least value of z=[z].-; =5
=—-a-2b+1=0....... (1)
' (dy] 31. Ans: (b)
Consider dx h 4 Sol: Given f(x,y)=xy +x—y
- Sfi=y+] & f=x-1
= —+4b+1=0 .............. (2) Consider fy=y+1=0 and f,=x-1=0
solving (1) & (2), we have =x=1y=-1
a=2 b= -1 .. P(1,-1) is a stationary point
2 Here,r=f=0,s=f,=1,t=1,=0
Now, t-s°=-1<0
29. Ans: 2 .. P(1,-1) is a saddle point
Sol: Given f(x) =2x’ — 9ax” + 12a’x+ 1,a >0
= f'(x) = 6x* — 18ax + 12a’x 32. Ans: (a)
and f"(x)=12x—18a Sol: Given f(x,y)=2(x*-y*) - x" +y*
Consider f(x) =0 = x =a or 2a are Consider fy =4x —4x’ =0
stationary points. =x=0,1,-1
Now, f"(a) =—6a <0 Consider fy, =4y + 4y’ =0
and f"(2a)=6a>0 =y=0,1,-1
Ifx;=a then x,=2a Now, r=fiy =4 — 12x%, s = fi;, = 0
and t=f,=—4+12y°

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




:18: Postal Coaching Solutions

At (0,1), we haver>0 and (rt — sz) >0 [(5.3.1)(3.1)} T
= ’TC —_—

.. f(x, y) has minimum at (0,1) 10.8.6.4.2 | 2

At (-1, 0), we have r < 0 and (1t — s%) >0 32

~. f(x, y) has a maximum at (~1, 0) " 512
33. Ans:4 36. Ans: 0.523

27 .
Sol: [ |xsin x| dx =kr Sol: We have, L" f(x) dx = f f(a+b—x)dx
= J.On xsinx dx +I2n (—xsin x)dx =kn Here, f(x) = 1 ~ cos’x

l+tan*x  cos'x +sin’x
= [x(~cosx)+sinx [} —[-xcosx +sinx " = kn

.4
= n—[3n]=kn Now, f(a+ b —X):f(ﬁ - Xj = '4s1n—x4
2 sin” X +cos " x
k=4
S B cos * x
Letl= |”f(x)dx = |? —————dx
34. Ans: 39 -[1’; (x) J‘f; cos*x +sin*x
10
Sol: L [x] dx again
[ BJax+ [ [xldx+os [ [x]d 1= 2 fasbox) dx =[5 __sin'x
= X |[dx X[dx +........ X | dx = = = [z __ S0 X
4 5 9 J.% P R If; sin* x + cos”* x dx
=r4 dx +.[6 S5dx + +_[10 9dx ddi
A , PUX+a.-Q 5 adding
=4+5+..+9 = ?dx:ﬂ
=39 o 12
T
35. Ans: (a) s o= 5
Sol: Let f(x) = sin®(x). cos(x)
Then, f(r — x) = [sin(r — x)]°. [cos(n — x)]4 37. Ans: (a)
= f(n — x) = (sin(x))° (- cos(x))" 0 L
[ B o le"+e
s f(n—x) = (Sil’lX)6 (COSX)4 = f(x) Sol: .[sm hxdx = |COShX|_OO =
I x.sin’(x).cos*(x) dx:EIsin6(x).cos4(x) dx 2 (e +e”
° 2 2
T g 6 4 e”
=—|2.|si . d =1-0——=-w
5 }[sm (x)cos (x) X 5
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41. Ans: (a)
3 2
Sol: Given = _[(lJr—IX)Z dx
1 X~
V1+x®
Let f( ):W, f(X)—)OO asx > 1
1
Let g( )_ (X _1)2
=0 /
Lt f(x) =Lt 1+XZ ><(x—1)2 =2
x—1 g(x) x—l (X — 1)
39. Ans: (a) 3
1
But |-——= is known to be divergent.
Sol: lld—f =2 Old—)zi (- Lz 1s even function) '!(X — 1)2
-Ix X X
©dx 1 .. By comparison test, the given integral also
= ZXI;S+ ey (since = is not defined at x = 0) divergent.
1
= 2(__1j =2{(=1) - (~0)} 42. Ans: (a)
Ny Sol: Given 1= [ 2214
= oo (Divergent) S ! 2-x [
3
40. Ans: (d) Let flx) = 21

Sol: Gamma function is I'n :J‘e*t " dt
0

Now J’t‘”. etdt=[et .t dt
0

O —y 2

:]l'et kg
et dt
r-4)

=2 .Jn
—2\/E&r%=\/5)

Il
S 3y 2

o)

2 x

f(x)—>oo anx — 2

SRR, lef

f(x) x’ +1 .
Lt —<= Lt x V2 —x | =9finite
x—2 g(x) x—2 [,/2_)( ]

2
But I g(x) dx is known to be convergent
1

.. By comparison test, the given integral also

convergent.
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43. Ans: (d)

Sol: Givenl= I ¢

1

—X

€
X2

Let f(x) =
1

Choose g(x) = —

X

0 o0

J.g(x)dx jiz dx=-1 is known to be
1

| X

convergent.

. By comparison test, the given integral

also convergent.

44. Ans:1
1 2 1 2
Sol: I jxy dxdy:( jx de.[Jy. dyJ
x=0 x=0 x=0 y=0
(k%)
2 0 2 0
(o) (£-2)-
2 2 2
45. Ans: (¢)
Ly 1]y
Sol: '[ jy dx dy:_[ J‘y dx | dy
0 0 y=0| x=0
I 2
= [y dy
y=0
1
= [yly*-0dy
y=0

)

46. Ans: (¢)

Sol: L’; jj”"sersme dr do

= P 2acos0
S o T
[ sin 0| —

2 0

= J? sin® 2a* cos*0 do

do

= 2a° Lotz dt PutcosO=t

2

= 24> thz dt =

47. Ans: 0.1143

Sol: J:)IJ;IZ J.OI_XX dz dx dy

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




:21:

Engineering Mathematics

48. Ans: 0.0536

Sol: ” (xzy +xy° )dxdy

S
|'1

J:: (x2 y+ xy2 )dy

S Es

_ I{T( ) X )} i

~ 0.054

N—
><N il
+
v
7\
w |"<w
><N tad
1
o
5=

49. Ans: 32
Sol: The volume = ”z dx dy
R

50. Ans: (¢)

Sol: j. j.d)(x,y) dydx
0 Yax

By changing the order of integration the

y2

above integral becomesj J. ¢(x,y) dydx

0 0

Now,

qs

oty axay = |

pr

[ ax.y) dyax

0

S1.

Sol:

52.

Sol:

53.

Sol:

Ans: (a)
The area of the region R bounded by the
curves y =x’ & y = Jx is given by

e 32 4) 12

% y=x'

an
R

(0.0) o
Ans: (d)

_r dy Y
Length = IO 1+(d—xj dx

= [ Vex dx
= %[(lﬂ;);T _ 14

0o 3
Ans: 25.12
— 4 2
Volume = J; ny” dx

= J-: X dx

= 8 cubic units
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Ans: 1.88

1
Sol: Volume = J.O n x> dy

5S.

2
— 3 ~
nJ.Oy dy ~ 1.88

Ans: (a)

Sol: T=xy +yz+zx

56.

Sol:

=VT= i(y+z)+j(x+z)+£(x+y)
at(1,1,1), VT = 2i+2j+2k
Given a =3i —4k

) . w a
.. Directional Derivative = VT. —

Y
(31 —4k)

VI+16

= (21 +2j+2k)

Ans: (b)

f(x,y,2)=x"+y +27°
V= 2xi+2yj+4zk

at (1,1,2), Vf= 21 +2j+8k

Given a = Vf
Directional Derivative = VT, %
e %
= |Vf|=4+4+64
-7

= 2418

57.

Sol:

58.

Sol:

59.

Sol:

60.

Sol:

Ans: (a)
The Directional Derivative is maximum in
the direction of V¢
Given ¢(x, y, z) = X'y’z"
= Vo = (2xy’z") i+ (2x%yz") j+ (4x’y*z’) k
At (3, 1,-2), Vo= 961+ 288 ]— 288k

= 96(i +3j - 3k)

Ans: (b)
f_of (of, of
ox oy 0z

=e*+e*+2sin hx

Div

Ans: (a)

I
Q) ==l

0

Ans: (b)

Given V = (x2 + yz)i + (y2 + zx)j' + (22 + xy) Kk
Div V =2x+2y+2z#0

= V is not divergence free

|Q);..I
» =

i

0

1)'¢ oy 0z
xX*+yz y +zx Z°+Xxy

Curl V =

= i[x—x]-jly-y]+k[z-z]=0
— V is irrotational

.. Option (b) is correct
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61. Ans: (¢)

Sol: Given f=x*+y*+2°, T =

Xi+yj+3k
= T =fxi+fyj+fzk

div (ff)=6%(fx)+%(fy)+%(fz)

= [x.(2x)+ f]+ [y.(2y)+ f1+ [Z.(Zy)+ f]
=2(x* +y* + 2 + 3f=5f

62. Ans: (b)

B
Sol: L.I = [fdr= [(f, dx +f, dy +f, dz)
C A

(4,1,-1)
= [l@2)dx+@2y)dy +(2x)dx]

0,2,1)

(4,1,-1)
= [[2z dx +2x dz)+(2y)dy]

0,2,1)

(4,1,-1)

= I[2(z dx +xdx)+ (2y)dy]

(0,2,1)

(4,1,-1)

= I[Z d(xz) +2y dy]

0,2,1)

NCAE))
I(Z(XZ) + ZY—J
2 (0,2,1)
=[2(4) D)+ (1)’]1-[2) (0) (1) + ()]
=-11
63. Ans: 202
Sol: Given F = (2xy+z )1 +x’j+3xz2°k
i ik
Curl F = 9 KA
0x oy 0z
2xy+7z° x° 3xz’

= i[0-0]- 32> -32* |+ k[2x —2x]=0

64.

Sol:

= F is irrotational

= Work done by F is independent of path

of curve
=F =V
where ¢(X, y, z) is scalar potential
= (2xy+z3)i+xzj+3xzzﬁ——¢1 +@ + 8¢k
ox oy oz

= d¢ = (2xy + 2°) dx + x> dy + 3xz>dz
= [do =I(2xy+z3)dx +x*dy+3xz* dz

= [do= J- d(x2y+xz3)

= (X, y, 2) =Xy +x2°
». Workdone = [F.df = ¢(3,1,4)-0(1,-2,1)
C

= [9(1)+3(64)] - [1(=2) + 1(1)]
=202

Ans: (d)

(2.4)
y=2X

0,0)7 2.0) " X

By Green's Theorem,

c R oy
where M=x +y, N=x’and
N _M_, 4
ox Oy

The given integral= J.z . rxo (2x - 1) dy dx
x=0 Jy=
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65. Ans: (¢)

Sol: By Green's Theorem, we have

C R LOx Oy
Here, M=2x—-y and N=x+3y
aN_am
ox 0Oy v
(0, 1)
(-2,0) 2.0)

(03 _1)

The given integral = H 2 dx dy
R

= 2 Area of the given ellipse

=2(m.2.1)=4n
66. Ans: 0
Sol: Given A =V
= Curl A=0

— A is Irrotational

~.Line integral of Irrotational

function along a closed curve is zero

vector

2 2

ie. J.K.dfzo, where C: 2+ Y —1 isa
% 4 9
closed curve.

67. Ans: (b)

Sol: Using Gauss-Divergence Theorem,

jj.ﬁ ds = jv div F dv
- jv3 dv=3V
= 3X£TEI‘3

3

= 4n(4)’
=256m

68. Ans: 264
Sol: Using Gauss-Divergence Theorem,

ny dy dz + yz dzdx + zx dxdy = .”J.v div F dv
S

= J.”(y+z+x) dv

I Ijo [ (c+y+2) dzdydx

Jj:o Ilo [4X + 4y + 8] dy dz

4
= [ [12x+18+24]dx

=264
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69. Ans: 0
Sol: By Stokes' theorem, we have

[Fdr = [[ (VxF).7 ds

i j ok
Here, V x F = i i iz@
ox 0Oy 0z
et 2y -1
= F is an irrotational
3 j F.dr=0
70. Ans: (d)
i j k
Sol: Curl F = 2, K 9
X oy 0z

2xy-y -yz' -yz
= i[-2yz+2yz]- j[0]+ k[0 +1]
= Curl F=k
Using Stokes' theorem,
J.Fdf = Icurl FNds= J.EN ds
c s S

Let R be the protection of s on xy plane

dxdy

:jkNds—ﬁ kN|Nk|

= “1 dxdy
R

= Area of Region

=n’=n(l)Y=n

71.

Sol:

72.

Sol:

73.

Sol:

Ans: (d)
The function f(x) = x.sin x is even function

. The fourier series of f(x) contain only
cosine terms.

The coefficient of sin 2x =0

Ans: (b)

Let f(x) = (n—x)
4
The fourier series of f(x) in (0, 27) is

f(x)——+z {a oS nx)+b s1n(nx)}

1 27
Now, a, = —j f(x) dx
TC 0

T 0 4
27
_ l (n—x)3
n| -—-12
0
- Al TR
127
_
12n 6
a, m
. The constant term = —% = —
2 12

Ans: (b)
The given function is odd in (-, 7)
". Fourier series of f(x) contains only sine

terms.
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- %[(nx—xz)(— cosx)— (m—2x)(~sin x) + (- 2)005){]3
_8
T
Atx = n
2 76. Ans: (b)
K ! Sol: f(x) = (x— 1)’
k=—|1-—+———+... | o
T [ 57 } The Half range cosine series is

n f(x) = ﬁJri“an cos (nmx)
5 7 4 2 n=1

an = ZJ‘” (x 1)’ cos (nnx) dx
75. Ans: (¢) T

. _ 2 ; . 1
Sol: f(x)=mnx—x — 2{(X 1y ( sin nnxj +2(x—1). cos2 mzcx s sm}matx}
Y T nm n’n n'n’ |
f(x) = nzz;bn sin nx 4
n’n’

b, = %J.Oﬂ(nx—xz) sin nx dx

b; = %J.On [(nx - Xz)sin x] dx
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3 Probability & Statistics

Chapter

01. P(D) = B_5

Sol: A die is rolled two times. Then sample space 36 12
Sis

S={(L,1)(1,2)...... (1,6)
2,1)2,2)...... (2,6)
(6,1)(6,2).......(6,6)}
S=36
(1) Let A = same face appear
=6 —> {(1,1)(2,2) (3,3) (4,4) (5,5) (6,6)}
6 1
RRETI
(i1) Let B = sum of neither 8 nor 9

B =sumis 8 or 9
{2,6) (3,5) (44) (5,3) (6,2)
(3,6) (4,5) (5,4) (6,3)}

=9

= 9 3
P(B)=1-P(B)=1-—-="

(i11) Let C = sum is either 7 or 11
= {(1,6) 2,5) 3.4 43) (5.2

(6,1) (5,6) (6,5)}
=38
8 2
AT

(iv) Let D = the second toss results in a
value that is higher than first toss

D = {(1,2) (1,3) (1,4) (1,5) (1,6)
(2,3) (2,4) (2,5) (2,6) (3.4) (3,5) (3,6) (4,5)
(4,6) (5,6)} =15

02.
Sol: As given four fair six sided dice are rolled
So sample space S = 6
=36x36
= 1296
(1) Let A =sum is 22
A = {(5,5,6,6)
(5,6,5,6)
(6,5,5,6)
(6,5,6,5)
(6,6,5,5)
(5,6,6,5)
(6,6,6,6)
(6,6,4,6)
(6,4,6,6)
(4,6,6,6)}
A=10
10
P(A)= 9%
(i1)) Let B=sum is 21
(6,6,6,3) — 4 combinations
(5,5,5,6) — 4 combinations
(6,6,5,6) —> 6 combinations
(5,6,5,6) — 6 combinations
So total combinations to get sum 21 is 20
20 20

P(B) = =
36x36 1296

Calyampudi Radhakrishna Rao, FRS known as C R Rao (born 10 September 1920) is an Indian-born, mathematician and statistician.
The American Statistical Association has described him as "a living legend whose work has influenced not just statistics, but has had far
reaching implications for fields as varied as economics, genetics, anthropology, geology, national planning, demography, biometry, and

medicine.
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v :128: Postal Coaching Solutions
03. Ans: (¢
© 3 = l[L} (.~ sum of infinite terms
Sol: Total cases =6 =216 ARESS
Let x = Number of dice show same face of geometric series)
P(x>2)=P(x=2)+P(x=3) 1
wherea=1,r=—
_C,x6x5 6 3
216 216 I
_ 9% _r
216 20,1
. 3
_4 '
’ _1L
21 2
04. Ans: (¢) 3
Sol: H = event of getting head <,
T = event of getting tail 4
X = event of getting 5 or 6 05

X = event of getting number except 5 or 6

P(H) :%
P(T) :%
P(X) =§

Let Y = event of gets head before gets 5 or 6

on the die

P(Y) = P(H)+ P(T) P(X) P(H) + P(T) P(X) P(T)P(X )P(H) +

=P(H)(1+P(T) P(X) + P(T)P(X)P(T) +...

P(Y):l 1+lxz+lxgxlxz+ .....
2 2 3 2 3 23

)

Sol: Urn contains 12 Red, 16 Blue & 18 Green

balls
(1) Let A = 3 red, 2 blue and 2 green balls
are withdrawn
C132 % C126 % C128
C—;‘é
(11) Let C = atleast 2 red balls are withdrawn
8 5ol xci)s (e
+(C2 <)+ (C2x i)+ P
C46
)
(ii1) Let D = all withdrawn balls are of the
same colour
P +Cle 4l
C46
]
(iv) Let E = either exactly 3 red balls or

P(A)=

P(C) =

P(D)=

exactly 3 blue balls are withdrawn
(¢ xC)efey xc)

P(E) = o
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o

06. Ans: (a)
Sol: Urn contains 5 red and 7 green balls
P(R;) = Probability of getting red ball in

first draw

5

12

P(R,) = Probability of getting red ball in

second draw (extra red ball added) = %

P(G,) = Probability of getting green ball in

first draw
_ 7
12 — (60)°
P(R3) = Probability of getting red ball in P(A)=1-P(A)=1- (100’7
second draw (extra green ball added)
. 36 _64 16
=— 100 100 25
13

The probability of getting a red ball in the 08. Ans: (d)

next draw Sol: p = Probability of birthday on Sunday
=[P(R1) x P(R2)] + [P(G1) x P(R3)] 1
[5 6} [7 5} i
=] —X—|4+| —X—
1213 1213 q = Probability of birthday on any day
_30+35 _ 65 except Sunday
12x13 156 6
7
07. Ans: (a) Then probability in a family of 5 members,
Sol: Let A = The cow is atleast 60m away from exactly 2 members have birthday on Sunday
the pole =Cplq
A = The cow is 60m away from the pole 16
=C|=||=
2(7] (7)
5! 1 6
= X—X—
ax2 7t 7
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09.
Sol: Two cards are drawn from a pack of 52

cards

(i) Let A = Two cards drawn from pack of
52 cards, both of them from same suit.
In a pack of 52 cards there are 4 suits —
clubs, diamonds, hears and spades.
Each suit contains 13 cards

C) +Cy+Cy +CY

Cy

So, P(A) =

_4xCY
&
4x13!x50!x2!
T 11x2!x52!
4x13%x12
~ 52x51
4
17
(i1) Let B = Two cards drawn from a pack of
52 cards both of them from different

suits.

[ (Club, Diamonds)
(Club, Heart)
(Club, Spade)
(Club, Heart)
(Diamond, Heart)
(Diamond, Spade)
(Heart , Spade) |

(Clx )+ (ClxCl )+ (CP <P )+ (cE xCl)
+(CP ek )+ (i xch)

P(B) = oo
2
_ 6x13x13x50x2!
52!
_ 6x13x13x2
52x51
N
17
10.
Sol: A card is selected at random from a pack of
52 cards then

Sample space S = 52
(1) A part of 52 cards contains 13 spade
cards and 16 face cards
A = A spade card selected from pack of

52 cards
B = A face card selected from pack of
52 cards
13 12
P(A)=— ,P(B)=—
(A) 5 T ) =

In a pack of 52 cards 4 cards are common

means 4 spade cards are face cards.

HAmm:%-

P(A U B) = probability of selected card
is spade or face
=P(A) + P(B) — P(AnB)
B2 3 »

52 52 52 52
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Probability

R = A red card selected from 52 cards
26
P(R)=—
(R) 52
2
PI(KNR)=—
(KnR)=2
P(K UR)=P(K)+P(R)-P(KNR)

4 26 2

T2 52 52
28 7
5213
(ii1) Q = A queen card selected from a
52 cards

P(Q) = ;12

4
P(QK) =0
P(QUK) = P(Q) + P(K) — P(QMK)
4.4 5.8 _2

252 52 13

11. Ans: (a)
Sol: A = Integers divisible by 6 =33 (6 to 198)
B = Integers divisible by 8 = 25 (8 to 200)
C = Integers divisible by both 6 and 8
= Integers divisible by 24 (LCM of 6 and
8)
=8 (2410 192)
So, probability that the number divisible by
6 or8
=P(A) + P(B) — P(AnB)

= P(A) + P(B) - P(C)

33 N 25 8
200 200 200
_30_1
200 4
12. Ans: (b)

Sol: S =sample space of ticket number
={(0,0) (0,1)........ (9,9)}
X = sum of digits on tickets =9
= 1(0,9) (1,8) (2,7) (3,6) (4,5) (5.4) (6,3)
(7,2) (8,1) (9,0)}
Y = product of the digits on the tickets =0
= {(0,0) (0,1) (0,2) (0,3) (0,4) (0,5) (0,6)
(0,7) (0,8) (0,9) (1,0) (2,0) (3,0) (4,0)
(5,0) (6,0) (7,0) (8,0) (9,0) }

10 19 2
P(X)=— P(Y)=— PXNY)=—
C0=T0s P10 M AT
P(X:9/y:0):P(XmY): 2/100 _ 2.

P(Y) 19/100 19

13. Ans: (b)

Sol: S = sample space of a die thrown three times
=(6)’=6x6x6=216
Let A = sum of the numbers found to be 16

= {(6,6,4)
(6,4,6)
(4,6,6)
(6,5,5)
(5,6,5)
(5,5,6)}

6
P(A)=——
M=716
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Postal Coaching Solutions

Let B =5 appears on the third row
=36

36
P(B)=—"—-
®)=316

AMB = {(6,5,5)
(5,6,5)}

2

P(B/A):P(E(—:;)A)

2/216
6/216

2.9
6 3
14. Ans: (d)
Sol: P(A)= 80 =0.8
100
60

P(B)=——=0.6
®) 100

P(A)=1-P(A)=0.2
P(B)=1-P(B)=0.4
The probability that atleast one of them will
solve a problem

= 1 — probability that no one will solve
problem

=1~ [p(a) ()

=1-10.2 x0.4]

=1-(0.08)

=0.92

15. Ans: 0.4
Sol: Given P(A U B)=0.64 and
P(ANB)=0.16

Now, P(A U B) =0.64
P(A)+P(B)—P(A N B)=0.64
P(A)+P(B)—-0.16 =0.64
P(A)+P(B)=0.80......... (1)
P(A n B)=P(A) P(B)

(.~ A & B are independent events)
0.16 = P(A) P(B)
0.16
P(B)_m
0.16

(1) = P(A) + Pa) 0.80

— (P(A))* + 0.16 = 0.80 P(A)

= (P(A))* - 0.80 P(A) + 0.16 =0

= [P(A) - (0.49)]*=0
L P(A)=04

16.
Sol: B; = sum of the outcomes is 12
B, = sum of the outcomes is 7
B3 = sum of the outcomes is neither 7 nor
12
A = Lunch offered at a five star hotel

P(Bl):_
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(i) P(A)=P(B:) P(A[B1) + P(By) P(A[By) 1 2
=103x—[+]| 0.1x—
+ P(Bs) P(A[B3) 3 3
=(ixgj+(£xlj+(§xl) _03+02 _05_1_ 41667
36 3 36 2 36 3 3 3 6
10 (i) P(A/B) = Probability that the system is
27 overloaded given that your call is
(i) blocked.
P(B,)P(A |B
PB1A)=35 PA(BI) (P|B1)PA B P(A/B) = PB/A)PA)
+P(B;)P(A|B;) |
03x§
2.1 N 1 2
_3 36 [0.3x)+[0.1xj
27 R 3
1 03402
20
~92 06
0.5
17.
Sol: Let A = event of cell in a wireless system 18.
overloaded.

Sol: First we draw venn diagram:

A =event of cell in a wireless system is
not overloaded. physics

B = event of call is blocked
P(A) =1
3

o O/

P(A)=1-3=7 v
maths

P(B/A) = 0.3 choiy

P(B/A)=0.1

(i) P(B) = Probability that your call
is blocked 40 students failed in mathematics

N\ — 40=c+e+f+i....... (1)
P(B)=P(B/A) P(A)+P(B/A)P(A)
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5 failed in mathematics, physics and
chemistry
S5=1........ (7

By using equation (6) & (7) > f=5
By using equation (5§) -> d =10
By using equation (4) > e =15
By using f, d, e and 1 value we find a,b,c
value as
a=30— (dt+et+i)
=30—(10+15+5)
a=0
b =25 — (d+f+i)
=25—(10+5+5)
b=>5
c =40 — (etfHi)
=40 — (15+5+5)
c=15
(1) Number of students passed in all three
subjects is
=100 — [atbtct+d+etf+i]
=100 — [0+5+15+10+15+5+5]
=100 —[55]
=45

The probability that he passed in all three
subjects
45

=100~

(i1) The number of students failed in atmost

0.45

one subjects is
=45+a+b+c
=45+0+5+15=65
The probability that the a selected students

failed in atmost one subject = 65 =0.65

(ii1) Number of students failed exactly one
subject
=atb+tc
=0+5+15
=20

Probability of a student selected at random

failed in exactly one subject = 127% =0.2

(iv) Number of students failed in exactly the
subjects
=d+e+f
=10+15+5
=30

Probability of a student selected at random

failed exactly two subjects = 13700 =0.3

(v) Number of students failed in atleast two
subjects
=d+e+f+1
=10+15+5+5
=35
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19.
Sol:

20.

Sol:

:35:

Probability of a student selected at random
failed in atleast two subjects = 3 =0.35

(vi) The number of students failed in atmost
two subjects
=(d+etf+(@a+b+c)+45
=30+20+45
=95

Probability of a student selected at random

failed in atmost two subjects = 2 =0.95

Ans: 0 and 0.4

Here f (x) is an even function
E(X)= [x.f(x)dx=0
(- x f(x) is an odd function)

E(X*)= sz f(x)dx

0 1
=[x’ (1+x)dx+jx2(l+x)dX:%
-1 0

Variance of X =E (Xz) —(E (X))2 :%

Standard deviation =

1
J6
(i) EX)= ZXi f(x;)

= X1 f(X]) + X2 f(Xz) + X3 f(Xg)
+ x4 f(xa)

= (1x0.3) + (2x0.4) + (3x0.2)
+ (4x0.1)

=21

Probability
(ii) var (x) = E(x*) — (B(x))’
E(X?)= ixf f(x;)
= 1(11><0.3) + (4x0.4) + (9x0.2)
+(16x0.1)

=03+16+1.8+1.6=53
Var(x) = E(x%) — (E(x))°

=53—(2.1)
=0.89
21. Ans: 150
Sol: P(H) = Probability of 1 head occur
1
2
P(T) = Probability of 1 tail occur
1
2

Probability of three heads occur

(1Y (1) _1
PBH)_C{z) @ 8

Probability of two heads occur
2 1
pH) = L] <[ L] 23x i L3
2 2 4 2 8

Probability of one head occur

1 2
P(1H) = cf(%] x(%j =3><%:§

Probability of no head occur

1Y (1Y
P(OH):CO(EJ x(zj

1
8
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Expected value of game
= [500xP(3H)] + [300xP(2H)]
+ [100xP(1H)] + [-500xP(0H)]

:(500x1j+[300x§j+(100x§j—(500x1j
8 8 8 8

_500+900+300-500
8

1200
8
=150

22. Ans: (d)

Sol: f(x)=e™ 0<x<w

2
The probability of f(x) = [f(x) dx
0

2
=Ie"‘ dx
0

23.
Sol: (i) We know > > P(x,y)=1
X y
3k + 6k + 9k + 5k + 8k + 11k + 7k

+ 10k + 13k =1
72k =1

k=—
72

=1,

(i) P(X<1)= k:%(x )

=0.k=1
=P(x0 y1) + P(X0 y2) + P(x0 y3) + P(x1 y1)
+P(x1y2) + P(x1y3)
=3k + 6k + 9k + 5k + 8k + 11k
=42k
1 7

=42x— =—
72 12

—.

j=2.k=2
(iii) P(Y <2)= P(X jyk)
=0.k=1
=P(xo y1) + P(x0 y2) + P(x1 y1)
+P(x1 y2) + P(x2 y1) + P(x2 y2)
=3k + 6k + 5k + 8k + 7k + 10k
=39k
=39 x L
72
E
24

j=2,k=3

(iv) z P(xjyk )

j=1k=1

=P(x1 y1) + P(x1 y2) + P(x1 y3) + P(x2 y1)

+P(X2 y2) +P(X2 Y3)
=5k+8k+ 11k + 7k + 10k + 13k
= 54k
:54><L:§
72 4

24,

Sol: (i) P(x>%): j j(x+y) dx dy

y=0 x=1/2
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(iii)

(0,1)
x+y=1

(0,0) (1,0)

In the given figure, we have indicated the

square region 0 < x < 1, 0 <y < 1, within

which the joint density function shown.

The required probability

P(x>1/2)=P(12 <x<1,0<y<1) PX+Y <D =] [feuy) dx dy
1 1/2 1 R
(11) P(y<—j= (x+y)dx dy L (-y)
2 YIOX!/Z = [ [ex+y)dxdy
y=0 x=0
ff5n] i
= —+yx| dy= (—erde L (42 -y
YJ:O 2 x=0 o2 :I 7+yx dy
y=0 x=0
|:1 y2j|1/2 3
= —y—|—— = — | 1_ 5
L - (Y ey gy
y=0 2
y:1 1 1 1
_=y’) ¥y =Y
-6 |, 2|, 3|
_(0-1 l_'_—l
-6 2 3
1 1 1 1
P(y<12)=P0<x<1,0<y<1/2) :E+§+_§:§

P(X+YS1)=§
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26.

Sol:

Postal Coaching Solutions

Ans: (b)
: Let A = Event of getting a total of 7 atleast

once in three tosses of a pair of fair dice.

The probability of getting total of 7 is

6 1
PB)=—=—
®) 36 6
The probability of not getting total of 7 is
= 1 5
PB)=1-—==
(B)=1-==7

P(A) = 1 — probability of not getting a seven

three times in a row

(5
P(A) =1 [J

_, 125
216
91
P(A)=—
(A) 216
Ans: (b)

If the person is one step away, then we have
two cases:
Casel: 6 forward steps and 5 backward
(or)

Case2: 6 backward steps and 5 forward.
Required Probability

= C(11,6)(0.4)° + C(11,5)(0.6)° (0.4)°

= C(11,5) (0.4)’ (0.6)° (0.4 +0.6)

=462 x (0.24)°

27.

Sol:

28.

Sol:

Ans: (b)

Probability of getting head is p =

N | —

Probability of getting tail is q = %
The probability of getting sixth head at the

eleventh toss is given by
L~ (1Y (1Y _ "cC,
2 2)\2 2

In case of poisson’s distribution

X _—A
P(X = x)= ¢
x!
A =240 Yo 39
hr 3600
A=2

(1) Probability of one vehicle arriving over a
30 second time interval

1 -2
:(2)1—|e:2e2 ~0.27

(i1) Probability of atleast one vehicle
arriving over a 30 sec time interval
= | — [probability of no vehicle arriving

over a 30 sec interval]

—A 0 -2
A e 208647
01 1

(iii) probability of more than two vehicles

arriving over a 30 sec time interval

=1-(P(0) = P(1))

e M e e
:1—{ + + }
0! 1! 2!

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




Probability
—1—e{1+k+k—2J P(1 misprint) = f(1; (?.6)06
? 8™ _ 6 (0.549)
=1-¢? (1+242) It
=1-5¢” =0.329
=0.3233 Required probability
= 1-(0.549 + 0.329)
29. Ans: 0.0046 —0.122

Sol: n= 1000, p=10.0001
A=np=0.1
Let x = Number of accidents occur in a
week.
p(x=22)=1-p(x<2)
=1 {p(x=0)+p(x=1)}

Ve Ae™
0! 1!

=1- ™ +01e"}

=1-1.1e%
=0.0046 (approx)
30. Ans: 0.122

Sol: We view the number of misprints on one
page as the number of successes in a

sequence of Bernoulli trials. Here n = 300

since there are 300 misprints, and p = <0k

the probability that a misprint appears on a
given page. Since p is small, we use the
Poisson approximation to the binomial

distribution with A =np = 0.6.

We have
P(Omisprint) = f(0; 0.6)
0 0.6
= —(0'6)0 S e =0549

31. Ans: 0.2
Sol: The area under normal curve is 1 and the

curve is symmetric about mean.

70.3:03 !

80 100 120

-~ P(100 < X < 120) = P(80 < X < 120) = 0.3
Now, P(X < 80) = 0.5 — P(80 < X < 120)

=0.5-03=0.2
32.
Sol: The parameters of normal distribution are
p=68 and o =3
Let X = weight of student in kgs
Standard normal variable = Z = X-u
c

(i) When X =72, we have Z = 1.33
Required probability = P(X > 72)
= Area under the normal curve to the right
of Z=1.33
= 0.5 — (Area under the normal
curve between Z =0 and Z = 1.33)
=0.5-0.4082
=0.0918

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad
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Expected number of students who weigh
greater than 72 kgs =300 x 0.0918
=28
(ii) When X = 64, we have Z =-1.33
Required probability = P(X < 64)
= Area under the normal curve to the
leftof Z=-1.33
= 0.5 — (Area under the normal curve
between Z =0 and Z = 1.33)
(By symmetry of normal curve)
=0.5-0.4082
=0.0918
Expected number of students who
weigh less than 68 kgs =300 x 0.0918
=28
(iii) When X =65, we have Z =1
When X =71, we have Z = +1
Required probability = P(65< X < 71)
= Area under the normal curve
to the leftof Z=-1 and
Z=+1
=0.6826
(By Property of normal curve)
Expected number of students who

weighs between 65 and 71 kgs

=300 x 0.6826
~ 205
33. Ans: 0.8051
Sol: The probability of population has

Alzheimer's disease is
p=0.04,q=10.96,n=3500
u=np = (3500) (0.04) = 140

o” = npq = (3500) (0.04) (0.96)
o’ =1344,6=11.59
Let X =
Alzheimer's disease
X—p _150- uj
(¢} (¢}

number of people having

P(X <156)= P(

_plz< 150 -140
11.59

= P(Z < 0.86)

Z2=0 Z=0.86

= (0.5 + Area betweenz=0 & z=0.86
=0.5+0.3051
=0.8051

34.
Sol: (i) E(x) =[x f(x)dx

1

f(x)=—=1

¢S
21

B="] =1
2| 2

(i1) E(x2)=j.x2 f(x)dx

0

1 1

:—:1
b-a 1-0

1

f(x)=

3

E(xz) = X?

W | —

0
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35. Ans: (d)
Sol: If point chosen is (0,0) then length of

position vector (minimum value of P can be

O) will be 0 and the maximum value of P be
/5 when point chosen is (1,2)
Minimum value of P = 0 at (0,0) point

Maximum value of P = /5 at (1,2) point

J5
E(P*)= [P*f(p)dp

as p 1s random

1 1
f(p)——\/g_o %

variable

g
E(P*)= [P’ —=dp
0

NG

36.
Sol: Given that passenger derives at a bus stop at
10 AM:
While stop arrive time 1is uniformly
distributed between 10AM to 10:30AM
F(x)= 1 1 1

b—a 30-0 30
(1) As we know passenger arrives bus stop
at 10:00AM. But as given he want to

wait more than 10 minutes means
10:10AM to 10:30AM

30
P(X>10min)= [f(x) dx

10

30 1

= |—dx
%30

1
3 %(X)fg

(11) As per given condition passenger will

has to wait 10 : 15 AM to 10 : 25 AM.

25
P(15 <x <25)= [f(x)dx
15

W | —
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37. Ans: (b) °°f q
Sol: In case of exponential distribution B -3[ (x) dx
e ™ x>0 w
f(x -2x
( ){0 otherwise = .[ 2e¢ 7 dx
3
_1 -
Mean = ° ~ [ezx ]
: 1 2
Variance = o —_1(0- e*6)
fx)=2e> =c”*
1 =0.0025
mean =—=—
0 2
11 40.
vamanee ==y Sol: Given data: 27, 35, 40, 35, 36, 36, 29
G Means i=27+35 ...... +29
38. Ans: 0.3678 7
Sol: The probability density function is x=34
Px)=0¢™ x20 (ii) Arrange the data points in ascending
=0 x<0 order 27, 29, 35, 35, 36, 36, 40
Probability that x exceeds th expected value Median = 35
1 2 (1i1) Modes = 35, 36
P[X > —] = [0e™ dx
0 |
o 41.
—ox % Sol: Given:
— e €
B [ —0 } | Class | Frequency
0 0-10 4
=% (0-c) 10-20 5
ile 20-30 7
—c 3040 10
=0.3678
40-50 12
39. Ans: 0.0025 >0-60
Sol: fix)=2¢*" 60-70 4
The probability that shower more than three
minutes
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Probability

(i) mean is
Sx4+15x5+25xT7+35x10+45%12

<o +55x8+65%x4
44+5+7+10+12+8+4
X =372
(ii) N+1 _ 50+1 955
Class | Frequency Culggials®
frequency
0-10 4 4
10-20
20-30 7 16
30-40 10 26 «— Median class
40-50 12 38
50-60 46
60-70 4 50

Where /=30, f=10,m=16; N=50c=10

N
———m
The median =/ + 2 . C
$—16
~304-2 10

(iii)
Class | Frequency
0-10 4
10-20 5
20-30 7
30-40 10
40-50 12 «— modal class
50-60
60-70 4

[=40,f=12,f,=10,f =8
A1=f—£1=2, Azzf—f1:4

Mode =/ + A C
A +A,
=40+ leo
2+4
=43.33
42.
Sol: The regression line of x and y is
2x—y—20=0
2x =y +20
1
=—y+10
2}’

The regression coefficient of x and y is
1
bxy = E
The regression line of y on x is
2y—-x+4=0

2y=x—-4

1
=—x-2
Y7
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. . . 1.6=0.8—
The regression coefficient of y on X is o,
b= o _16_2
2 . 18 1
(1) The correlation coefficient is
= ox=1 and 6,=2
r=,b_ b = i The angle between two regression lines is
- G, GC
_1 tan9=(1 d j —5
r = —
2 ! Ox Oy
2
(ii) Given &, =~ 0 el () O A D) I QP
4 0.8 (1) +(2)
c
byx=r—=
c
. 44. Ans: (b)
1 Sol: Null Hypothesis Hy: The sample has been
1 14 [ .
5: 25 drawn from a population whit mean p = 280
. ' days
L OxT 1 Alternate Hypothesis H;: The sample is not

(ii1) Both regression lines passing through

(i,?), we have

2Xx-y—-20=0
2y-X+4=0
By solving these two equations, we get
x=12 andy=4
43. Ans: 0.18
Sol: Given: byx = 1.6 and by, = 0.4

r=,b, b,
r=4/1.6x0.4

r=0.8

Gy
Now, byy == r—
c

X

drawn from a population with mean p = 280

ie. u=280
Two-tailed test should be used.
Now the test statistic z = %

Jn

pn =280, X=mean of the sample = 265
o =30, n = size of the sample = 400
7 26530280 _
400
=|Z|=10
Z,=1.96

Since |Z| = 10 > 1.96, we reject null

-10

hypothesis

The sample is not drawn from population.
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: Ho;pzl,i.e.,20%
5

:45:

Probability

Ans: (¢)

of the  product

manufactured is of top quality.
H, :P= 1 .
5

p = proportion of top quality products in the
sample
50 1

T400 8
From the alternative hypothesis Hj, we note
that two-tailed test is to be used.
Let LOS be 5%. Therefore, z, = 1.96.

11

;PP 85
JPQ J1X4xl
n

5 5 400

Since the size of the sample is equal to 400.
Le, z= i>< 50=-3.75
40

Now |z| =3.75 > 1.96.

The difference between p and P is significant
at 5% level.

Also Hy is rejected. Hence Hy is wrong or the
production of the particular day chosen is
not a representative sample.

95% confidence limits for P are given by
p—P

Pq
n

<1.96

Note:

Prq
n

We have taken in the denominator,

because P is assumed to be unknown, for

46.

Sol:

which we are trying to find the confidence

><1.96j
0.125- l><Z><L><1.96 <P
V8 8 400

limits and P is nearly equal to p.

ie. [p -

1.€.

Pq

n

Pq

xL%ﬂSPS(p+
n

i.e.0.093<P<0.157
Therefore, 95% confidence limits for the

percentage of top quality product are 9.3 and
15.7.

Ans: (d)

Ho: p =P, 1.e. the hospital is not efficient.
Hi:p<P

One-tailed (left-tailed) test is to be used.
Let LOS be 1%.

Therefore, z, = — 2.33.

zZ= ﬂ, where p = 63 =0.0984
PQ 640
-
P=0.1726,
0.0984-0.1726

JOJ726x08274
640

Q=0.8274

=-4.96

N2 > |zal

Therefore, difference between p and P is
significant. i.e., Hy is rejected and H; is
accepted.

That is, the hospital is efficient in bringing
down the fatality rate of typhoid patients.
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Differential Equations (5

(With Laplace Transforms)

Leonhard Euler
(1707 —1783)

Chapter
01. Ans: (a) :>_[ zdt4:J.dx+c
Sol: Given yvI+x’dy+x4y1+y’dx=0 v
It
= —tan| = [=x+
o Y gy 2 2 " (2) e
\/1+y2 J1+x
xdx .'.ltanl(%j:x+c isa G.S of (1)

02.

Sol:

Y g+ XX
e
1 2y d 1 2x

2J‘\/1+y2 y—|_2'|.\/1+x2
:%(21/1+y2)+%(2\/1+x2):c

dx=c

[ I(—X)dx 2 f(x)]

.'.\/1+y2 +\/1+x2 =c

is a required general solution

Ans: (a)
Given dy =X +y+1) .. )
dx

Putt=4x+y+1................ (2)
= d =4+ dy +0

dx dx

dy dt

— =4 3
dx  dx )

Using (2) & (3) equation (1) becomes
dt

——4=t*

dx

:i—(4+t ) T (1)
dx

2

03. Ans: (b)

Sol: Given that ?—xtan(y—x)zl ........ (1)
X

&y _ 1= B Y 3)

dx dx
Using (2) and (3), (1) becomes
E +1-x tant=1
dx

dt
=> —=Xtan t
dx

:>fcottdt=fxdx+c

. x*
= logsin t =7+c

2

. log [sin(y — x)] = X? +c

04. Ans: (¢)
2 2 2
Sol: &Y __ ¥ Zzy/x ........... (1)
dx xy-x° y/x-1
Puty/x=v(or)y=vx ............ 2)
= dy _ V+Xﬂ ................. 3)
dx dx

Leonhard Euler is considered to be the pre-eminent mathematician of the 18th century and one of the greatest
mathematicians to have ever lived. He made important discoveries in every branch of mathematic
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Postal Coaching Solutions

Using (2) & (3), (1) becomes

dv
SVHX—=
dx

v—1

dv v’
=>X—=
dx

V2—V2+V \%

v—1 v—1 v—1
:jdv—jldV:logx+logc

v
= v-logv=logx+logc

:X—log(y/x)=logx+logc
X

= X—logy—i—logx =logx +logc
X
~ L =log(cy) (or) y =x log(cy) is a GS of (1)
X
05. Ans: (d)
Sol: Given dy_y +cot(Y/X)eennannnn (1)
X
put L =v OTY = VX irienrannnn. (2)
X
= dy =V+X LA M. 3)
dx dx

Using (2) & (3), (1) becomes

dv
V+X—=v+cot(V)
dx

dv
> X—=c¢cotv
dx

dx
= |tanv=|—+logc
Jranv=[ = +log
= log (sec v) =log x + log ¢

= log (sec v) = log (xc)
. sec (y/x)=xcisa G.S of (1)

06. Ans: (a)
Sol: Given x g— (2xy—x+1)
dx
dy -2y 1 1
dx X X X
dy 2y (1 1
= ——— | 1
dx x (X Xz) ()
[ dy +P(x).Y = Q(X))
dx
2
If ede =2 = ¢ = x2 then the G.S of
(1) is
1 1
x? = (———szdx+c
y IX <2
= yx* = [(x=D)dx +¢
2 x’
=>VX =——X+¢C
0 2
ny=2 L C saGSof()&
2 X X
_l_l+i for c—l is a particular
o 2 x x’ 2 P
solution of (1)
07. Ans: (¢)

Sol: Given that
(siny—y sinxy)dx+(x cosy — x sinxy) dy =0
= (siny) dx + x cos y dy — sin xy (y dx+xdy)= 0
= d (x sin y) — sin(xy) d(xy) =0
= [ d (x sin y) — [ sin(xy) d(xy) = ¢
. X siny + cos(xy) = c is a required general

solution
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09.

Sol:

148 :

Differential Equations

Ans: (¢)
: Given that (x’y* + x) dy + (x’y’ —y) dx =0

= &y - yds+(xy+1)xdy =0
LetM=xy*+x and N=xy’ -y

) FE
Mx-Ny  2xy
Multiplying the given differential equation
by LF, we get
2 2
_2y +L dx +| —= y_ 1 dy =0
2 2x 2 2y
Integrating
-x’y*) 1 1
+—logx——logy=c
( FE R
2_2
y Xy
Slogl = |+ ——=
g(x) 2
Ans: (a)

The given equation is
(5% + 3xy + 2y*)dx + (x* + 2xy)dy = 0
Let M=5x"+3xy +2y° and N=x"+2xy

:>8—M=3X+4y and a—N=2x+2y
oy ox

oM ON

——— =x+12y

oy X

1(0M_oN)_ x+2y 1

N\ oy ox X’ +2xy X

jldx
[F=e* =x
=k=1

Multiplying the given Differential Equation
by the integrating factor, we get
(5x* +3x%y+2xy?)dx Hx+2x%y)dy = 0

which is exact

10.

Sol:

11.

Sol:

12.

Sol:

The solution is
J(5x* +3x%y+2xy)dx = ¢

X X3y + ><2y2 =cC

Ans: (b)
) dy 2x
Given that — =
dx ixz +y’ —Zyi
= 2x dx = (x*+y* - 2y) dy
= 2(xdx+ydy)=(x*+y")dy
2xdx +2yd
= (2—3]}/] =dy
X" +y
= d(log(x*+y%) = dy
Integrating both sides, we get
log(x*+y") +c =y

-,y =log(x*+y?) + ¢ is a general solution

Ans: (d)
Given
r sin® dO + (r’ — 2r* cosO + cosO)dr = 0

Let M=rsind & N=r1’— 21’ cos + cos0)

—M:sin6 and 8—N:+2r2 sinO—sin0
or 00

1 (N oM 1
B I el PR ) I
M(@G GrJ [ rj

Integrating factor is

LF = ejz(“ﬂdr _ ef
T

Ans: (a)
Given x dy +ydx—x*y’dy=0....(1)
= (xdy +ydx) - (x'y").ydy=0
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4.5 d
Xdy+};dx_ X y4 y= 0 . — J‘ (XY):J‘tan[lj d(lj-irlnc
(xy) (xy) (xy) Xy x) \x
-1 —d(xy) - ydy =0 = In(xy)=In sec[z) + Inc
(xy) L X
! [y
= j—4d(XY) - I ydy=c = In(xy)=In]|c sec| =
(xy) i X
2
.,.;3_}'_:(: 1saG.S of (1) = xyzcsec[lj
-3(xy) 2 X
13. Ans: (b) .. Xy €Oos (lj = ¢ 1s a required solution of (1)
. . X
. x dy y
Sol: G that = —1|d
R POy [xz ry? J * 15. Ans: (d)
— xdy —ydx - _dx Sol: Given ?-FX:IOgX with y(1) =1
x> +y? LE
LF=elx® =
:Id{tan_l(lj}zj—dx+c . 020
X The solution is
y xy =] log x. x dx
= tan”' (—j =—X+c . ,
: = xy = log x. (X—j—X—Jrc
..y =x tan (¢ — Xx) 1s general solution 2 4
y(h)=1 = c= >
14. Ans: (¢) 4
Sol: Given differential equation is The solution is
y . [y X x 5
x(ydx+xdy)cos| = |=y(x dy—y dx)sin| = = _logx——+—
NRSWEICENE (D £
= x d(xy) cos Y= y(x dy — y dx) sin J .
X X 16. Ans: (a)
y y Sol: Given X2ﬂ=3X2 —2xy+1 (1)
= d(xy) = (—j (x dy —y dx) tan (—j x oo
X X
d
Dividing both sides by ‘xy’, we get = x’ %Jr 2xy =3x" +1
d dy—yd
N AW 5 2 s
Xy X X = —+—y="
dx x X
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Differential Equations

The solution is

2
yx’ :I(3X 2+1j.x2 dx +¢

X

y=x+l+%is aG.Sof (1)
X X

17. Ans: (¢)

Sol: Given that (x +2y’) (?j =y
X

= ydx—xdy=2y’ dy
o Yaxoxdy o4

2

= d[ij —2y dy
y

= Id(§]=j2ydy +e

2
= 22¥ 4o
y 2

;. X=cy+y’ is a general solution

18. Ans: (d)
Sol: Given that 2xy1 = (10)(3y5 +y)
= dy_y =5x’y’
dx 2x
—4
15 Y Y s
y dx  2x
Puty *=t........ )
gy 4t 3)
dx dx

19.

Sol:

20.

Sol:

Using (2) and (3), (1) becomes

_li_L:5X2
4dx 2x
4ot oox?
dx X

2
LF—en®™ =2
The solution is
tx>= f 20x% xX*dx + ¢

5

2
X =205 ¢
5

y

5. X2+ (4x° + ¢)y* = 0 is a general solution

=

Ans: (b)
G' dy - 2
1ven tan yd— +tan X = cosycos” X
X
secytany %+secytanx:cos2 ) G (D)
X
Putsecy=v........ (2)
y dv
=secytany —=— ......... 3
yany = )

Using (2) and (3), (1) becomes
% +(tanx )v = cos® x

LF = ¢/ = gec x

The solution is

v.sec x =] cos® x .sec x dx + ¢

sec y =cos x(sin x + ¢) is a G.S

Ans: (a)

Given f(D)y =0 .......... (1)

where f(D)=D*+2D -5

The auxiliary equation (A.E) is f(m) =0

—>m’+2m-5=0
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21.

Sol:

22,

Sol:

23.

Sol:

24.

Sol:

e b

,::Enginelzﬁngc;%ubhmnons :51: Postal Coaching Solutions
—m=-1+J6=a+b Consider f(m) =0
2 _
~. The G.S of (1) is y = ye = m +4m+4=0
1.€. y= Cl e(fh\/g)x + C2 e(’lf\/g)x — m=- 2’ -2
Ans: (d) .. The G.Sof (1)isy=(c; + cox)e
Given f(D) y =0 ............ (1) Sy=cie X +erxe N (4)
where f(D) =D’ — 4D* + 5D — 2 =y =2cie ™ +c(2x) e X+ e ...(5)
Consider A.E, f(m) =0 Using (2), (4) becomes
—m—-4m’+5m-2=0 I=c;+0(or)ci=1............ (6)
=m=1,1,2 l=-2+0+cy(or)ca=3.......... (7)
~. The G.S of (1) is Using (6) & (7), (4) becomes
— _ 22X —2x
ie.y=Ce™+(Cy+ C3x)e y=y(x)=e " +3xe
Ly=y(l)=e’+3c?=4¢"=0.541
Ans: (¢)
Given f(D)y: 0......... (1) 25. Ans: -1
where f(D)=D?-2D +5 Sol: Given f(D)y=0 where=D*+9 (1)
Consider f(m) =0 with y(0) = 0 )
2

=>m -2m+5=0

. and y(ﬁj =2 (3)
>m=1%21 2

.. The G.Sof (1) is
y=¢" [C; cos (2x) + C; sin(x)]

Ans: (¢)
The given equation is (D* —2D + 5 )*y =0
The auxiliary equation is(D* —2D + 5)* =0
= D=1+£2i, 1=£2i
The solution is
y=¢" [(C; + C; X) cos 2x

+ (C3 + C4 X) sin 2x]

Ans: 0.541

Given f(D)y=0............. (1),
where f(D)=D’+4D + 4
with y(0)=1 ........... 2)

&y ' (0)=1............. (3)

Consider A.E, f(m) =0
m’+9=0

m=0+3i=azxib

=

=

.. The general solution of (1) is

y =[Cicos(3x) + C; sin (3x)].e™™ ........ €))
Using (2), (4) be comes

0=C (5)
Using (3) and (5), (4) becomes

J2=0+ Cz.sin(%j
= =2 _®

Using (5) & (6), (4) becomes
y=y (x) = —~/2 .sin (3x)
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Differential Equations

26. Ans: (b)
Sol: If e ™ (C; cos 3x + C, sin +/3x ) + C; e

is the general solution then the roots of the

auxiliary equation are —1 + i3, 2.
The corresponding differential equation is
(D-2)[D—(-1+iV3][D-(-1-iv3ly=0
= (D’-8)y=0
d’y

§—8y20

27. Ans: (b)
Sol: The roots of the auxiliary equation are
1, +2i.
The differential equation is
D-1)(D+2)(D-21)y=0

oy oyt gyt o4y =0

28. Ans: (a)

Sol: Given f(D)y = Q(x) .
where  f(D)=D*-7D+9 & Q (x) =™
CF: Consider f(m) =0

= m>—7m+9=0
+
= rn=7_2\/E

.". The Complementary function is

Ix
y.=e? [Cl cosh(@}x +C, sinh(@}x}

PI: Q(x) = e™ =ke™ "

=a=4

29.

Sol:

30.

Sol:

31.

Sol:

Here, f(D) = f(a) = f(4) = (4)* —7(4) + 9 = -3

1 4x

- Y, =@Q(X)=__e

Hence, the general solution of (1) is

Y=Yt Yp
7x
T e2 {Cl cosh(\/f]x +C, sinh(\/fjx}rze“

Ans: (a)

Given f(D)y = Q(x)

where f(D)=D’ - 11D’ + 11D - 1
& Q (x) =24 =241 = k™™
= a=0

Here, f(D) =f(a) =f(0)=-1+#0

Yy =) =24

Ans: (a)
PI= 2; e?
4D —-4D+1

O B S
= d e
8D -4

(By Case of failure formula)

2 x
=X 2 (Replacing D with l)
8 2
Ans: (d)
Particular Integral (P.I) = —; cosh 3x
D" +1

B 1 e3x + e—3x B 1 e3x e—3X
T2 T 5l e T2
D" +1 2 2| D°+1 D -1
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Ly=e+Cix+C

32. Ans: (d) 34. Ans: ()
2 . J . . 2 _
Sol: The given equation is d_}z’ _ o Sol: The auxiliary equationis D"+ 1=0
dx =D=+i
= dy =e* +C, Complementary function (C.F)
dx =Cicosx+Cysin x
:>y=ex+C1x+C2 ........... (1) 1
y(o) =1 PI= m Sin X
=20 :XLSiHX:_—XCOSX
y'(0)=2 2D 2
=C =1 The solution is
tituting th 1 f in (i 2 )
Substituting the valyes of €1 & C; in (), y=Cjcos x + C, sin x — 208X . (i)
we get y=e" +x 2
Tl=0 =c=0
33. Ans: (a) N5 )7 2
Sol: For the solution y = C; cos x + C, sin x the y0)=1 =C =1

corresponding S09ts NGRS substituting the values of C; & C; in (i),

equationare D==1.

X
The auxiliary equation is (D +1) (D—1) =0 TS R = 9 cosx

= [D*+1)=0

‘ ‘ . dzy 35. Ans: (b)
The differential equation is o +y=0 Sol: Given f(D)y = Q(x) (1)
Comparing above equation with the given where f(D) =D*+ 1 =D.D* + 1 = ¢ (D)
d’y dy & Q (x) = cos (2x) =k. cos(ax + b)
ti ——+P— = h
equation de+ dX+Qy 0, we have s a=2
P=0and Q=1 Here, f(D) = §(D?) = ¢(-a?) = §(-4)
2 = —
Now, the equation % + P? +(Q-1)y=¢" 1=4b#0
X X 1
Now, y, = Q(x)
2 p (_ a2 )
becomes ¥ =e" ¢
X
= = cosi2x
dy Y» T 124D (2x)
= —=¢ +(
dx
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1 1+4D Collect the terms upto D* and operate.
= Y, = X cos(2x)
1-4D 144D 1 D> 4D 16D’ i
>y, =—|l-——+—+ (2t -3t7)
1+4D e 3 3 3
= = 5 cos(2x)
| 1-1eb [, 4 13
1+4D 1 =—|:1+—D+—D2}(2t—3t2)
= = ~cos(2x) 3L 3 9
P 1 |[1-16D
:l[2t—3t2 +£(2—6t)+2(—6)}
= Y, = (1 + 4D){1 ) ( )cos(2x)} 3 3 9
| q ~ 36 466
LY, = —cos(2x)—— sin(2x) is a general 3
65 65 yp=—t=2t-2
solution of (1)
38. Ans: (¢)
36. Ans: (¢) )
. Sol: Given f(D)y = Q(x)...... (D)
Sol: P.I1= (D4 " JXS =(1+DY"'x’ where f(D) = D* + 4D + 10
. ¥ S & Q(x) = e > cos(4x) = e . V(x)
=(1-D+D"_ ... )X !
S DR =5 Now, e > .cos(4x
x —D'x" =x" —120x Ye £(D) [ ( )]
37. Ans: (a) =y, = ez"[ 1 cos(4x)}
Sol: Given f(D)y = Q(b)........ (1) f(D-2)
=D?_ + =2t—3¢
where f(D)=D"—4D + 3 & Q(t) =2t— 3t ot P : 1 cos(4x)
1 (D—-2)* +4(D-2)+10
Now, y, =——Q(t)
f(D) - ZX[ 1 @ )}
=e cos(4x
= yp= : (2t-3t) 8 Do
P T [R2 -
iD —4D+3i .
. =>y,=¢ —16+6COS(4X)
=y, = (2t-3t%)
31 D*-4D P
+ 3 Y, =e |:_—10COS(4X)}
t[. (p* 4p\|"
=Y, ZE{H[T_TH (2t —3t%) 39. Ans: (a)
Sol: Given f(D)y =Q(X) ............ (1)
2 2 here f(D) = D* + 4D + 4
Sy, =t —{D——E}(D——ﬂj ...... (2t=3t) where f{ )4 e
3 33 33 &Qx)=x"eF=e T X" =e". V()
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:H5: Postal Coaching Solutions

41. Ans: (b)

Sol: The given equation is

d2y dyj eZX
— |—4] — [+4y =
[dx2 j (dx Y X
. The auxiliary equation is
=yp,=¢ 5 X 5
(D-2) +4(D-2)+4 (D-2=0 =>D=2,2
(e C.F=(C, + Cx)e™
o 42x
= Yp=¢ D2 } =C162X+C2 xeX*
6 =Ciy1 + Gy
Ly, = efz".;(—o where, C; = e & Cr= xe™*
PI=Ay, +Bys ccceuee.. (1)
40. Ans: () where, A= — LaZ
Sol: Given f(D)y = Q(x) ......... (1) R
’ T 4
where f(D) = D>+ 1 where, W =yi.ys —y2.y1 =¢
. 2x 2x
& Q(x) = x. sin(3x) = x. V(x) A:_J'e .ij dx = —x

X €

2x

1
Now, y :—[x.sin(3x)] x
" f(D) sz’ﬁdx=ji,e dx =log x
W X

- _ e4x
I f'(D) .
=Yy, = x.{ sin(3x) —{ ( )2 sin(3x) Substituting the values of A & B in (i)
(o) J L) > P.I=—xe™+ xe™* log x
=Y X'[Dzl 1sin(3x) —{—2Dz sin(3x) eSSt is ,
(1+D )Z i y =(C; + Cox + xlogx — x) ™
| 2D 1 .
=X. 3X) | —| — 3 :
=y, x[_9+1s1n( x)} [ 1 ((1+D2)2 sin( X)H 42. Ans: Fb) o
Sol: The given equation is
1 w1 . y"+ 2y ty=e"logx
= Ye = ){—_8 sin(3 X)} BIEE (1-9) sin(3x) The auxiliary equation is
D+17%=0 =D=-1,-1
=y, = _—8Xsin(3x)— [6—64005(3)()} C.F=(C; +Cx)e™
=Cie "+ Crxe ™"
Y= _?Xsin(l%x)—%cos(?sx) =Ciyi+ Gy
where, Ci=¢* & Co=xe "
PI=Ay +B.ys oo (i)
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43.
Sol:

44.

Sol:

156 : Differential Equations
where, A = —jmdx where D :i
W dx
where, W =y.y, —y2.y1 =e = Let x =¢” (or) logx =z
X x &xD=0,x*D*=0(0-1 } _____ "2
:>A=—Ie log_;(x.xe dx | ( )
© where 6 =—
x2 dz
A= T(I ~2logx) Using equation (2), (1) becomes
X e X [6(6-1)+06—-1]y=0
Now, B = j%dx = J-elo#dx
W e —=[0°—0+0-1]y=0
.. B= x(logx—1) — (0~ 1)y=0
Ans: (c) =f0)y=0.......... 3)
The given equation is where f(6) = 6° — 1
Xy + 6xy' + 6y =x Consider A.E, f(m) =0
2
Letx =¢' and D1=i =m —1,-1
dt
=>m=1,-1
The given equation becomes
3 VA + —Z
Di(Di—-1)y+ 6Dy +6y=¢' BE - od ©
= (D} +5D; +6)y =¢' :>yC:clx+czl
X
The auxiliary equationis D; +5D; +6=0 : -
.". The general solution of (1) is
=D, = —2, -3 |
CF=Cie *+Ce™ y=yc=clx+02;
t
PI= o'= —
iDl +5D, +6i 12 45.
The solution is Sol: The given equation is
t z=ax+by+a’+b’ ... 1
y:C1672t+Czei3t+e— Y @
1 0z .
= — =p=a..... (11)
. C1 C2 X Ox
. y = — + 3 T
x° x 12 0z
and —=q=Db..... (1i1)
oy
Ans: (c)2 , substituting the values of a & b from (ii) &
Givenx D" +xD—-y=0........... (1) (iif) in (i), we get
z=px+qy+p +q’

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




1 57 :

Postal Coaching Solutions

Sol: The given équation is

z=xy+yvJx’—a’+b’

2X

—a’+b’
andq=x+ Vx’—a’+b’

(or)
From (i) & (ii), we get
Xy
q-x
“ px + qy = pq is the required partial

= p=yty
2\/);2

x’—a’+b* =q-x

p=y+

differential equation.

47.

Sol: The given equation is

z=y + 2f(i+logyj

= p=2f (l+10gy). (—izj ............ @)
X X
(1 1
and q = 2y +2f (—Jrlogyj. [—J
X y
(1 1 .
= q-2y=2f (—+10gy). {—J ......... (i1)
X y

Dividing (i) by (ii), we get

D N
q-2y  x°
px2 +qy= 2y2
48.
Sol: The given equation can be written as

z-xy = §(x* +y?)
Differentiating (1) partially with respect to x

p-y=0'(x*+y).2x
Differentiating (2) partially with respect to y

q-x=0'x*+y).2y ....c... (3)
Dividing (2) by (3)
p=y_Xx
q-x 'y
Lgx—py=x -y’
49. Ans: (a)
2 2
Sol: The given equation is 8—121 + 6—121 =f (x, y)
ox* 0y
The general form of 2™ order linear partial
differential equation is given by
o’u o’u o'u
R +C—
18> 0X0y oy
+f(x,y,z@,@J:0 ........... (1)
ox 0y
Equation (1) is said to be
(i) Parabolic if B’ - 4AC=0
(ii) Elliptic if B’ - 4AC<0
(iii) Hyperbolic if ~ B*—4AC >0
Here, A=1,B=0&C=1
B’ - 4AC=-4<0
.. The given differntial equation is Elliptic
50.

Sol: The given equation is
p—q=log(x+y)
.. The auxiliary equations are
& _dy_
I -1 log(x + y)

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




51.
Sol:

Differential Equations

Consider d_x = ﬂ

| |
L xty=C
dz

Consider d—X =
log(x + y)

=dx = dz

log C

=X C,

Clogx+y

.. The solution is

Z
“’{“y”“—mg(xw)}:"

The auxiliary equations are
dx dy dz

Z—y:x—zzy—x

Using the multipliers 1, 1, 1 each of the

fractions in (1) = %}Wdz
= dx+dy+dz=0
=>x+y+tz=C
Using the multipliers x, y, z each of the
fractions in (i)
_ xdx+ydy+zdz
0

=>xdxtydy+zdz=0

.. The solution is
fx+y+z x> +y +2)=0

S52.

Sol:

53.

Sol:

The given equation is

q=3p” (Type-I)

Let the solution be

z=ax+by+c..... (1)

=p=aand q=b

Substituting in the equation Type-I, we have
b=3a’...... )

Eliminating b from (1) & (2)

The solution is z = ax + 3a’y + ¢

Givenp’ 22+ q =1 ........... (D)

0z 0z
where p=—, ng
Letq=ap......... 2)

p? 2 +alp?=
>p’(Z+ad)=1
1

=>p==

a’+7’

a

Consider dz=p dx + qdy

+ +

= dx +—2 dy

Ja’+7° Ja>+7°

:>J-\/a2+zzdz=.[idxij-ady+c
2

.'.gxlaz +7° +%sinh’l(z/a)=i(x+ay)+c

is a required solution.

=dz=
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Postal Coaching Solutions

Sol: The given equation is

p’+q =x+y (Type-I)

=p-x=y-q=a (say)
=>p=+a+x and q=,y-a
Consider dz=p dx + q dy

=dz=+a+x dx+ \y—a dy

Intégrating,

o= 2Jarny oo 2Jyma s
5S.

Sol: The given equation can be written as
1
z=px+qy+ —— (Type-1V)
P—q
The solution is

Z=ax+by+L forp=a&q=>b

(a—b)

56.
Sol: The given équation is
ou ou .
a— e T T T (1)
x Oy
Letu=X(x).Y(y)
N _XyY and P -xy!
[0 oy
Substituting in equation (i)
X'Y = 4XY'
X
X Y
X' 4Y’

—=k and — =k
X Y

57.

Sol:

k

=X=C " and Y= CzeZy

Now, the solution is,

k
kx 27
u:C1C28 e?

Given u(0,y)=8¢™

k
— 8¢ =u(0,y)=Cs e*

—C=8,k=-12

Lu=8¢ ™Y

The given equation is 3@ + 2@ =0..(1)
ox 0Oy

Letu=X(x).Y(y)

Then o _ X'Y and = XY!

u
0x oy
Substituting in equation (1), we get

3X'y +2xXY'=0

X' 2y

e, o Py |
X Y

33X ad 22k
X Y

k -k

=X=C egx and Y= C267y

Now, the solution is,
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58.
Sol:

59.

Sol:

160 : Differential Equations
Given that u(x,0) =4e ™ X" _ ol _ K
K X T
=4e* = C3 e’ " '
X" 'k T
=C3=4 andk=-3 Y:E and?:k
1 -2x+3
u= 462( ? is a solution of (1) =>T=C "
XJE -X k
Ans: (b) X=C,e '"*+Cye '
The one dimensional heat equation is The solution is
aC 1 1)
ot ox’ u=Ce"|Ce " +Ce "

The general form of 2" order linear partial

differential equation is given by

2 2 2
gxlzl +B (jx;y +C gylzl
+f[x,y,z@,@j=0 ........... (D)
O0x 0y
Equation (1) is said to be
(i) Parabolic if B’ - 4AC=0
(ii) Elliptic if B> - 4AC<0
(iii) Hyperbolic if =~ B*—4AC >0
Here, A=C*,B=0,C=0
B*-4AC=0

.. The equation is parabolic

Ans: (b)
0’u
ox’

The given equation is > =

Let u = X(x).T(t)

2
OV _XIT  and & —XT!
ox ot
Substituting in equation (i)
X'"T = o XT!

60.

Sol:

61.

Sol:

Ans: (d)
The equation given in option (d) represents

one dimensional wave equation.

Ans: (d)
2 2
Given Pl ;1 = 25_8 ;
)4 ot
ou 1 o%u
OF) ——5 == 5 ceerreernnen 1
(or) o’ 25 ox° o
with u(0) =3X ...ccccuveene. (2)
and Gu(O) =3 e 3)
ot
If the given one dimensional wave equation
2 2
is of the form 8_121 =c’ %Z, —o0 <x < o0,
0x
t>0and c > 0, satisfying the conditions
u(x, 0) =f(x) and w = g(x), where

f(x) & g(x) are given functions representing

the initial displacement and initial velocity,
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62.

Sol:

:61:

Postal Coaching Solutions

respectively then its general solution is

given by
x+ct

u(x, ) = %[f(x—ct)+f(x+ct)]+2—c [als) ds

Comparing the given problem with above

general problem, we have

- % (x) = 3x, g(x) = 3

Now,

O (e
)

—u(l, 1) = % 3@}{%)}%@) (S)i

—u(l, 1) = %_—x(4+6)}+%[§—ﬂ

50502
=u(l,1)=3+ 5 (5)
~u(l,1)=6

Ans: (a)
Given Uy = Uy ........ (1)

with B.C’s

u(0, t) =00
)0 } ...... ) {

and I.C’s
u(x,O) =2 sin(x)
%u(x, O):O

Now, the solution of the wave equation is

given by

63.

u(x,t)= ian sin[nﬂ}cos(ﬂj
n=1 f f
= u(x,t)= Zw:an sin(nx ).cos(nt )

n=l

(CFe=1,1=mn)

=u(x,0)= ian sin(nx) fort=0
n=l

= 2sin(x)= ian sin(nx )
n=l1

(. u(x, 0) =2 sinx)
= 2sin(x) = a; .sinx + a; sin(2x) + .........
=a; =2,a=0.a3=0.......... (%)

Using (5), (4) becomes

u(x, t) = aj.sin(x) cos(t) + a, .sin(2x) .cos(2t)
Soux, t) =2.sin(x) cos(t) +0+ ...

= g(t).sin(x) = 2 sin(x).cos(t)

= g(t) = 2.cos(t)

o g(m/3) =2.cos(n/3) =1

Ans: (b)

Sol: Given u,, = 22uXX >)(ue= czuxx)

with B.C’s

u(0,t)=0 +u(0,t)=0
u(n,t)= O} ~0) { u(l,t)= 0}
and 1.C’s

u(x, 0)=0 “ u(x,0)=0
%u(x,O) =2sin(x)| ztu(x,o)g(x)]

The solution of (1) is given by

u(x, y) = ibn.sin(n%}sin(n%tj - (4)
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" Engineering Publications :62: Differential Equations
=ulx t) = an sin(nx).sin(n2t) =ux,t)= Zan.sin(nx) e forl=n
n=| n=1
(S I=mnC=2) = u(x,0)=Y a, .sin(nx) (for t = 0)
a n=1
=—u(x,t)= nz;b sin(nx ).cos(2nt).2n — sin(x) + 2 sin(4x)
0 = a;sinx+assin(2x)+assin(3x)+assin(4x)+.....
—uxO Zb smnx 2n  fort=0 _ _ _ _ _
=a=1,a=0,a=0,a,=2,a5=0, ....
— §in(x) = bysin(x). 2 + by, 2(2). sin(2x) ...... - The solution of (1) from (4), using (2) & (3)
— 2b, =1 u(x, t) = a; sin(x). € '+ asin(dx) e 2"
1 Hence,
= b] = 5
u(n/2, log 5) = 1. sin(~). e 2°¢3
- u(x, t) = br.sin(x) . sin(2t) + 0+0....... 2
. T, -3
_ %sin(x).sin(2t): +2. sin(4. 5). e>?log5
_ g2
nny I . (n).[(2¢% B XV
Hence, u| —,— |=—sin| — [.sin| —
36) 2 3 6
65. Ans: (d)
21_3_323 Sol: Given ut=c2 ... Y% .. (1)
2 £ G with B.C's
64. Ans: (c) .\ Yy )
u(m,t)=0
Sol: Given u = (V2 g oo 1)
(- u= e ug) & L. C u(x, 0) = sinx = f(x) .....(3)
with B.C's Now, the solution of (1) is given by
U(O, t) O[l } (2) |: U(O, t): [_nznzcz]
...... 0 2 t
u(m,t)=0 u(,t)=0 ux, =>a, sinn—gxe e @)
and I.C "
u(x, 0) = sin(x)+2 sin (4x).....(3)

(" u(x, 0) = f(x))

The solution of (1) is

u(x, t) = i a,.sin (MTXJ 67(7] t
n=l

(4)

put t=01in (4), we get

u(x, 0) = Zan sin (?j
n=1
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Postal Coaching Solutions

= sin(x) = Zan sin(n—zxj

n=1
=a;sin(x) + a; sin(2x) +
= sin(x) = a;sinx + ...... ({=m,n=1)
sLar=1,a,=0....a3=0....
From (4), the solution of (1) with (2) & (3)
is
u(x, t) = a; sin(x). e "

~u(x, t) = sin(x). e

66. Ans: (a)
Sol: Given ut+uy, =0 .....(1)
with B.C's
0,y)=0
u(0.y) 0<y<m
u(t,y)=0
u(x,0)=0
X 0<x</

. DT
u(x,a) = smT

The solution of (1) is given by

!
u(x, m) = g(x)
y=m
u(0,y)=0 u(/.y)=0
:0 » X
Y u(x, 0)=0
x=0 X=
ux,y) = Zb s1n( j smh( Tcyj
l l
where
l
b = ;J‘g(x) sm( j dx
l sinh[ nnmj 0 ¢
l

67.

Sol:

Now,
2 ¢ . (nnx nmx
b, = _[ sm(—j. st (—jd
/
V4 smh( } 0
2nmx
2 ¢ 1+cos
= .[ £ dx
/.sinh 0
( 2n7mX j '
s1n
2 X 14
2
/£, smh(m] dild
4 l 0
= . [(¢+0)-(0+0)]
/.sinh ( j
b,= ! = L form=a

.. The solution of (1) is

< 1 . (nnx ) . . nmy
" . . h
u(x,y) ; Smh(nna] s1n[ / j sin /
1

Ans: (a)
Givenu  +u, =0 — (1)
u(0,y)=0 —(2) Vy>0
u(,y)=0 —>(3) Vy>0
u(x, 0) =1(x) =up > (4) 0<xl/
u(x, ©) =0 —(5) 0<x<lI
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Differential Equations
© (2n—l)rc
y axy)= 32 (o) inf 0=t 5
u(x, ) =0 ~(2n-1)n ‘
Y=M=00f---ccmmmmmaamn - -
68. Ans: (¢
u(0,y)=0 u(/,y)=0 (©
. 2, when0 <t<l
Sol: Given f(t) =
y=0 . X 2t, whent>1
u(x, y) = f(x)
x=0 x={

L{f(t)}= j e f(t)dt
0
The G.S of (1) satisfying above all boundary

1 ®©
conditions is = J.e’“.2 dt+ j e . 2tdt
nr 0
nmx ) A7) .
Zb sin e — (6) e | ot o
= +2]| t, —1 —
| -s |, - 5™,
2 nmx
where b, =— | f (x).sin(—jdx [ s S s
f! ¢ & +l}+2[e +ez:|
-s s s s
2 (nnxjd _
Now, b, =—|u,.sin| — |[dx s -s
ﬁ! 2 / |2 +l}:£(1+e ]
| s° s| s s
[nnx) ”
—cos| ——
b - 2u, 4 69. Ans: (d)
¢ % Sol: L (1+tet)
0 =L (1+2te'+t* e
2
= b, = o [1- cos(nr)] =len 2 2
nm s (s+1)° (s+2)
= b = 2u, [1 - (_ 1)“] —(7) (By first shifting property)
nw

Using (7) (i.e. the value of b, in (6), 70. Ans: (b)

the required solution is), the equation (6)

Sol: L(cost)=—;

becomes s“+1
© =27
u(x,y)=2, 2 [1 ~(=1y ] Sin[?.e[ ! Y)J By first shifting property
n=I nrw
(or) L(e™ cost)= (+) _ s+l

(s+1)>+1 s>+2s+2
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By multiplication by t" property

~ d s+1
Lte'cost)=(-1) —| ————
( )= (sz+2s+2]

ds
8% 42s
2
(s +2s+ 2)Z

71. Ans: (a)
Sol: L(1 —¢') = 1

s s-—1

By division property

L(l_tet]zf G—ﬁj ds

72. Ans: (¢)

Sol: L(sint) = —
s”+1

sint) o 1
)= [
Z[tan_ls]:

T -1
= ——tan s
2

=cot's
L{f'(t)} =s. L{f(t)} - f(0)
sint

= L{f'(t)} = s.L{T} —£(0)

L{f'(t)} = scot ' s—f(0)=cot 's—1

73. Ans: (b)

Sol: L(cost)=

s?+1

By fist shifting property

(s+l)

L(eft. COS t) = m

By integral property

2 LUte’t CcOS dt} = l(zs;lj
0 sS\S“+2s+2

74. Ans: (d)
t, 0<t<l1

Sol: f(t)={0 ~ %

-+ f(t) 1s periodic function with period 2

L)} = — Jje‘s‘ £(t) dt

1-e™
I Y e
S 1o J:) t.e™ dt
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s fiyy=1L1" [_—1+L2+L}

s s° s+l

_ —t
eu(t—3)=[e" . u(t—3)J¢’ =-l+tde

By second shifting property 78. Ans: ()
Lle'ut-3)]=¢’. L[e" °. u(t—3)]

1
Sol: L' —|=t
_ 63 (6—35 j e3—3s [SZ j

s—1 s—1 By first shifting property
o
. L' ——|=e’t
76. Ans: (a) _(S N 2)2 |
Sol: L (sint) = T By second shifting property
S
o= e (tsi - e =X u(t-4
L(tsint) J-O e (t sin t) dt _(5_2)2_ u( )
= (-1). i( 21 j: [ e (tsint)dt
ds\s”+1 0 79. Ans: (d)
- 1 1
= LZ:J- e™ (t sin t) dt Sol: L™ ! = L‘l{———} =e'—1
(52+1) 0 s(s—1) s—1 s
Puts=3
2(3) 80. Ans: (b)

= J-Ooe:‘St t sint dt

:m ) Sol: L' (52;)2}:L_ﬂszswj(szlwﬂ

" roe_“ t.sint dt:i
0 50

2
77. Ans: (a) > 4
1 sin 2t
= 1 L™ —
Sol: f(t)=L" 2 j
(t) LZ(S+1J s*+4 2
1 A B C By convolution theorem,

s’ (s+1) s R s 1 ) sin2(t — x)
LIH j( ﬂ: [/ cos X d

s*+4)(s*+4
= 1 =A (st1) + B(s+1) + cs’

C=1,B=1,A=-1
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0

BT

_ t sin 2t
4

81. Ans: (a)

3s+1
Sol: L™
0 [(s—l) sm}

3s+1 A Bs+C
(s—l)(serl):s—lJr s*+1
3s+1=A(s"+1)+(Bs+C)(s—1)
s=1=4=2A
=>A=2
A+B=0 =>B=-2
3=—B+C=C=1

. 3s+1
<Lt A
{(s—l) s?+1 }

=2¢' —2cost+sint

82. Ans: (b)

1 1
o [(s—l)(s—z)z}
1 _A, B C
(s—-1)s-2) s-1 s-2 (s—2f
1=A(s—2)*+ B(s-1)(s-2) + C(s—1)
s=1 =>A=1
A+B=0=B=-1

s=2=C=1

t 2t 2t
=e¢ —¢ Tte

a2 S 1
L' —=—-2 =
s—1 s +1 s™+1

x| LS SEN S
s—1 s-=2 (s.—2)2

|

)

83.

Sol:

Ans: (d)
Given y'(t) +5 y(t) = u(t).........n....... (1)
withy (0)=1 ...ooeieeeeeeeee... )

Applying L. T on both sides of (1), we get
L {y' @+5y(®} =L {u()}

S Liy'(0)+ 5 Liy(0)}= 5

= [53(5) — y(0)] + 5.3(5) = 5

Applying inverse Laplace transform on both

sides of above, we get
1 1| 4 1
LYy(s)}=—L'{—t+—-L"3 ——
) 5 {s} 5 {s+5}

~oy(b) :§+§e_5t is a solution of (1)
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5 Complex Variables

Augustin-louis Cauchy
(1789 —1857)

Chapter

01. Ans: (a) functions.

Sol: Letu +iv = f(z) = 2° = (x+iy)’

of: Letu+iv=1(z)=2 2(x 1}2,) Here, b is analytic at every point except
Thenu+i1v=1(z) = (x" —y’) +1(2xy) -1
22 _

—u=x -y and v=2xy at z = 1 because the function b is not
= Uy = 2X Vx =2y z-1
—uy =2y vy = 2x defined at z= 1.

02.

Sol:

03.

Sol:

Here u, = vy and v, = —uy at every point and
also u, v, uy, uy, Vx, vy are continuous at
every point.

.. f(z) is analytic at every point.

Ans: (a)
Letutiv=~f(z)=zIm(z)=(x+1iy)y
Then u + iv = f(z) = xy + iy

= u=Xxy and v=y’
S U=y vx=0
uy =X vy =2y

Here, uy, = vy and vx = —u, only at one point
origin. i.e., C.R equations uy = vy and
Vx = —uy are satisfied only at origin. Further
u, V, Vy, Vy, Uy, Uy are also continuous at
origin.

. f(z) = z Im(z) is differentiable only at
origin (0,0).

Ans: (d)
sin(z), cos(z) and polynomial az* + bz+c are
analytic everywhere.

. sin(z), cos(z) and az’+bz+c are an entire

04.

Sol:

= is not analytic at z= 1

7 —

. is not an entire function
Ans: (a)
Given that z = sin hu.cos v + i coshu. sinv
= z = sinhu.cosh(iv) + coshu.(i sinv)
(. cosh(ix) = cosx & 1 sin x = sin h(ix)
= z = sinhu. cosh(iv) + coshu.sinh(iv)
= z = sinh(u+iv)
(v sinh(A+B) =sinhA coshB+coshA.sinhB)
= z=sinh(w) (*.- w=u+1v)
= w = sinh '(2)
= w = f(z) = sinh '(z)
1

V1+27*

Here, f'(z) is defined for all values of z

=Sw =fl(z)=

except at V1+z> = 0 (or) 14+z° = 0 (or)
z=1,-1

= f'(z) does not exist at z =1, —i

= f(z) is not differentiable at z =1, —1

.. f(z) 1s not analytic at z =1, —1

Augustin-Louis Cauchy was a French mathematician. “More concepts and theorems have been named for

Cauchy than for any other mathematician”. Cauchy was a prolific writer; he wrote approximately eight hundred
research articles and almost single handedly founded complex analysis.



06.

Sol:

07.

Sol:

: 69 :

Complex Variables

. Ans: (d)

: Given that v =x" — 3xy’

= vy =3x"—3y" and v, =-6xy
Consider du = uy dx + uy dy
= du = (vy) dx + (—vy) dy

(cu=vy &vy=-uy)
= du=(-6xy) dx + (-3x% + 3y2) dy
which is an exact differential form
= [ du=](-6xy) dx +]3y?) dy + k
Lux, y)=-3xy+y +k

Ans: (¢)

Given u(r, 0) = ¢ cos (log 1)
—u=—¢ " sin (log 1). 1 and
r
up=—¢" cos(log r)
Consider dv = (@j dr + (@j do
or 00
= dv =(v;) dr + (vp) dO

= (‘—1 uej dr+(r u,) de

r

=dv=1gv cos (logr) dr + (— e .sin (log r)) de
r

:>Idv=fe*9.l.cos(logr)dr+f0d6+c
r

sov(r, 0) = e ¥ sin (logr)+c

Ans: (¢)

Given that Re{f'(z)} = 2x + 2, f(0) = 2 and

f(l)y=1+2i

Let f'(z) =u +iv, then u=2x + 2

Consider f“(z) = U Fivi=ux—1uy
=2-10

08.

Sol:

09.

Sol:

= fl(z)=2z+c¢

= f(z)=2"+cz+k

-+ f(0)=2

=k=2

o (i) =1+2i

= () +c() +k=1+2i
=c=2

L f2)=2+2z+2

= fl(z)=2z+2

= fi(z) =2(x+iy) +2 =2(x+ 1) +iQ2y)
. Imaginary part of f'(z) = 2y

Ans: (¢)

Given that u=x’ —3xy” + 3x* - 3y’ + 1

= u,=3x" -3y’ + 6x and uy = —6xy — 6y

Consider f'(z) = uy — iy

= f'(z) = (3x" — 3y* + 6x) —i(—6xy — 6y)

= f'(z) = (32° — 0+ 62) —i (0 — 0)
(Replacing 'x' by 'z' and 'y' by '0")

= [fi(z)dz=] (327 + 62)dz +¢

3 2
VA Z

s f(z)=3—+2— +¢
3 2
=7 + 37’ + ¢ is a required analytic
function where ¢ = ¢; + ic, is a integral
constant & ¢ = 1 + ic; because given real

part 'u' is containing constant '1".

Ans: (¢)

Given u = (x —1)° - 3xy* + 3y’

= u, =3(x—1)* -3y and u, = —6xy + 6y
Consider f'(z) = u, — i uy

= f'(z) =3(x — 1)’ = 3y* —i (=6xy + 6y)
= f(z)=3(z-1)*-0-i(-0+0)
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(Replacing 'x' by 'z
= [fl(2)dz =[3 (z-1)*dz+c,c=c| +ic,

. f(z) = (z —1)* + ic, because the given real

' & Vyl by 'O')

part does not contain any constant.

10. Ans: (a)
Sol: Given that v=e¢[y cosy + x sin y]
= vx=¢" [0+ siny] + e[y cos y + x siny]
and vy = e[~y siny + cos y + x cos y]
Consider f'(z) = u, — iuy
:>f1(Z):Vy+iVx( VU= vy & vy =—1uy)
= f'(z) = e[~y sin y + cos y + X cos y]
+1i €*[siny+ycosy+xsiny]
= [ f'(z) = ze*

“f(z)y=z¢e" + ¢ ¢c=c +ic is a required

—e“+e’+c

analytic function.

11.
Sol:

Ans: (b)
Letf(z)=e"+sinz andzy=n

Then Taylor's series expansion of f(z) about
a point z = zy (or) in power of (z — z) is
given by f(z) = z a,(z—z,))".

n=0

£ (Zo)

where a, =
n!

Here, the coefficient of (z — zy)" in the

Taylor's series expansion of f(z) about z = z,

(n)
is given by a, = f—(ZO)
n!
_ "(z) _ £'(n)
2! 2!
_ e osing), e
2 2

12.

Sol:

13.

Sol:

Ans: (a)

> andzo=1

Given f(z) = 3
37—
The given function is analytic at z =1
Taylor's series expansion of f(z) is
possible at z =1
-3(3-22) _

(32 z )2

= fll(z) = Bz-2")(6)-

Now, f'(z) =

3

= f()=—=, fi(h=—"an df(l)—a

The Taylor's series of f(z) about z = 7 is
given by
f(z) = f(zo) + (z — 20) '(20)

2
z—7 )
+ %f (ZO)+""

= flz)=f(1)+ (z— 1) f'(1)

2!

3 3. (3B Ly

3z-7’ 2+(4J(Z 1)+8'2!(Z !
Ans: 1

Let f(z) = log(liJ and |z| > 1
-z

<1

(or) ‘1
Z

Then f(z) = log

%z |- L
z(l—lj
z z
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-1 2
:>f(z)=log(l—lj =—log(1——j, l<1 —l|:1+(lj+(lj +..... ]
z z z z z z
111y 1.1y n n
= gy =—| 4L LAV LAY L : &, (1) & (1
H A | e tfe-5
z n=0 z n=0 z
1 ! 1
_<1 © . 1 n+ © 1 n+
7 (or) f(z)= D2 [—j —Z(—j
n=0 z n=0 z
11 11
= log(l-z) =—+—.—+-.—+...... ,
2 3z 15. Ans: -1
1 ) 1 1
—| <1 Sol: Given f(z) = —— and [z|>2
z z—1 z-2
Now, |z|>2
.. The coefficient ofl s 1 = 21>2>1
z = |z|>2 and |z| > 1
1
14. Ans: (b) —<1 and =<1
z z
Sol: Given f(z) = 2; in|z|>2 . 1 1
z-=3z+2 Consider f(z) = — -
z—-1 z-2
(or) |zl >2>1
1 1
) 1 = f(z) = D 2 5
= —— |
- - zZl1——| zZ1—-—
oD o=
1
=>f(z)= ——-—— 1nl|z[>2 &|z|>1 - !
(2) (=2) 7= 2| 2| jf(z):l[l_l} —1{1—2}
z z z z
1 1 )
= f(z) = in |—<1
z

:>f(z)=é 1+(§j+@j + e ]

g e C)C)
=—|l+—+—+...|——|1+| = |+ -] +
z zZz Z V4 V4 V4

=>fzy=(1-1) é+(1—2) ziz

.. The coefficient of LZ: -1
z
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Postal Coaching Solutions

_in0<|z<4

Sol: Given that f(z) = 2 !

= f(z) = in |z|] <4 or

E<1
4

_
Z(4 - z)

S fz)= = L{l—%}_ in

1 &(z\
= f(z)= — —| in <1
@ 4an_;‘(4)
f(z)=z4n+lznlin —<1

17. Ans: (a)

Sol: Given f(z) = n0<|z+1<2

1
(z—l)(z+3)
Letz+1=tthenz=t—1 and0<|t| <2
1 1

Now )= i3 Wi+2)

Instead of expanding in

(Z + 1)(2 + 3)

powers of z + 1 it is enough to expand

in powers of tin 0 <|t| <2

t<1

in 0<|t{<2 or

__ L
=)= t(t+2)

:f(z)zi[1—(1j+(ij o } P

2x 2)7 2 2
:>f(z)=i—%+% N

, _ 11 (z+1) (z+1)

MOy at s e

18. Ans: (¢)

Sol: The given function f(z) = z°

is analytic at
every point.
The wvalue of the given integral is

independent of the path joining z = 0 and

z=3+1
Now, [ = J.:iz2 dz
3 3+i 3
L=z - (3+1) 0
3, 3 3
_(27-27i-9-1i)
3
s 1= 6+(§ji
3
19. Ans: 0
2
Sol: Let flz)= 22 F2+5
z—-4

Then the singular point of f(z) is given by
z—4=0 (or) z=4
Given that C: 9x* + 4y” = 36
2 2
9x +4y 1
36 36

2 2

=X Y

22 32
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20.

Sol:

inside and on the curve 'C'

have §f(z) dz=0.
C

:73: Complex Variables
21. Ans: (¢)
A s Loty £05) 400
, z—1 z—-12,
zF 2 zl=4 . . . .
Then the singular point of f(z) is given by
z—-1=0(or)z=1
Here, the singular point z = 1 lies inside the
Here the singular point of the function f(z) given circle C: |z —1| = 2.
2 2
lies outside the ellipse i 1. .. By Caychy's Integral Formula, we have
.. The given function f(z) has no singular fig f(Z) dz = 2mi [COS (TCZ)]z=1: 2mi(-1)
C
=-2mi
Hence by Cauch's Integral Theorem, we
22. Ans: (¢)
Sol: Let f(z) = ! - A_°

Ans: (a)
sin’(z) _ 6'.sin’z
(Z_nf (z—n)

6

Let f(z) =

Then the singular point of f(z) is given by

(z—n)’=0 (or) z=m.

dah
NP

Here the singular z = &t lies outside the given

Z=T

circle C: |z| = 1.

.. By Cauchy's Integral Theorem, we have

§f(z) dz =0

z’e* Z° W
Then the singular point of the function f(z)
is given by z’¢* =0 (or) z=0 (- ¢*#0 Vz)
Here, the singular point z = 0 of the function

f(z) lies inside the circle C: |z| = 1.

ah
N

doz) e
[Z_Zo] [Z—O]1+1

Then by Cauchy's Integral Formula, we have
ii;f(z) dz= @(ie_zj
v 1! \dz 20

= §f(z) dz =2 (¢ )0

Let f(z) =

i;f(z) dz =2mi
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174 Postal Coaching Solutions

.. By Cauchy's Integral formula, we have

ft(z) dz = 2975‘{;9( : +z)}

z=1

Then the singular point of f(z) is given by i 0
(z+1)* =0 - T(O) -
=z=-1

25. Ans: (d)

— eZ
g \ Sol: Let f(z) = 1 2)e-3)

z+0 z¥3
\ Then the singular points of f(z) are z=-2 &
z = 3 Of these two singular points z = -2 and

Here, the singular point z=—1 lies inside the — 3 only z = 3 lies inside the circle

given circle C: |z| = 3. 1z -3|=

__ 0z e
Let f(z) = — "
-2, =1 /_\
Then by Cauchy's Integral Formula, we have | I
3 z=-2 z=3 sl
§ f 27‘51 d o
dz* i,

= §f(z ZJ ge),.
e 2

°, i;f (Z) dz = [gj mie Let f(z) = n+1 3]1+1

Then by Cauchy's Integral Formula, we have

_2mi| df e
. jt(z)dz = —Hzﬂ

Sol: Let f(z) = —— c
27{@ +2)e? —eZ(l)}

24. Ans: 0

(Z_l)lo

Then the singular point of f(z) is z = 1 and =

the singular z = 1 lies inside the circle

= 33
iz = 2. o {(3+2)e e}

Now, fiz)= W2 - 257 9+2)

[Z_Zo]n+1 o [Z_1]9+1

_ 8mie’
25
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Sol: Let f(z) =

27.

Sol:

175

Complex Variables

| 1
z2+9 (z+3i)(z—3i)

Then the singular points of f(z) are given by
Z2+9=0 (or) z=3i,-3i
But only one singular point z = —3i lies
inside the given circle C: |z + 31| =2

1

z-3i
|z~ (=3i)]

.. By Cauchy's Integral Formula, we have

jff(z) dz = 2ni{z—l3iLsi

C
= 2mi .1 -
(—31—31)

Consider f(z) = ¢(Z) =

z—-2z,

= __TE
3
=-1.04719
Ans: (d)
2
Let f(z) = cos(nz

(Z — 2)(2 - 1)

Then the singular points of f(z) are given by
(z-2)(z-1)=0

=z=landz=2

an

z=0 ' Z:I 2

Here, the two singular points z=1 and z =2

lie inside the circle C: |z| =3

28.

Sol:

Now, f(z) = cos(nz?). {

1
(2—2)(2—1)}
B Cos(nzz{ziz _ZI—J

cos(nz2 ) ~ cos(rcz2 )
z—2

= f(z) = -

.. By Cauchy's Integral Formula, we have

§f(z) dz = §

C C

cos(nzz)dz_§ cos(nzz) i
z—2 A
=27t [cos(nz*] = — 2mi[cos(nz?)] -1

=2mi (1) = 27 (-1)

=4mi
Ans: 0
Let f(z) = c4052h(z) _ cosh(z)

7 4[Zz+ﬂ
=
o))

Then the singular points of f(z) are z =

ﬂ—i/z
z

z={—1/2

2

N | =

—1

il
o

71

. . i
Here, the two singular points z = 5 and

z= _71 lie inside the circle |z| = 1.
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Now, f(z) = ©5(2) : ! :
(=23
=f(z)= Coi(z) | 1. |
=)
+ 1

cosy(z)) (cos h(z))

-0

By Caychy's Integral Formula, we have

ii;f(z) dz

(.- cosh(-z) = cosh(z))

29.

Ans: (b)

J- 52> —4z+3

Sol: Given F(a) = dz
. z-a

30.

Sol:

where 'C' is 16 x* + 9y* = 144 (or)
2 2

3 4

Let a= i for finding the value of F'(i).

Then the singular point z = a = 1 of the

52 —47+3

function lies inside the ellipse

z—a
.. By Cauchy's integral formula, we have

I522—4z+3

F(a) = dz

C Z—a

=2mi (52" — 4z +3),-
= F(a) = 2mi (5a° —4a + 3)
— F'(a) = 2xi (102 - 4)

o Fl)=2ni (101—4) =—4n (5 +2i)

z—1
(z+1)(z—3)

= the singular points are z=—-1 & z=-3

Given f(z) =

= z=-1 & z=-3 are first order poles.
If the algebraic function f(z) has a first order

pole at a singular point z = z, then the

residue of f(z) is given by
Res (f(z): z=2z0) = Lt[(z-z,).f(2)]

R, =Res(f(z):z=-1)

- Jgg{[z—(—DlZ—‘l}

(z+1)(z-3)

z—1
. _ -1
) .RI zEt1|:Z_3:| A

R, =Res(f(z): z=3)
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Complex Variables

==3\z+1) 2

Hence, the sum of the residues of f(z) at its

singular points is R; + R, = %+% =1.
31.
sin(z) o(2)

Sol: Given f(z) =

(2—371/2)2 [z-2z,]

= Singular point is z = 37/2

= z= 3775 is a 1* order pole

(=)
(Z —Z )
pole at z = 7, then its residue is given by
Res (f(z) : z= zo) = ¢(z0)

.. Ry =Res(f(z) : z=2z9) = ¢(31/2)
=sin(3n/2) =-1

If the function f(z) = has a 1% order

32. Ans: 0

Sol: The singular points of f(z) = a2

Zcos(z) [

given by z.cos(z) =0

:>z=0andz:(2n+1)g,nel

= Z =

singular points of f(z).

33.

Sol:

Here, z = g and z = —g are simple poles of

_ sinz _ d)(z)
@)= o)~ ()

where y'(z) = cos(z)- z sin z

R, = Res(f(z): z = g)

Hence, the sum of the residues of the

y : . . T
function f(z) at given singular points z :E

andzz—g is R1+R2:[_—2j +(3j =0

Given £(z) = sin(z)  tan(z)

zcos(z) oz
= Singular point of f(z) isz=0

tan(z) _ 1

7z 27
—|lz+—+ +......
z z 3 15

1 2
=S1(2)=1+—(z-0) +=—(z—=0)*" +......
(2) 3(2 ) 15(Z )

Now, f(z)=
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The above power series of f(z) is a Lanrent
series about z = 0 & z = 0 is a removable
singular point.

Res (f(z): z = 0)

the coefficient

of

in Laurent series of f(z) =0
(z-0)

34.

Ans: 0.33

Sol: Given f(z) = = — - [sin’(z)]
V4 Z

1- cos(ZZ)}

= f(z) =

1

w

4
above series = —— =
2.4!

35.
Sol:

Ans: 1
The given singular point z = 0 is a simple
pole (or) 1* order pole of
1+e”
zcos(z)+sin(z)

Now R; =Res (f(z) : z=0) = LtO(Z—O) f(z)

f(z) =

1+e”
zcos(z)+sin(z)

e

=R, = Lt(z-0)

z—0

z(O+eZ)+(1+eZ)

=R,=Lt (Z)+ coS (Z)+ COS(Z)

20 —7sin

_ 0+1+1 _
0+1+1

1

36. Ans: (¢)

1

Sol: Let f(z) =7 e”
Then

e OIGHEN

1

2!

11
——+
31z 417°

1
—+
2!

> flz)=2"+z+

11

— (7 _ )2 v -
=>f(z)=(z-0)"+(z-0)+ 3!(2—0)
1 1
_|_

= f(z) has a singular point at z = 0.

Here, the singular point z = 0 lies inside the
circle |z| = 1.
R; = Res(f(z) : z = 0) = The coefficient of

1
(z-0)

= R;=Res (f(z) : z=0)

in Laurent series

.. By Cauchy's Residue Theorem, we have
§1(z) dz = 2mi(Ry) = 2 G]

C
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6 Numerical Methods

Chapter

01. Ans: (¢)

Sol: f(x)=x>—4x-9=0
f(2)=-9<0,f3)=6>0
Let x; = % = 2.5 is first approximation
to the root

wf(x)) =1(2.5)=-3.375<0
Now, Root lies in [2.5, 3]

2.5+3

Let x, = 5 = 275 1is second

approximation root.

02. Ans: 0.67
Sol: f(x)=
Letxo=0.5x;=1
f(xo) = £(0.5) =-0.375
fix)=1f(1)=1
_ f(xl).xo —f(xo).x1
f(Xl)_ f(xo)
is first approximation root

_ 1(0.5)—(=0.375)(1)

X +x-1=0

1-(-0.375)
_ 0.5+0.375 _ 0.875
1.375 1.375
=0.6363

f(x,) = £(0.6363)
= (0.6363)° + (0.6363) — 1

Carl David Tolme  Martin Wilhelm
Runge (1856 — 1927) Kutta (1867-1944)

=0.2576 +0.6363 —1
=-0.1061 <0

Root lies in (0.6363, 1)
_ f(Xl)X2 _f(X2)'X1

B ) f(x,)

_ 1(0.6363)— (- 0.1061)1
1+0.1061

=0.6711

03. Ans: (b)

Sol: f(x)=xe"—x=0
f(0)=-2<0,1(1)=2.7183-2>0
Letxg=0,x;=1

o bt
f(x,) (x,)

_0.7183(0)—(-2)1
0.7183—(-2)
.
2.7183
=0.7357

f(x,) = 1(0.7357)
=0.7357 "7 -2 =
Take X0 = 0.7357 & X1 = 1
f(x, )x, - f(x, )x,
f(Xz)_f(Xl)
_ 0.9929
1.1827

—0.4644

o X3 =

=0.8395

C. Runge and M. W. Kutta (German mathematicians) developed an important family of implicit and explicit iterative
methods, which are used in temporal discretization for the approximation of solutions of ordinary differential equations.
In numerical analysis, these techniques are known as Runge—Kutta methods.




0s.

Sol:

06.

Sol:

07.

Sol:

Postal Coaching Solutions

Ans: (b)
s fx)=x'—x-10=0; f'(x) =4x’ - 1
f(1)=-10<0,f(2)=4>0

Let xo = 2 is initial approximation

f(Xo)

fl(xo)

S X1 =X —

= 2—i =1.871
31
Ans: (¢)
f(x)=3x—cosx—1

f(xo) = f(0) =2
f'(x0) = f'(0) =3

(R )
S X1 = Xo 1
f'(x,) 33
Ans: (a)
Letx = VN
f(x)=x*-N=0
x: —N
Xp+l = Xn —
2x,
_ x> +N
2x,
| N .
Xn+l = E[Xn +;] ......... (1)
Ans: (b)

Taking N =18 & xo =4 in equation (i) of
previous examples(06), we get

_ 4 +18

X| =4.25

08.

Sol:

09.

Sol:

10.

Sol:

11.

Sol:

Ans: (b)

Trap.rule = %[(yo +Y. )+ 2(}’1 Y, +Y; )]

= % (0.2474+0.2860)+2(0.2571+0.2667 + 0.2764)]

_ 0.01
2

= 0.005[2.1338]

~0.0106

[0.5334 +1.6004]

Ans: (a)

X 1101
fx)=5x"-3x"+2x+1|-9[1|5

[\ 0600 dx= 2y, +v.)+200)+403,)]

[(=4)+4@W)] =0

W | =

Ans: (a)
Error = Exact value of the integral — The
value of the integral by the simpson's rule

=0-0=0

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




13.
Sol:

14.

Sol:

:81:

Complex Variables

Ans: (b) = 03101 2.1)+ 2027+ 3)+ 4(2.4+ 2.8+ 2.6)]
: The area 3
h =7.783
= o+ yo)+20ys +ya)+ 4y +ys + v )]
Ans: (¢)
X Of1 |2 |3 4 5 6
LR R AR
I+x 20 5110 |17 | 26 | 37
6 dx h
b o= S ey 2+ v s+ v+ )]
_1{( 1) (1 1 1 1 1)}
=—|1+¥=[+2=F=-F+—+—=4+—+=
2 37 2 5 10 17 26
=1.4107
Ans: (a) 15. Ans: (a)
The volume of cylinder = nj;yz dy Sol: Error = Max2 " 1’ x f”(X%
2
h
= TEE[(Y(Z) +y?t)+ 2}’; —"4(}'12 +Y§)] — LXLX6(2_718)
12 100
025 p
=n—= (1+1)+2(9)+4(4+1)] =0.0136
:n%[«)] Here,
fix)= e
_10=m (%) "
- T Max [f' ' (x)|jo,1; = 6€
nh= 278
n
1
10

| ACE Engineering Publications /Hyderabad|Delhi|Bhopal|Pune|Bhubaneswar| Lucknow | Pata | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kolkata | Ahmedabad




:82: Postal Coaching Solutions

Second iteration will be
Xy = i(12 —-y1—121)
2 10 Y1 1

=0.90

1
Yo = E(13—2xz+10y1)

=1.00

fix) =<

Max [f¥(X)]ax=1 =24

1
o zzzﬁ(m—zxz—zyz)
(—x—4x24]S10_5

180 n =1.00
—n>10.738 The required solution after second iteration
- n>10.738 isx=09,y=1&z=1
17. Ans:x=09,y=1&z=1 18. Ans: 0.6
Sol: Let Sol: y' =f(x, y) =4 - 2xy
10x+y+z=12 Xo=,Y0=0.2,h=0.1
2x + 10y +z=13 By Taylor's theorem,
2x+2y +10z=14 and y(x) = y(x¢t h)

2

h
= y(x0) + h y'(xo) + ;y”(xo)

X():O,y():O,Z():O

Then first iteration will be (O 1)2
. =02+0.1(4) + —2-(-0.4)

21
X1 = E(l2 —yO—Z())

=0.598=0.6
=12
yi= (13- 2x, +10y,) 19. Ans: 0.6
o Sol: f(x,y)=4-2xy
2%03—2(1-2)—0):1-06 x0=0,y0= 02, f =0.1
By Euler's formula
1
Z = 5(14—2)(1 _ZY1) Y1=Yo+ h (o, y0)=0.2+0.1(4-0)
=0.6
1

" (14-2(1.2)-2(1.06)) =0.95
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:83: Complex Variables

20. Ans: 0.04 23. Ans: 1.1165
Sol: By Euler's formula, Sol: f(x, y) =x+ Y7,
y1:y0+hf(X0,yO) X():O,yo:l,f]:().l
yi=0+(0.2)(0+0)=0 k; = hf(xo, yo) = 0.1
=y, +hf(x,
2=y (1, y1) ky = hf} x,, +£>Y0 +£j
y2=0+0.2(0.2 + 0) 2 2
Y2 = 0.04 i h k 2
=0.1 +— |+ y, + =
(X‘) 2] (“ 2 j
21. Ans: 0.095 B
=0.1168

1
Sol: YIZYO+5(k1+k2) .
ks = hf(x0 +h,y, +—2j
k; = hf(xo, yo) = 0.1 (1 = 0)=0.1 2
ks = hf(xo + h, yo + ki) = 0.1[0.05 + 1.1185]

=0.1(1-0.1)=0.09 =0.1168

1 ks = hf(x¢t+ h, Yo + k3) = 0.1347
yi=0+ 5(0'1 +0.09)

1
M g[k1 +2k, + 2k, +k, |

=0.095
=1+0.1164
22. Ans: 1.1961 y1 = 1.1164
Sol: f(x,y)=x+siny
X0=0,y0=1,h=0.2 24. Ans: 2.6 -1.3x,2.3
ki = h(fo, yo) Sol: The various summations are given as

=0.2(0+ sin 1) follows:
=0.2(0.8414) = 0.1682
k, = hf(xo + h, yo + ki)

Xi ¥YVi X; Xpyi

=0.2(0.2 + sin (1.1682)) 2 6 4 -2
=0.2(0.2 + 0.9200) 1 3 1 -3
=0.2(1.1200) 0 2 0 0
=0.2240 1 2 1 2

y1 =1+ %(0.1682 +0.2240) =1.1961
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25.

Sol:

:84: Postal Coaching Solutions
Yy; =na+b X x; f(x) = f(xo) + (X — Xo) X0, X1]
Ixiyi=aXx; +bIx’ +(x = x0) (x —x1) f[x0, X1, X2]
=l+x-1)13+(x-1)(x-3)8
These are called normal equations. Solving — 8- 19x + 12
for a and b, we get
an y. — Zx Z:y1 p(2)=6
> - (Yx ) p'@)=13
NIRRT —y-bX 26. Ans: 8x’ - 19x +12, 6, 13
! ! Sol:

b:4><(—13)—(—2)><13 A I~

4x6-6 X P(x) p p

=-1.3
a=$—1.3x%:2.6 1 1 %:13
Therefore, the linear equation is 3713 .
y=2.6-13x 3 27 4-1
The least squares error = 24: {yi "N (a + bx; )}2 62 — §7 37
] _
—(6-52) +(3-3.97 +(2—2.6) SR
+(2-13)
=23 By Newton's divided difference formula
Ans:i. 8x*—19x +12  ii. 6 iii. 13 L
+ (X = X0)(x —X1) f]X0, X1, X2)
f(x) = ((’; 3;2" 4)) (1)+ ((3 ;g :))(27) =1+ (x-DI3+(x-1)(x-3).8
=8x*—19x + 12
" E’; 38 ;’))( 4) P'(x)= 16 x— 19
P2)=6

f(x) = 8x* — 19x + 12 P'(2) =13
f(2)=6
f'(2)=13
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:85:

Complex Variables

27. Ans: x>+ 2x +3, 4.25,3

Sol: Since the given observations are at equal

interval of width unity.

Construct the following difference table.

x [ () | Af(x) | A’(x) | Af(x)
0] 3

3
1| 6 2

5 0
2111 2

7 0
31 18 2

9
41 27

Therefore f(x)

f(x) = f(0) + C(x,1) Af(0) + C(x, 2) f(0)
=3+ (x x3)+ [—X(X_l)xzj

2!

fx)=x"+ 2x +3
fl(x)=2x+2
£(0.5) = 4.25
£1(0.5) =3

28. Ans: X’ +6x + 11x + 6, 990, 299
Sol: Let us apply Newton's forward formula

Letuzx—a:x—l
h 2

To calculate forward differences

x | f(x) | Af(x) | A*M(x) | A*(x)
1] 24

96
31120 120

216 48
51336 168

384
71720

Now by Newton's forward interpolation
formula, we have

flat+uh) = f(a) + uAf(a)

+ —“(“2!‘1) A f(a)

N u(u—l)'(u—Z) A3 f(a)

y(x) = 24 + Xz_l (96)

¥ lejgzl _1] (120)

),

=x’+6x>+11x+6
y'(x)=3x>+ 12x + 11
y(8) =990
y'(8) =299
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