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Discrete Mathematics

(Classroom Practice Booklet Solutions)

Propositional Logic

01. Ans: (a)
Sol: (~(PvQ)Vv(~PAQ)VP)
S(~PA~QVv(~PAQ)VP
(By Demorgan’s law)
S((~PA~QV(~PAQ)VP
(By Associative law)
SPA~QVQ)VP
(By Distributive law)
<SS (~PAT)VP
(-~ Qv Qs a tautology)
S~PVvP(o~PAT<~P)

=T

02. Ans: (¢)
Sol: (P>Q)<>(~PvQ)AR

< (T)AR (- (P—-> Q)<= (~PvQ))
<R (- T is a tautology)
03. Ans: (d)

Sol: In Boolean algebra notation, the given

formula can be written as
(P(QR)+(QR)+(PR)
- (PQ)R+(Q+P)R

By associative law & distributive law

- (PRl @+P)r
By distributive law
- (Pro)+ (p)r
By Demorgan’s law & commutative law
=1.R
=R
04. Ans: (d)
Sol: (a) LHS< A—>([PvO)
<~Av(PvO) Eie
< (~AvP)vC Associative law
S (AA~P)>C
Eis & Demorgan’s law
=R.H.S
(b) LHS=P->C)A(Q—C0C)
S (~PvOA(~QVv(C) ByEg
S (~PA~Q)vC Distributive law
s PvQ»C By Ei6
=R.H.S

(c) A—> (B—>CO)
< ~Av (~B v ()
< (~Av~B)v C

By Eis

By associative law
< (~B v ~A) v C By commutative law
< ~B v(~A v C) By associative law

< B—>(A>C) ByEsp

Boole’s contribution in logic firmly established

the point of view that logic should use symbols

and the algebraic properties should be studied in logic
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(d) When A is false and B is false, we have
LHS is true and RHS is false.
.. LHS # RHS

Ans: (d)

The truth table of a propositional function in
n variables contain 2" rows. In each row the
function can be true or false.

By product rule, number of non equivalent
(different truth

propositional  functions

tables) possible = 2(2")

Ans: (¢)

A set of connectives is said to be
functionally complete, if equivalent form of
every statement formula can be written with
those connectives.

(a) {v, ~} is functionally complete because

the other connectives can be expressed

by these two connectives.
PAQe~(~Pv~Q)
P>Q < (~PvQ
(P = Qe~(~ (~PVv Qv ~(~QvP))
(b) {A, ~} is functionally complete
PvQ) &~(~PAr~Q)
P->Qe~PA~Q)
PeQo~PA~QA~(QA~P)
(c) The

set is not functionally

{A v}
complete, because, we cannot express

3 2

not’ operation using the connectives

A and v

07.

Sol:

08.

Sol:

(d) We have, (p v @) < (~p —q)

. {—, ~} is a functionally complete set.

Ans: (b)
Argument I:
This argument is not valid, because it comes
under fallacy of assuming the converse.
Argument II:
This argument is valid, by the rule of modus
tollens.
Argument I1I:
Let P : It rains and Q : Erik is sick
In symbolic form the argument is
P—->Q
~P
L ~Q
This argument is not valid, because when P
is false and Q true, the premises are true but

conclusion is false.

Ans: (d)
(a) The given formula is equivalent to the
following argument
(@ Ab)>c
(2)(a—>b)
L (a—>c0)
Proof:
(3)a  new premise to apply
conditional proof

4)b (2), (3), modus ponens
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(5) (anb) (3), (4), conjunction .. It is not valid
(6)c (1), (5), modus ponens

.. The argument is valid (c.p)

(b) The argument is

) ~(anb)
2 (bve)
(3) (c—d

~(a—>d)
(4)a
(5)~b

N—"

new premise to apply C.P
(D, 4,
conjunctive syllogism(c.s)
(2),(5),D.S
(3), (6), M.P

(6)c
(7d
.. The given argument is valid

(conditional proof)

(c) The given formula is equivalent to the
following argument
(1)a
(2)(a—> b)v(cad)

S (~b—>c)
Proof:
3)~b now premise to apply c.p
(4) (a A ~b) (1), (3), conjunction
(5) ~(a—>b) (4), E17
(6) (c A d) (2),(5),D.S
(7)c (6), simplification

.. The argument is valid (c.p)

(d) When a is false, b is true and c is false,

the given formula has truth value false.

09.

Sol:

10.

Sol:

11.

Sol:

Ans: (b)

From the truth table

(x*y) & (x A~y)

(Vv qQe~(pA~q
< ~(~p *q)

Ans: (d)

If {(a > b) > (a = c¢)} has truth value
false, then 'a' has truth value true, b has truth
value true, and c¢ has truth value false.

For these truth values, only the compound
proposition given in option (d) has truth

value true.

Ans: (¢)
Let us denote the formula by P — Q,
Where P=(aAb) >candQ=a— (bvc).
(a) Here Q 1is false only when a is true, b is
false, and ¢ is false. For these truth
values P has truth value true.
.. (P — Q) has truth value false.
.. The given formula is not a tautology.
(b) When a is true, b is true and c is false;
(P — Q) has truth value true .
The given formula is not a
contradiction
(c) The given formula true in one case and

false in other cases

.. The given formula is a contingency.
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12. Ans: (b)
Sol: We have
PepP=P—9r@—Dp)
=(~pvaAr(~qvp)
.. Option (b) is true .

13. Ans: (a)
Sol: Argument I

l.~p—(q—~w) premise
2.~s—q premise
3. ~t premise
4. (~pvt) premise
5.~p (3),4),
disjunctive syllogism
6.9 —~w (), (%),

modus ponens
7. (~s — ~w) (2), (6), transitivity
8. (W—5s) (7N,
contrapositive property

.. Argument I is valid.

Argument I1

We can not derive the conclusion from the
premises, by applying the rules of inference.
Further, when p, q, r, t and w has truth
values true, we have all the premises are true
but conclusion is false.

.. Argument II is not valid

14. Ans: (d)

Sol: (a) L.H.S<~av(~bvc) Equivalence
& (~av~b)vc Associativity
< (a A b) — ¢ Equivalence
=R. H. S.

b LHS<(@Ab)—(~c—d)
Equivalence
< (aAbAa~c)—d Equivalence
=R.H.S
(c)L.H.S. =(a—(avb)=T
R.H.S.=~a— (a—b)
=av(~avb)
=(av~a)vb
=Tvb
=T
~L.H.S=R.H.S
(d) When a is false and b is true
Wehave L.H.S.=Fand R.H.S.=T
.. Option (d) is not true because

L.H.S.#R. H. S.

15. Ans: (a)
Sol: The given formula is equivalent to the

following argument

l.~p— (q—~w) Premise
2.~s—q Premise
3.~(w—t) Premise
4.(~pvt) Premise

.S
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5.(WA~1) 3), Equivalence 17. Ans: (¢)
6. w 5), Simplification Sol: If (p <> q) is a contradiction, then p and q
7.~t 5), Simplification have different truth values.
8.~p 4),7) S, is valid, because (p A q) has truth value
Disjunctive syllogism false.
9.(q— ~w) 1), 8) Modus ponens S, is valid, because (p Vv q) is true
10. ~q 9), 6) Modus tollens S; is not valid, because when p is true and q
I1.s 2), 10) Modus tollens is false,S; has truth value false.
.. The argument is valid S4 has truth value ‘true’, in both the cases,
Hence, the given statement is a tautology i.e., {p true and q false} or {p false and q
true}
16. Ans: (d) . Syis valid,
Sol: (a) When p is true, q is false, and r is true;
the premises are true and conclusion is 18. Ans: (¢)
false. Therefore, the argument is not | Seol: Argument I is equivalent to the following

valid.

(b) When p is false and r is true, the
premises are true and conclusion is
false.

.. The argument is not valid.

(¢) When p is true, q is true, r is true, and s
is false; then the given argument is not
valid

(d) The premises are true only when p is
true, q is true, r is true, s is false and t is
true.

.. Whenever the premises are true, the
conclusion is also true.

.. The argument is valid

argument.
{p—rq—orpvq=r
This argument is valid by the rule of

dilemma.

. The given argument is also valid by

Conditional proof (C.P).

Argument II is equivalent to the following

argument

{p—qp—rp} =>(QAT)

Dp—q premise

QD)p—r premise

3)p new premise to apply (C.P)
S (QAar)

4)q (1), (3), modus ponens
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S)r (2), (3), modus ponens

6)qAT (4), (5), conjunction

.. Argument II is valid (Conditional Proof).

19. Ans: (a)

Sol: The given formula can be written as
((a>b) A (c—>d) A (~b Vv ~d)) > (~a Vv ~¢)
This formula is valid, by the rule of

destructive dilemma.

First order Logic

20. Ans: (a)

Sol: To negate a statement formula we have to
replace Vy with 3y, 3% with Vy and negate
the scope of the quantifiers.
~{3x {PE)A~Q(x)}} = Vx {P(x) > Q(x)}
(Use the equivalence

~P->Q=PA~Q)

21. Ans: (¢)

Sol: V4 (B (x) > 1 (x))
& ~~[Vx (BX) > 1 (x)]
<~ (EBE) A~1(x))

22. Ans: (a)

Sol: To negate a statement formula we have to
replace Vy with 3y, 3% with Vy and negate
the scope of the quantifiers. Use the

equivalence

~P->Q=®A~Q)

23.

Sol:

24.

Sol:

25.

Sol:

Ans: (d)

(a) valid (see Relationship diagram in
material book)

(b) valid (see Relationship diagram in
material book)

(c) valid (see Relationship diagram in
material book)

(d) not valid (see Relationship diagram in

material book)

Ans: (d)

S; is true

Once we select any integer n, the integer
m =5 —n does exist and

n+t+m=n+(5-n)=5

S, is true, because if we choose n=I
the statement nm = m is true for any integer
m.

S; is false, for example, when m = 0 the
statement is false for all n

S, is false, here we can not choose n = — m,

because m is fixed.

Ans: (b) & (d)
(a) LH.S & 3, (A (x) > B(x))
< Ik (~A®X) v B(x)), Eis
< I~ A®X) v Ik B(x), Ex
& Vi A(x) = 3 B(x), Eis
=R.H.S
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(b) LH.S & {Vx~A(X) v Vx B(x))
= Vi (~ AX) v B(x))
=V« (A(x) > B(x) =R.H.S
But converse is not true
.. (b) is false
(c) valid equivalence

(d) not valid (converse is not true)

26. Ans: (b)
Sol: (a) The given formula is valid by
conditional proof, if the following

argument is valid.

(1) Vx { P(x) > Q(x) }

(2) VxP(x) new premise to apply C.P
S VX Q(x)

Proof:

(3) P(a) > Q(a) (),US

(4) P(a) (2),U.S

(5) Q(a) (3).(4), M.P

(6) Vx Q(x) (5),US

.. The given formula is valid (C.P)

(b) The statement need not be true.
Let ¢ and d are two elements in the
universe of discourse, such that P(c) is
true and P(d) is false and Q(c) is false and
Q(d) is false.
Now, the L.H.S of the given statement is
true but R.H.S is false.

.. The given statement is not valid.

(¢) Vx (P(x)v Q(x)) = (VxP(x) v 3 Q(x))

Indirect proof:
1) Vi« (P(x) v Q (X)) Premise
2) ~(Vx P(x) v 3 Q (x))
New premise to apply Indirect proof
3) 3~ P(x) A Vi ~Q(x)

(2), Demorgan’s law

4) 3x ~ P(x) (3), Simplification
5) Vi~ Q(x) (3), Simplification
6) ~P (a) 4), E.S
7)~Q(a) (5), U.S

8) (~P(a) A~Q(a)) (6),(7),Conjunction
9) ~ (P(a) v Q(a)) (8), Demorgan’s law
10) (P (a) v Q(a)) (1), US
1) F 9), (10),
Conjunction
.. valid (Indirect proof)
S,: The argument is
1) ¥y ¥y (P(x, y) = W (x, y)
2)~W(a,b)
.. ~P(a, b)

(d) V«{ P(x) v Q(x) } follows from
(VxP(x) v Vx Q(x))

.. The given statement is valid.
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27. Ans: (¢)
Sol: Consider
Argument I
1. Vx{p(x) v q(x)} premise
2. VX[{~p(x) A q(X)} — 1(x)] premise
3. {p(a) v q(a)} (1), universal specification
4. {~p(a) A q(a)} — 1(a) ), U.S.
5. ~1(a) new premise to apply C.P
6. ~{~p(a) A q(a)} (5), (4), disjunctive syllogism
7. {p(a) v~q(a)} (6), demorgan’s law
8. {p() v @)} A {p@) v~q@}  (3),(7) conjunction
9.p(a) v {q(a) A ~q(a)} (8), distributive law
10.p(a) vF from (9)
11. p(a) from (10)
12. {~r(a) — p(a)} from (11),
13. Vx{~1(x) — p(x)} from (12), U.G

.. The argument is valid (C.P)

Argument I1

1. VX[p(x) — {q(X) A 1(X)}] premise

2. Ix{px) A s(x)} premise

3.p(a) A s(a) (2),E.S

4.p(a) (3), simplification
5.s(a) (3), simplification
6. p(a) — {q(a) A 1(a)} (1), US

7. q(a) A1(a) (4), (6), modus ponens
8. 1(a) (7), simplification
9.1r(a) As(a) (5), (8), conjunction
10. 3Ix{r (x) A s(x)} 9),E.G

.. The argument is valid (C.P)
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28. Ans: (d) 3) Vi P(x) from (1) and (2),
Sol: The given statement can be represented by by modus ponens,
So. 4) 3¢ P(x) from (3)
Further, S; =S, =S5 oS, is valid
.. Option (d) is correct Ss:
29. Ans: (b) 1) Vx P(x) premise
Sol: S, is equivalent to the following argument 2) 3, Qx premise
1) 3x P(x) premise S I APE) A Q%)
2)3, {P(x) > Q(x)  premise (3) Q@) (2. ES.
4) P(a 1) U.S.
300 (4) P(@) () o
Here, we cannot combine (1) and (2), to get (5) P(a) A Q(a) (3), (4), conjunction
the conclusion, because in both the formulae (6) 3 {P(x) A Q(); (5), U.G.
existential quantifiers are used. < 83 1s valid
S, is equivalent to the following argument
1) V4 P(x) premise
2) Vi {P(x) = Q(x) premise
S 3k Q(x)
30. Ans: (d)
Sol: I) Let D (x) : x is a doctor

C (x) : x is a college graduate
G (x) : x is a golfer
The given argument can be written as
1) Vi {D (x) = C (x)}
2) H{DX) A~ G (x)}
A {G (X) A~ C(x)}
3) {D(a) A~ G (a)}
4) D (a) — C(a);
5) D (a)

3), Simplification

2), Existential Specification

1), Universal Specification
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6)~G(a) 3), Simplification
7)C (a) 4), 5), Modus ponens Conjunction
8)C(a)An~G(a)} 7) ,6), Conjunction

9) 3x {G (x) A ~ C(x)} 8), Existential Generalization
The argument is not valid
II) Let M (x) = x is a mother
N (x) =x is a male
P (x) : x is a politician
The given argument is
) Vi IM(x) = ~ N (x)}
2) I INE) AP (X))}
S {P) A ~M (%)}

3)N(a)AP(a) 2), Existential Specification
4)M (a) > ~ N (a) 1), Universal Specification
5)N (a) 3), Simplification

6)P (a) 3), Simplification

7)~M (a) 4), 5), Modus tollens

8) {P(a) A~M (a)} 6), 7), Conjunction

9) I({P X)) A~M (x)} 8), Existential Generalization

.. The argument is valid.

31.
Sol:

Ans: (b)
S; is false. For x = 0. There is no integer y

32. Ans: (b)

Sol: P(x): x*~7x+10=0

such that ‘0 is a divisor of y’ —~x=2.5

S, is true. If we choose, x = 1, then the

2 v * Q(x): x22x—3 =0
statement is true for any integer y
=x=-1,3

S; is true. If we choose, x = )
Si) For x =3, Q (x) true and R(x) is false.

1, then the
statement is true for any integer y

.. S; 1s not true.
S4 is false, because there is no integer y
S ) S,) For x =—1, Q(x) is true and R(x) is true.
which is divisible by all integers.
-.S, 18 true

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata |




PN ACE
9 ‘;Engineering Publications :11: CSIT-Postal Coaching Solutions

S3) For the integer x = 1, P(x) is false
- P(x) — R(x) is true for integer

.. S3 1S true.

wegetx=1landy=3
.. The given statement is true

(d) Solving the equations

3x—-y=7and2x +4y =3

31 5
Sol: (a) When y = 2, the given statement is false we getx = 14 and y = 14

33. Ans: (¢)

(b) When x = 2 the given statement is false . The given statement is false

(c) Solving the equations

2x+y=5and x —3y=-8

34. Ans: (b)

Sol: Argument I:
1. 3 A (%),
2. Vir{ A(X) A Q(X)

S 3 Q)

3. A(a)
4. ~{A@AQ ()}
5.(~A() v ~Q()
6.~ Q(a)

.. given argument is not valid.

from (1), by existential specification
from (2), by universal specification
(4), demorgan’s law

from (2) and (5) by disjunctive syllogism.

Argument II:
L {3:APX) v Q () = R (x)},
2. VO

= 3x R(x)
3. {(P(a) vQ (a)) = R (a)}, from (1) by existential specification.
4. Q(a) from (2), by universal specification
5.P(a)vQ(a) from (4) by addition
6. R(a) from (3) and (5) by modus ponens
7. 3x R(x) from (6) by existential genralization

.. Argument II is valid.

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




>
SR, ACE
v ¥ Engineering Publications 112 Discrete Mathematics

b

35. Ans: (b)

Sol: (a) 1. Vx {P(x) v Q(x)} Premise
2. 3x ~Q(x) Premise
3.~Q(a) (2) Existential Specification (E.S)
4. {P(a) v Q(a)} (1), Universal Specification (U.S)
5. P(a) (3), (4), Disjunctive Syllogism (D.S)
6. 3x P(x) (5), Existential Generalization (E.G)

.. The argument is not valid

(b) 1. 3x ~P(x) Premise
2. Vx {P(x) = Qx)} Premise
3. ~P(a) (1), E.S
4.P(a) > Q(a) (2), U.S
From (3) and (4) we cannot derive the conclusion ~Q(a)

.. The argument is not valid

() 1. Vx {P(x) v Q(x)} Premise
2. Vx Q(x) Premise
3.P(a) v Q(a) (1), U.S
4.Q(a) (2), U.S

From (3) and (4), we cannot derive the conclusion.

.. The argument is not valid

(d) 1. Vx P(x) Premise

2. 3x ~{P(x) A Q(x)} Premise

3. ~{P(a) A Q(a)} (2), E.S

4.P(a) (1), U.S
5.~Q(a) (3), (4), Conjunctive Syllogism

6. 3x ~Q(x) (5),E.G

.. The argument is valid
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36. Ans: (¢)
Sol: (a) If x is not free then
Vx {W Vv A®X)} < W v VxA(x) is valid
Refer page 14 of material book.
(b) LH.S & 3Ix {~A(x) v W}
& {Ix~AKX) FvIx W
& VX AX) > W
(c) Vx { A(X) > W}
&SV {~A(x)v W} Ejs
< {Vx~A®X) } v W using (a)
< {IxAKX) } >W  Ej
#R.H.S
(d) valid refer derivation of option (c).
Sol: n(BUPUC) =n(B) + n(P) + n(C) — n(BNP)
01. Ans: 2 —n(PNC) — n(BNC) + n(BNPNC)
Sol: — 34 =14 421 +13 —n(BMP) -n(PNC)
{n(AvBvC)} =sum of the elements in all —n(BAC) +3
the regions of the diagram. — n(B A P) + n(PAC) +n(BAC) = 17
=33-x Number of students received awards in
=n(AvBv()=31=33-x exactly two subjects =17 -3 -3 -3
=x=2 -3
-~ n(A ABAC)=2
03. Ans: (a)
Sol: Number of students received awards in only

one subject = 34 — 83
=23

Option (a) is correct.
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04. Ans: (d) = 85=42+42+36-n(F A G)
Sol: _ _ +
y /N . n(G AS) —n(F AS) +4
e/ = n(F A G)+n(G A S)+n(F AS)=39
v >+ +H(y+4)+(z+4)=39
N C
Given: Xty +z=27
atb+c+d= % Number of students who can speak
atleast two languages =x +y +z +4
b+c+d= 40 _
100 31
50 40 III. Number of students who can speak
p-m. 100 100 exactly two languages =x +y +z =27
1 IV. Number of students who can speak only
10 one of the 3 languages
p + m + ¢ = (atb+ct+d+et+f+g)+(b+ct+d)+2a =at+b+c
_ 75+40+20 _27 =85-(xt+y+z+4)
100 100 100 20 —85_31=54
06. Ans: (d) 07. Ans: 18
Sol: I. Number of students who can speak

atleast one language = 100 — (number of
students who can speak none of the 3
languages)

=100-15=285

II.
G F

(TN

15 S

100
n(Fv GvS)=n(F)+n(G)+ n(S)
—-n(FAG)—n(GAS)—n(F AS)
+n(FAGAS)

Sol:

n(3A5) = Number of integers divisible by
3and 5

= Number of integers divisible by
L.CMof3and5

_ 300
15

=20

n(3 A5 A7) = Number of integers in the set
divisible by L.C.M of {7, 3, 5}

= Number of integers in the set
divisible by 105 =2
Required number of integers = 20 — 2

=18

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




:::a ‘:;'Enginé}ﬁnCPPublicaﬁons CSIT-Postal Coaching Solutions
08. Ans: 4096 11. Ans: 2673
Sol: In a binary matrix of order 3 x 4 we have 12 Sol: Case(i): If the first digit is 6, then each of
elements. Each element we can choose in the remaining digits we can choose in
2 ways. 9 ways.
By product rule, Case(ii): If the first digit is not 6, then first
Required number of matrices = 212 = 4096 digit we can choose in 8 ways, digit 6 can
appear in 3 ways and each of the remaining
09.  Ans: 188 digits we can choose in 9 ways.
Sol: An English movie and a telugu movie can Required number of integers
be selected in (6)(8) = 48 ways — (9)(9)(9) + (8)(3)(9)(9)
A telugu movie and a hindi movie can be — 2673
selected in (8).(10) = 80 ways
A hindi movie and an English movie can be | 12. Ans: 2940
selected in (10)(6) = 60 movies Sol: Consider an integer with 5 digits.
Required number of ways = 48 + 80 + 60 Digit 3 can appear in 5 ways
=188 Digit 4 can appear in 4 ways
Digit 5 can appear in 3 ways
10. Ans: 738 Each of the remaining digits we can choose
Sol: Number of 1-digit integers = 9 in 7 ways.
Number of 2-digit integers with distinct By product rule,
digits =®O Required number of integers
-8 = (S)HE)TN(T) = 2940
Number of 3-digit integers with distinct
digits =(9).09).(8) 13. Ans: 89
= 648 Sol: Each Tennis match eliminates one player
Required number of integers = 9+81+648 and we have to eliminate 89 players.
=738 .. We have to conduct 89 matches.
14. Ans: 243
Sol: Each element of A can appear in the subsets

in 3 ways.
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Case 1: The element appears in P but does
not appear in Q.

Case 2: The element appears in Q and does
not appear in P.

Case 3: The element does not appear in P
and does not appear in Q.

By product rule,

Required number of ways = 3" = 3° =243

Ans: 150

: Required number of ways = Number of onto

functions possible from persons to rooms
=3-C@3,1)2°+C(3,2).1°
=243-3(32)+3
=150

Ans: P(10,6) = 151200

Required number of ways

= Number of ways we can map the 6
persons to 6 of the 10 books

=P(10,6)

= 151200

Ans: (a)
The 3 women can speak as a group in
/3 ways.
The women group can speak with other
4 men in £5 ways.
.. Required number of ways

=/5./3

=720

18.

Sol:

19.

Sol:

20.

Sol:

Ans: 2880

First girls can sit around a circle in Z4
ways.

Now there are 5 distinct places among the
girls, for the 4 boys to sit.

Therefore, the boys can sit in P(5, 4) ways.

By product rule,

Required number of ways = Z4.P(5, 4)
= 2880

Ans: 1152

Consider 8 positions in a row marked
1,2,3,...... 8.

Case 1: Boys can sit in odd numbered
positions in Z4 ways and girls can sit in
even numbered positions in /4 ways.

Case 2: Boys can sit in even numbered
positions in £4 ways and girls can sit in odd
numbered positions in £4 ways.

Required number of ways

=/4./4+ /4 £4=1152

Ans: 325

Number of signals we can generate using 1
flag=>5

Number of signals we can generate using
two flags = P(5,2) = 5.4 =20 and so on.
Required number of signals

=5+ P(5,2) + P(5,3) + P(5,4) + P(5,5)
=325
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21. Ans: 10° 27. Ans: 2520
Sol: Each book we can give in 10 ways. Sol: Required number of ways
By product rule, Required number of ways = number of ordered partitions
— 106
10 __Z10 2520
/£3.22./5
22. Ans: 243
Sol: Each digit of the integer we can choose in | 28. Ans: 945
3 ways. Sol: Required number of ways = Number of
By product rule, unordered partitions of a set in to 5 subjects
Required number of integers = 3° of same size = Z£10
— 43 (£2.£2.£2.£2.£2)./5
=945
23. Ans: 12600
Sol: Required number of permutations 29. Ans: 600
210 Sol: We can select 4 men in C(5, 4) ways. Those
= ——=12,600 . . .
/£2./3./4 4 men can be paired with 4 women in
P(5, 4) ways.
24. Ans: 210 .. Number of possible selections
Sol: Required number of binary sequences — (5, 4). P(5, 4)
410 50 = 5. (120) = 600
£6./4
30. Ans: 120
25. Ans: 252 ) )
Sol: The 3 zeros can appear in the sequence in
Sol: Required number of outcomes o -
C(10,3) ways. The remaining 7 positions of
Z10
" 55 =252 the sequence can be filled with ones in only
one way.
26. Ans: 2520 Required number of binary sequences
Sol: Required number of ways =(C(10,3).1 =120
A0
- 3./2./5 31. Ans: 35
=2520 Sol: Consider a string of 6 ones in a row. There

are 7 positions among the 6 ones for placing
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the 4 zeros. The 4 zeros can be placed in

C(7,4) ways.

Required number of binary sequences
=C(7.4)=C(7.3)
=35

Ans: 252

To meet the given condition, we have to
choose 5 distinct decimal digits and then
arrange them in descending order. We can
choose 5 distinct decimal digits in C(10,5)
ways and we can arrange them in
descending order in only one way.

Required number of ways = C(10,5).1 =252

Ans: 2n(n-1)
We have 2n persons.
Number of handshakes possible with 2n
persons = C(2n,2)
If each person shakes hands with only
his/her spouse, then number of handshakes
possible

=n
Required number of handshakes

=C(2n,2)—n=2n(n-1)

Ans: 1092

In a chess board, we have 9 horizontal lines
and 9 vertical lines. A rectangle can be
formed with any two horizontal lines and

any two vertical lines.

3S.

Sol:

36.

Sol:

37.

Sol:

Number of rectangles possibles

=C(9,2). C(9,2) =(36)(36) = 1296
Number of squares in a chess board

= 1+27+ 37 +...+ 8 =204
Every square is also a rectangle.
Required number of rectangles which are

not squares = 1296 — 204 = 1092

Ans: 84

Between H and R, we have 9 letters. We
can choose 3 letters in C(9,3) ways and then
arrange them between H and R in
alphabetical order in only one way.
Required number of letter strings = C(9,3).1

=84

Ans: 210
We can choose 6 persons in C(10, 6) ways
We can distinct 6 similar books among the 6
persons in only one ways
.. Required number of ways

=(C(10,6). 1

=(C(10,4)=210

Ans: 1001
Required number of ways = V(5,10)
V(n,k) = C(n—1+k, k)
= V(5,10) = C(14,10)
=C(14,4)
=1001

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




Prd
‘
e,

W,

LU
d‘l

38.

Sol:

39.

Sol:

40.

Sol:

41.

Sol:

~
=
)
Ll
W
.-(p"I

)

ACE
Engineering Publications

:19:

CSIT-Postal Coaching Solutions

Ans: 455

To meet the given condition, let us put

1 ball in each box, The remaining 12 balls

we can distribute in V(4,12) ways.

Required number of ways = V(4,12).1
=C(15,12) =C(15,3) =455

Ans: 3003
The number of solutions to the inequality is
same as the number or solutions to the
equation

X1+ X+ X3+ Xa+ X5+ %X6=10
Where x40
The required number of solutions = V(6,10)

=C(15,10) =C(15,5)=3003

Ans: 10
Letxi=y1+3,x0=y,—-2,x3=y3 +4

The given equation becomes

yityaty;=3

Number of solutions to this equation
=V(3,3)
=C(5,3)=10

.. Required number of solutions = 10

Ans: 63
Let X, = units digit, X, = tens digit and
X5= hundreds digit
Number of non negative integer solutions to
the equation

X;+X,+X5=101s

42.

Sol:

43.

Sol:

44.

Sol:

V(3,100=C(12,10)=C (12,2) =66

We have to exclude the 3 cases where
Xi=10(=1,2,3)

Required number of integers = 66 — 3 = 63

Ans: 1001
Letxi=y1+2,x,=y>+3,x3=y3+4,
X4=ys+5and xs=ys+6

Required number of solutions = Number of
non negative integer solutions to the
equation

yity2tyst+yst+ys=10.

=V(5, 10)=C(5 -1 + 10, 10)

=(C(14, 10)

=C(14,4) =1001

Ans: 10

To meet the given conditions, let us put 2

books on each of the 4 shelves. Now we are

left with 2 books to distribute among the 4

shelves. Which ever way we distribute the

remaining books, the number of books on

any shelf cannot exceed 4.

.. Required number of ways =V (4, 2)
=C4-1+2,2)
=C(5,2)=10

Ans: (a)
This is similar to distributing n similar balls
in k numbered boxes, so that each box

contains atleast one ball.
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If we put 1 ball in each of the k boxes, then

we are left with (n—k) balls to distribute in k

boxes.

Required number of ways = V(k, n — k)
=Ckk-1+n-k,n-k)
=Cn—-1,k-1)

Ans: 84
Required number of ways = Number of non
negative integer solutions to the equation,
X +Xy+X3+x4=10
wherex; > 1(1=1,2,3,4)
This is equivalent to number of non
negative integer solutions to the equation.
X]+tX2+X3+X4=6
.. Required number of ways = V(4, 6)
Where V(n, k) =C(n -1 +k, k)
=V(4,6)=C(9,6)= C(9,3)=84

Ans: Sl, Sz, S5, S6
Average number of letters received by an

apartment = A = 410
50

=8.2
Here, [A]=9and |A|=8
By pigeonhole principle, S; and S, are
necessarily true.
S5 follows from S; and Sg follows from S,.

S; and S4 need not be true.

47.

Sol:

48.

Sol:

49.

Sol:

50.

Sol:

Ans: 97

If we have n pigeon holes, then minimum
number of pigeons required to ensure that
atleast (k+1) pigeons belong to same
pigeonhole = kn + 1

For the present example, n=12 and k+1=9
Required number of persons =kn + 1

= 8(12) +1 =97

Ans: 26

By Pigeonhole principle,

Required number of balls = kn + 1
=5(5)+1=26

Ans: 39

The favourable colors to draw 9 balls of
same color are green, white and yellow.

We have to include all red balls and all
green balls in the selection of minimum
number of balls. For the favourable colors

we can apply pigeonhole principle.

Required number of balls =6 + 8 + (kn + 1)
Where k+1=9
and n=3

6+8+(8x3+1)=39

Ans: 4

Suppose x > 6,

Minimum number of balls required = kn +1=16

wherek+1 =6 and n=3.

—53)+1=16
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Which is impossible 53. Ans: 14
L X<6 Sol: Every positive integer ‘n’ can be written as,
Now, minimum number of balls required n=2"m where ‘m’ is odd and k > 0. Let us
=x+((kn+1)=15 call m the odd part.
wherek+1=6andn=2 If we treat the odd numbers 1, 3, 5, ..., 25 as
=>x+52)+1=15 pigeonholes then we have 13 pigeonholes.
—~x=4 Every element in S has on odd part and
associated with one of the 13 pigeonholes.
S1. Ans: 7 The minimum value of k = 14
Sol: For sum to be 9, the possible 2-element
subsets are{0,9}, {1, 8},{2, 7},{3, 6},{4,5} | S54. Ans: 6
If we treat these subsets as pigeon holes, Sol: For the difference to be 5, the possible
then any subset of S with 6 elements can combinations are {I, 6}, {2, 7}, {3, 8},
have at least one of these subsets. {4, 95, {5, 0}.
Since we need two such subsets, the If we treat them as pigeonholes, then we
required value of k = 7. have 5 pigeonholes.
By pigeonhole principle, if we choose any 6
52. Ans:7 integers in S, then the difference of the two
Sol: If we divide a number by 10 the possible integers is 5.
remainders are 0, 1,2, ..., 9.
Here, we can apply pigeonhole principle. 55. Ans: 40
The 6 pigeonholes are Sol: The distinct prime factors of 110 are 2, 5

{0}, {5}, {1.9}, {2,8}, {3,7}, {4,6}

In the first two sets both x + y and x — y are
divisible by 10. In the remaining sets either
X +y or x —y us divisible by 10.

.. The minimum number of integers we have

to choose randomly is 7.

and 11.

Required number of +ve integers

= ¢(110)

L Te-D)B-na1-1
_”O{ )(2.5.1)1( )}
=40
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56. Ans: 48 (1) Number of ways in which we can put 5

Sol: The distinct prime factors of 180 are 2, 3
and 5.

Required number of +ve integers
= §(180)
_ 180{(2 -1)B-1)(5- 1)} g

235

57. Ans: 288
Sol: The distinct prime factors of 323 are 17 and
19.

Required number of +ve integers

= $(323)
_ 323{(17—1).(19—1)} _ g3

17.19

58. Ans: 265
Sol: Required number of 1 — 1 functions
= number of derangements possible with

6 elements

(L LI S Lj

2 /43 /L4 /LS5 /6
=265

59. Anms:(1)44 (i) 76 (iii) 20
(iv) 89 (v) 119 (vi)0

Sol: (i) Number of ways we can put 5 letters, so
that no letter is correctly placed

=44

letters in 5 envelopes = £5

Number of ways we can put the letters

so that no letter is correctly placed = Ds

Required number of ways = £5 — Ds
=120-44
=76

(ii1))Number of ways we can put the 2 letters
correctly = C(5,2) = 10
The remaining 3 letters can be wrongly
placed in D3 ways.
Required number of ways = C(5,2) D3
=(10)2
=20

(iv)Number of ways in which no letter is
correctly placed = Ds
Number of ways in which exactly one
letter is correctly placed = C(5,1) D4
Required number of ways
=Ds+ C (5,1)Dy4
=44 +5 (9)
=89
(v) There is only one way in which we can
put all 5 letters in correct envelopes.

Required number of ways = £5 —1
=119

(vi)It is not possible to put only one letter in
wrong envelope.

Required number of ways = 0
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60. Ans: (i) 1936 (ii) 14400 The solution is b, = 4 (5")
Sol: (i) The derangements of first 5 letters in —~a = 2( \/g)ﬂ
first 5 places = Ds
= anp = 31,250
Similarly, the last 5 letters can be
deranged in last 5 places in Ds ways. 63. Ans: ()
The required number of derangements Sol: The recurrence relation is
= DsDs = (44) (44) an—a,_1=2n—2 ............ (1)
=1936 The characteristic equationis t—1=0
(1) Any permutation of the sequence in Complementary function=C; . 1"
which the first 5 letters are not in first 5 Here, 1 is a characteristic root with
places is a derangement. The first 5 multiplicity 1.
letters can be arranged in last 5 places in Let particular solution = (¢ n? +d n)
/5 ways. Similarly, the last 5 letters of Substituting in (1),
the given sequence can be arranged in (cn’+dn)—{c(n—1*+dn—-1)}=2n-2
first 5 places in £5 ways. n=1=c¢c+d=0
Required number of derangements n=0=_-c+d=-2
=£5.45 =c=1 and d=-1
= 14400 . P.S=n’-n
The solution is
61. Ans:4!.Ds=216 s
o o ) a=Ci+n"—n............... (1)
Sol: First time, The books can be distributed in
Using the initial condition, we get C; =1
Z4 ways. o . )
Substituting C; value in equation (1), we get
Second time, we can distribute the books in 5
Ta,=n"—-n+2
D4 ways.
Required number of ways = Z4 D4 =216 64. Ans: (b)
Sol: Case 1: If the first digit is 1, then the
62. Ans: 31250 o o )
remaining digits we can choose in a,_| ways
Sol: Let b, =a’

The given recurrence relation becomes

bn+1*5bn:O

Case 2: If the first digit is 0 and second digit
is 1, then the remaining digits we can choose

in a, » ways.
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Case 3: If the first two digits are zeros, then " "
=2 =2
each of the remaining digits should be 1. E’-5E+6 1’ -5(1)+6
.. By sum rule, =1
The recurrence relation for a, is The solution is
an=an1 tano +1 a,=C; 3"+ Cy2"+ 1
Using initial conditions, we get
65. Ans: (¢)
C1: 2 and Cz =0
Sol: Let a, = number of n-digit quaternary
Lap=203"+1
sequences with even number of zeros 100
o NOW,3100:2(3 )+1
Case 1: If the first digit is not 0, then we can
choose first digit in 3 ways and the | ¢7. Ans: (d)
remaining digits we can choose in a,.1 ways. | Sol: Case: (i) If the first square is not red then it
By product rule, number of quaternary can be colored in 2 ways and the remaining
sequences in this case is 3ay . squares can be colored in a, | ways.
Case 2: If the first digit is 0, then the Case (i) If the first square is colored in red,
remaining digits should contain odd number then second square can be colored in two
of zeros. ways and remaining squares can be colored
Number quaternary sequences in this case is in a, » ways.
n-1
(a1 —-4"") By sum rule, the recurrence relation is
.. By sum rule, the recurrence relation is a,=2a,1+2a,
= an = 3an—l + (41171 - an—l) dn — 2 (an,l + apo )
= a,=2a, | + 4!
68. Ans: 8617
66. Ans: (a) Sol: a, =a, |+ 3(n?)
Sol: The given recurrence relation is n=1=a;=ap+3(1%
(E2—5E +6) a,=2. n=2=a=a + 329
The characteristic equation is t*— 5t + 6 =0 =ap + 3(1*+2%)
—=1=3,2 n=3=a;=a,+3(3"
Complementary function = C;.3" + C,. 2" =ay + 3(1%+ 2% +3%)
- 2, A2 2
Particular solution = 2; an =y + 3(17 27+ ..+ n7)
E*-SE+6
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—7+ Lo @t @2n+1) 71 Ans: (a)
2 Sol: Case 1: If the first digit is 1, then number of
a =7+ % (20) (21) (41) = 8617 bit strings possible with 3 consecutive
ZEeros, 1S a, 1.
69. Ans: (b) Case 2: If the first bit is 0 and second bit is
Sol: The characteristic equation is t?—t—1=0 I, then the number of bit strings possible
with 3 consecutive zeros is a, .
1+4/5
—t= > Case 3: If the first two bits are zeros and
The solution is third bit is 1, then number of bit strings with
\/_ ) \/_ . 3 consecutive zeros 1S ay 3
1++/5 1-+v5
a, =C, ( 5 J +C, (—2 j Case 4: If the first 3 bits are zeros, then
each of the remaining n-3 bits we can
Using the initial conditions, we get C; = % choose in 2 ways. The number of bit strings
with 3 consecutive zeros in this case is 2",
1
and C; = _f .. The recurrence relation for a, is
dn = Ap-1 + adn-2 + an-3 + 21173-
70. Ans: (d)
Sol: The recurrence relation can be written as 72. Ans: (a)
(B2~ 2E + 1) a, = 2™ Sol: Replacing n by n+1, the given

The auxiliary equation is

2 -2t+1=0
t=1,1
CF.= (C] + Czl’l)
n+2 n
PS. =2 S =4 2 -
(E-1) (E-1)
B S

.. The solution is

a,=C;+Con + 2"

relation can be written as

ans) = 4a, + 3(n + 1) 2"
=E-4a,=6n+1)2".......... (1)
The characteristic equation is

t-4=0=>t=4

complementary function = C14"
Let particular solution is
a, = 2%cn +d) where ¢ and d are
undetermined coefficients.

Substituting in the given recurrence relation,

we have
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2"(cn+d)—4 2" {c(n-1)+d} =3n2" 75. Ans: 4
= (cn+d) 2{c(n—-1)+d} =3n Sol: Leta=1+x,b=2+y,c=3+z,

Equating coefficients of n and constants on

both sides, we get

c=-3andd=-6

.. Particular solution = 2" (-3n — 6)

Hence the solution is
a,=C14"-(3n+6)2"

x=0=4=C,-6=>C;=10
ap=10(4") — (3n + 6) 2"

73.
Sol:

Ans: (a)

Case(i): If the first bit is 1, then the required
number of bit strings is a,

Case(ii): If the first bit is 0, then all the
remaining bits should be zero

The recurrence relation for a, is

adn = Ap-1 + 1

74.
Sol:

Ans: (b)

ap=ap | +(n-1)
n=2=a=a+1=1
n=3:a3=a2+2=1+2

n=4-ayu=a3+3=1+2+3

76.

Sol:

77.

Sol:

andd=4+w

The transformed system is
x+ty+tz+w=7where 0 <x,y,z, w<2
The generating function

f(x) =

1-x° !

=(1-4x+6x°-x)(1-x)"

(1+x+x)*

=(1-4x’ +6x°-x") D .C(n+3,n)x"
n=0

Required number of solutions = Coefficient
of X’ in f(x)
=C(10,3)4C(7,3)+6C4, 1)
=120-140+24=4

Ans: (a)
Required generating function
=f(x) = 0+x+3x"+9x +27x* ...
=x(1+3x+3*x*+3° X’ +..... )
= Xi 3"x" =x/(l1-3x)"
n=0

Ans: 861
The generating function for the given
equation is

FX) =X+X*+X+ X'+ X+ X%*
The coefficient of X'* in F(X) is the answer

in our problem
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FX)=X'1+X+..+X%*

1-x)'
=X
=X*'(1-X%* 1=x)™*
_ (X4 _4X"04 X1 _ax?2+ ng).

iC(n+3,n)X“

n=0
Coefficient of X'>=C (14, 3) -4 C (8, 3)
=140

78. Ans: (d)
Sol: Required generating function
f(x)=0+0x+1x"—2x +3x" —4x’ +. ..
=x* (1 2x+3x*—4x’ +. .. 0)

=x*(1 + x) % (Binomial theorem)

79. Ans: (a)

Sol: (x* +2x° + 3x® + 4x’ +.....0)°
=x* (1 +2x + 3x> + 4x’ +.....0)°
=X 11 -%7TF
= x20[1 —x]"®

=x" i C(n + 9,n)x“

n=0
Coefficient of x*" = C(16, 7)
=C(16,9)

80. Ans: 85
Sol: The generating functions for the problem is
f(x)=(x+x*+x° +x*

=x*(1+x+ x>+ x)*
1-x* !

_ 4

=x‘1-xHY*"1-x"

=x*(1 —4x* + 6x® — 4x? +x') (1 —=x)*

= (4 xP+ 6x'2 — 4x'C + XD

['e]

ZC(n +3,n)x"

n=0

The required number of solutions
= coefficient of x'? in f(x)
=C(11,3)-4C(7,3)+6
=31

81. Ans: (¢)

Sol: The generating function is

f(x)=1+0x+1x*+0x +1.x**....... 00
=1+&)+ &)+ ... o
=(1-x%)
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3. Graph Theory

01. Ans: (a)
Sol: For any simple graph,
3(G)|V|< 2E|< AG)|V]|

= 3(G) (10) < 2(16)
- 8G)<32
=  §G)<3

02. Ans: 19
Sol: By sum of degrees of regions theorem, if

degree of each vertex is k, then

K[V|=2[E|
= 4[V|=2(38)
= [V|]=19

03. Ans: (¢)
Sol: If degree of each vertex is k,

K{V|=2[E|
= k|V|=2(12)
= |V|:% (k=1,234)

= |V| =24o0rl2o0r8o0r6
.. only option (c) is possible.

05. Ans: (e)
Sol: (a) {2,3,3,4,4,5}

Here, sum of degrees

=21, an odd number.
.. The given sequence cannot represent a
simple non directed graph
(b) {2,3,4,4,5}
In a simple graph with 5 vertices,
degree of every vertex should be < 4.
.. The given sequence cannot represent
a simple non directed graph.
() {1,3,3,4,5,6, 6}
Here we have two vertices with degree
6. These two vertices are adjacent to all
the other vertices. Therefore, a vertex
with degree 1 is not possible.
Hence, the given sequence cannot
represent a simple non directed graph.
(d) {0,1,2,.....,n-1}
Here, we have n vertices, with one
vertex having degree n-1. This vertex is
adjacent to all the other wvertices.
Therefore, a vertex with degree 1 is not
possible.
Hence, the given sequence, cannot
represent a simple non directed graph.
(e) A graph with the degree sequence

{2, 3, 3,3, 3} is shown below.
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06. Ans: 8 09. Ans: 27
Sol: Here, degree of each vertex is < 3 Sol: By sum of degrees theorem, if degree of
By sum of degrees theorem, each vertex is atmost K,
3|VI[=22]|E| then K|V|> 2 |E]|
=3V |22(12) = 5(11) 22 [E]
= |V]=>8 = |E|L275
. The minimum number of vertices G can = [E[=27
have =8
10. Ans: (d)
07. Ans: 12 Sol: (a) Sum of the degree of the vertices
Sol: G is a tree =15(5) =75 = An odd number.
By sum of degrees theorem, .. The graph is not a simple graph
nl+22)+4.3)+3.(4)=2|E| (b) Maximum number of edges possible in a
S n+28=2(v|-1) simple graph with 10 vertices
=2(n+2+4+3-1) C(10,2) =45
—n+28=2n+16 (¢) Sum of the degrees = 2n — 1
—n=12 = An odd number
.. The graph is not simple graph
08. Ans:8 (d) A connected graph with n vertices and
Sol: G has 8 vertices with odd degree. n-1 edges is a tree. A tree is a simple
For any vertex vegG, graph.
Degree of v in G + degree of vin G =8
If degree of v in G is odd, then degree of v 1. Ans: 2
in G is also odd. If degree of v in G is even, Sol: In the graph, all the cycles are of even
then degree of vin G is also even. tength
.. G is a bipartite graph.

~.Number of vertices with odd degree in

G=38

Chromatic number of any bipartite graph is
2.
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12. Ans: 2 The graph has 9 vertices. The maximum
Sol: In the given graph, all the cycles are of even number of vertices we can match is 8.

length. A matching in which we can match 8

. G is a bipartite graph and every bipartite verticesis {a—b,c—d,e—f, g—h}

graph is 2-colorable .. Matching number of the graph = 4

.. Chromatic number of G = 2.

17. Ans:2

13. Ans: S Sol: The given graph is K, 4

Sol: G is a disconnected graph with two .. Matching number = 2
components, one component is the complete
graph Ks and the other component is the 18. Ans:2
trivial graph with only an isolated vertex Sol: The given graph is
. Chromatic number of G =15 ° b

c (S

14. Ans: (b)

Sol: ao=n -2 [n/2]+2 F g h
B=n-2[n21+4 If we delete the edge {a,b} then the graph is
a+B=2n-2{ln2]+n2 7} +6 a star graph. If we match a with b, then in

—2N-2n+6=6 the remaining vertices we can match only
two vertices.

1S Ans: (¢) .. Matching number = 2

Sol: Chromatic number of K, =n
If we delete an edge in Ko, then for the two 19. Anms:3
vertices connecting that edge we can assign Sol: Let us label the vertices of the graph as
same color. shown below
.. Chromatic number =9 d c

16. Ans: 4 c amb

Sol: b There are 3 maximal matchings as given

a e below
h f fa-d, b-c}, {a—c, b-d} and { c-d}
g
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20. Ans:3 ..Matching number of G
Sol: The given graph is n . _
—, if n 1s even
a =
n—1 . .
, if n is odd
d
¢ ) n
The maximal matchings are -.Matching number of G = {EJ
{a-b, c—d}, {a—c, b—d}, {a—d, b—c}
24. Ans: 1,2
21. Ans: 10
Sol: The graph can be labeled as
Sol: The graph has 3 maximal matchings,
6 matchings with one edge, and a matching a €
with no edges. .
.. Number of matchings = 10 b d
22. Ans: 3 c is a cut vertex of the graph G.
Sol: G is a complete graph on 7 vertices. -+ vertex connectivity of G = K(G) = 1
n G has no cut edge.
.. Matching number of K, = | — o
2 = Edge connectivity =A (G) =22 ..... (1)
.. Matching number of K; =3 We have, L (G)<8(G)=2 ... (2)
From (1) and (2), we have
23. Ans: (a) A (G)=2
Sol: If n is even, then a bipartite graph with
maximum number of edges is Kn/2.n2 25. Ans: 2,2
. n Sol: The graph G can be labeled as
.. Matching number of G = —
2 a g
If n is odd, then a bipartite graph with d e
maximum number of edges = ky n
_ b h
Where m = = and n = n+l
G has no cut edge and no cut vertex. By
deleting the edges {d, e} and {b, h} we can
disconnect G.
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L A(G)=2

By deleting the vertices b and d, we can
disconnect G.

- K(@G)=2

Ans:1&3
The graph G can be labeled as

B

c g

The vertex d is a cut vertex of G.

L K(G)=1

We have M(G) <3 (G)=3 ...... (1)

G has no cut edge and by deleting any two
edges of G we cannot disconnect G.

S A (G)=3

Ans: Sy, S3 & S4

S:: This statement is true.

Proof:

Suppose G is not connected G has atleast 2

connected components.

Let G; and G; are two components of G.

Let u and v are any two vertices in G

We can prove that there exists a path

between u and v in G.

Casel: u and v are in different component
of G.

Now u and v are not adjacent in G.

. uand v are adjacent in G

Case2: u and v are in same component G; of
G. Take any vertex weG.
Now u and v are adjacent to w in G.

.. There exists a path between u and

v in G. Hence, G is connected.

S,: The statement is false.

we can give a counter example.

de——eoC a C
ae—— @b d[ :b

G G

Here, G is connected and G is also
connected.

S3: Suppose G is not connected

Let G, and G, are two connected
components of G.

Let veG;

- deg(v)znT_l ( S(G):HT_l]

Now V(G| 2 (HT_l + lj

Similarly, | V(G,) [ HTH

Now, |V(G)|= [V(G))+ [V(G))|
= |[V(G)| = n +1

Which is a contradiction

.. G 1s connected.
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S4: If G is connected, then the statement is There exists a cycle passing through all the
true. If G is not connected, then the two vertices of G.
vertices of odd degree should lie in the same a—b—c—d—e—aisthe Hamiltonian cycle
component, of G.

By sum of degrees of vertices theorem. The Hamiltonian pathisa—-b—c—d—e
There exists a path between the 2
) 30. Ans: $1 &S,
vertices.
Sol: The number of vertices with odd degree = 0
28. Ans: S1,S; & S4 .. Sy and S, are true.
Sol: The graph G can be labeled as To construct Hamiltonian cycle, we have to
N d delete two edges at each of the vertices a
and f. Then, we are left with 4 edges and 6
¢ vertices.
b e
G has neither Hamiltonian cycle nor
The number of vertices with odd degree is 0. o
Hamiltonian path.
o Sy and S; are true
C is a cut vertex of G. 31. Ans: (B)
.. Hamiltonian cycle does not exists. Sol: S, is false. We can prove it by giving a
By deleting the edges {a, ¢} and {c, e}, counter example.
there exists a Hamiltonian path Consider the graph G shown below
a—-b-c—-d-e¢ a d
29. Ans: Sy, S3 & Sy bI: ¢ j e
Sol: The graph G can be labeled as ‘e’ is a cut vertex of G. But, G has no cut
e d edge
. S, is false. We can prove it by giving a
counter example.
a b

The number of vertices with odd degree = 2
.. Euler path exists but Euler circuit does

not exist.

For the graph K; shown below,

ae ® b
The edge {a, b} is a cut edge. But K, has no

cut vertex.
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34.

Sol:

35.

Sol:
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Ans: 33 In Hamiltonian cycle, degree of each vertex
If G has K components, then is 2. So, we have to delete 2 edges at vertex

|E|=|V|-K ‘d” and one edge at each of the vertices ‘a’
= 26=|V|-7 and ‘g’. Then we are left with 8 vertices and
=|V|=33 6 edges. Therefore, neither Hamilton cycle

exists nor Hamiltonian path exists.
Ans: (b)
A 2-regular graph G has a perfect matching | 36. Ans: (b)
iff every component of G is an even cycle. Sol: G has cycles of odd length

.S, and Sy are true.
S; need not be true. For example the
complete graph K, has a perfect matching
but K; has no cycle.
S; need not be true. For example G can have
two components where each component is

K,.

Ans: 21
In a simple graph with n vertices and K

components,

|E|> (n—k)(rzl—k+1)

.. Required minimum number of edges

_ (n—k)(n—k+1) _51
2

Wheren=10and k=4

Ans: (d)
G has exactly two vertices of odd degree.
Therefore, Euler path exists in G but Euler

circuit does not exist.

.. Chromatic number of
G=y¢(G)=3...... (1)
For the vertices ¢ and h we can use same
color C;
The remaining vertices from a cycle of
length 6.
A cycle of even length require only two
colors for its vertex coloring.
For vertices a, d and f we can apply same
color C,
For the vertices {b, e, g} we can use same
color C;
S (G)=3
A perfect matching of the graph is
ab,c—-d,e-f,g—h
.. Matching number = 4
Hence, chromatic number of G
+ Matching number of G=3 +4
=7
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Ans: (¢)

Sol: S; need not be true. Consider the graph

38.

> <

Here, we have 6 vertices with degree 2,

but the graph is not connected.

S, need not be true. For the graph given
above, Euler circuit does not exist, because

it is not a connected graph.

A simple graph G with n vertices is

necessarily connected if 8(G) > HT_I .

.. S31s true.

Ans: (a)

Sol: Vertex connectivity of G = k(G) < 6(G)

39.

Sol:

40.

Sol:

=3(G)=3
By sum of degrees theorem
3IVIL2|E|
=|E|>15

.. Minimum number of edges necessary = 15

Ans: (b)
Here, G is a complete graph with k+1
vertices.

.. Number of edges = C(k+1, 2)

Ans: 14
If vertex connectivity of G is 3, then degree

of each vertex in G is > 3.

By sum of degrees theorem,
3|V| £ 2 [E]|
= |El > 13.5
= |E| > 14

4. Set Theory
01. Ans: (¢)

Sol: (a) A v (A A B)=A (Absorption law)
.. Option (a) is false
(b) AA(AvB)=A  (Absorption law)
.. Option (b) is false
(c) (AvB) A(Av B)
=Av(BA B) Distribution law
=A

.. Option (c) is true

02. Ans: (b)
Sol: If S = {¢} then
(@) P(S)AS = {¢}
.. option (a) is false
(b) P(S) A P(S) = {9, {¢}]
.. Option (b) is true
(c) If S= {a, b} then
P(S)YAS=¢
.. option (c) is false
(d) false
Refer option (b)
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03. Ans: (¢) 05. Ans: (¢)
Sol: If [A| =3 then Sol: LetxeX
|A| x [A]=9 Case 1: If x is even number then it can
IP(A x A)|=2° appear in two ways i.e., either x € A — B
=512 orx e B-A
Case 2: If x is odd number then it can
04. Ans: (a,c & d) ) .
appear in two ways i.e., XxeAAB or
Sol:
. ﬁ B Xe (AVB)
wA . By product rule, required number of
w subsets = 2'%
¢
06. Ans: (¢)
LIL........ , VII are regions Sol: If AAB=(AA B)C
(a)(A-B)-C={I, IV} — {1V, V, VI, VIII} Then (A " B) — ¢
- But (AvB) v (AvB)=U
t =
A —(C-B)= {L II, IV, V} — {IV, VII} ut(AvB) vIiAv
={L, 1L V} = (AvB)=U
- Option (a) is false Where U is universal set

(b) A-(BvC) = (A-B)A(A-C) is true by
Demorgan’s law
(c) A(B-C)={L 11, 1V, V} — {11, 111}
={L,IV, V}
A—(C-B)={L I, IV, V} — {1V, VII}
={LII, V}
.. Option (c) need not be true

(d) Similarly show that option (d) is not true

07. Ans: (d)
Sol: (a) Let A@B=A
= A®B = A®¢
B=¢
(b) (A®B) ©B
=A®BDB)
=A®¢
=A
c)A®C=BaC
=A=B

=

(cancellation law)
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(dLHS=A®B=(AvB)-(AAB) 09. Ans: 686
RHS =(AvB)Vv(AAB) Sol: A symmetric relation on A with exact
=(AvB) 4 ordered pairs can be in one of the
.. LH.S#R.H.S following 3 ways.
i)  The relation may contain 4 diagonal
08. Ans: (¢)

Sol: S)) Let A= {1},B={2},C= {3}
Now (AnB) =(BNA)=¢
ButA#B
. Sy is not true

Sy)Let A= {1},B={2},C={1,2}
Now AuC=BuC=C
ButA#B
. S, is not true

S;) Letx € A.

Consider the two cases

Casel: x € C
=>x¢(AAC)
=>x ¢ (BAC)

Case2: x ¢C
=x € (AAC)
=>xe(BAC)
=>xeB
~AcB (Form (1) and (2))
Similarly we can show that B  A.
. A=B

Hence, S; is true

(xe(AAQ))
(“AAC=BAC)

10.

Sol:

pairs. We can choose 4 diagonal pairs
in C(7, 4) ways.
i1) The relation may contain 2 diagonal
pairs and 2 non-diagonal pairs.
Number of symmetric relations in this
case is C(7, 2). C(21, 1)
iiil) The relation may contain 4 non-
diagonal pairs.
Number of symmetric relations in this
case is C(21, 2)
.. By sum rule,
Required number of symmetric relations
=C(7,4)+C(7,2).C21, 1)+ C(21, 2)
=35+441+210
=686

Ans: (d)

Case 1:

If the relation R contains only diagonal
pairs, then R is symmetric and transitive but
not irreflexive.

Case 2:

If the relation R contains some non diagonal
pairs

Let(a,b) e R
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= (b,a) e R
Now (a, b) € Rand (b, a) € R

(. R is symmetric)
= (a,a) eR ("~ R s transitive)
.. Ris not irreflexive.

Options (a) & (b) need not be true, for
example. If A= {1, 2, 3} then the relation
R = {1, 2), {2, 1), (1, 1), (2, 2)} is

symmetric and transitive but neither
reflexive nor irreflexive.

Option (b) need not be true for example.
If A {1, 2, 3},

R= {(1,1), (2, 2), (3, 3)} is symmetric,

then the relation

transitive and not irreflexive.

Ans: (¢)

We have, a divides a VaecA
—akRa VaeA

. Riis reflexive

LetaRb

= aisadivisor of b or bisadivisor ofa
= bisadivisorofa or ais adivisor of b
=bRa

.. R is a symmetric

R is not transitive, for examples 2 R 6 and 6
R 3, but 2 is not related to 3.

Hence, R is a compatibility relation on A.

12. Ans: (¢)
Sol: We have, g.c.d of (x, X) =x

.. R is not reflexive

13.

Sol:

14.

Sol:

LetxRy

=g ocdof(x,y)=1

= g.c.d. of (y,x)=1

=yRx

= R is symmetric

R is not transitive,
g.c.d.of(2,3)=1
g.c.d.of(3,4)=1
g.c.dof(2,4)=1

For example

and

but

Ans: (¢)

Let A= {1,2,3} and

R=1{(1,2),(2,2)}

S=1{2,1),3,3)}
RuS={(1,2),(2,1),(2,2)(@3,3)}

Here, R and S are anti-symmetric relations
on A, But (R U S) is not anti-symmetric.
. (R U S) need not be anti-symmetric.
Any subset of anti-symmetric relation is also
anti-symmetric, and (R N S) < R.

- (R ™ S) is anti-symmetric

Hence, only option (c) is true.

Ans: (D)

(a) R is not reflexive.
For example, —1 is not related to —1.
ie,(-1,-1) ¢ R

(b) R is not irreflexive.
For example, 1 is related to 1.

ie,(1,1)eR
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(c) R is not symmetric. 16. Ans: (a)
For example, —1 is related to 1 but 1 is Sol: Symmetric closure of
not related to —1. R=4{(2,1),(1,2),(3,2),(2,3)}
(d) R is anti-symmetric. Transitive Symmetric closure of R = A x A
i.e.,, If (aR bandb R a) then
(a=b)VabeA 17. Ans: (d)
i.c.. For any two integers. Sol: [2] = {x| (2 —x) is divisible by 4}
If fa=|b|andb=|a|} thena=b — {4k 2] ks integer;
={..—10,-6,-2,2,6,10, 14, ....}
15. Ans: (d) s [2]=1[-6]
Sol: Two positive integers a and b are relatively

prime, if g. c.dofaand b is 1.
1) R is not reflexive. For example
g.c.d.of {2,2} =2
= 2 is not related 2
ii)Leta® b
= g.c.d.of {a,b} =1
= g.c.d.of {b,a} =1
=b"a
= R is symmetric
ii1) R is not transitive.
For example, 2 ® 3 and 3 ® 4 but 2 is not
related 4.
iv) R is not anti-symmetric.
For example (2 %3)and 3*2)
v) R is not irreflexive.
Forexample (1,1) e R

=171

18.

Sol:

19.

Sol:

Ans: (d)
la—al#2 VaeZ
= aisnotrelatedtoa  VaeZ
= R is irreflexive
Leta®b
=la—b|=2
=|b-al=2
= b"a = R is symmetric
Ans: (b)
S=1{1,2,3,4,6,9,12, 18,36}

(@) R is a partial order on any set of
positive integers.
.. Option (a) is true
(b) InthesetS, 2 and 3 are not comparable.
Therefore R is not a total order on S.
(¢) R is not symmetric. For example 2 is a
divisor of 4, then 4 is not a divisor of 2.

.. R is not an equivalence relation
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(d) R is a partial order. Therefore R is

reflexive and transitive.

20. Ans: (¢)

Sol: If S is any set of positive integers, then R is
R partial order on S.
. [A; R] is a poset
The greatest lower bound of 2 and 3 does
not exist.
~.[A ; R] is not a lattice.
In the poset all the prime numbers are

minimal elements of A with respect to R.

21. Ans: 10

Sol: The Hasse diagram is

24
8 12
4 6
2 3

.. Number of edges = 10

22. Ans: 19

Sol: The possible Hasse diagrams are

3 3 2 3
| 1 2 1
N B C
I [} [} °
E

D

23.

Sol:

24.

Sol:

Number of partial orders of type A =6
Number of partial orders of type B =3
Number of partial orders of type C =3

Number of partial orders of type D =6
Number of partial orders of type E =1
..Required number of partial orders

=6+3+3+6+1=19

Ans: 3

The partial orders are
Ri={(1,1),(2,2),(1,2)}
Ry=1(1,1),(2,2), 2, 1)}
R;={(1, 1), (2, 2)}

Ans: (a)
Du=1{1,2,3,4,6,8, 12,24}

The Hasse diagram of the poset is given

below
24
8 12
4 6
2 3

S1: Number of edges in the Hasse diagram is
10.
oo Sy 18 true
S,: If a and b are complement of each other,
then
Joinofaandb=1=24
and Meetofaandb=0=1
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Here Joinof2 and 12 =12 #1 28. Ans: (¢)
. Complement of 2 # 12 Sol: The join of d and g = h = Upper bound.
S;: Joinof 3and 8 =24 =1 The meet of d and g =c # Lower bound
Meetof3and8=1=0 -.Complement of d # g
.. Complement of 3 =8
29. Ans: (d)
S4: Joinof4and 6 =12 =1
Sol: The Hasse diagram is
Meetof 4and 6 =2 # O
.. Complement of 4 # 6 -
8 6
25. Ans: (b) A
Sol: S={1, 3,9, 27, 81, 243} D)
(S, *) is a totally ordered set. A totally
1
ordered set is always a distributive lattice but
If we delete the element 1, the resulting sub-
not a Boolean algebra
lattice is not distributive.
26. Ans: (¢) .. The given lattice is not distributive.
Sol: The Hasse diagram of the poset is For the element 2, there is no complement.
24 .. The given lattice is not a complemented
lattice.
8
6 30. Ans: 17
4 Sol: The Hasse diagram is shown below.
) Deo=1{1,2,3,4,5,6,10, 12, 15, 30, 60}
The poset is a lattice, because for every pair
of elements lub and glb exist.
27. Ans: (a)
Sol: We have 385=5.7.11
= A product of distinct prime numbers
= [Dsss; [] is a Boolean algebra Number of edges in the diagram = 17
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31. Ans: 232 33. Ans:1

Sol: Number of functions possible on A = 4" Sol: The only equivalence relation on A which is

Number of functions which are either 1-1 or

on-to
=/4+/4-/4=24
. Required number of functions = 4* — 24

=232

32.
Sol:

Ans: (¢)

Let f(ab)=1f(c,d)

= (atb, a—b) =(ctd, c-d)
= atb=ct+d ...... (1)

Adding (1) and (2), we geta=c¢
Subtracting (2) from (1), we get b =d
= (a,b) =(c,d)

..f1is one-to-one

Let f (a,b) =(c, d)

= (atb, a—b) =(c,d)

= atb =cand a—b =d

= a= ctd and b= c—d
2

For each (c,d) eB
We have,

(a,b) = (”d,c_d] e B such that

2 2

f(a,b) = (c,d)

.. fis on-to.

Hence, f'is a bijection.

34.

Sol:

35.

Sol:

36.

Sol:

also a surjection is the diagonal relation on

A.

Ans: (b)

Given that f =f'

we have (fo ) x=x
= (fofHx=x (- f=11h

= f(f(x))=x

= f(1+kx) =x

— 1+ k(1+kx) = x

= 1+k+kx=x

= k=-1

Ans: (a)
(fog) (x) =f{g(x)}

_ f(2_Xj .y
x—1
And (g o Hx = g{f(x)}

o 25)

But(fog)=Igand (gof) =14
- (fog)#(gof)

Ans: (d)
(a) Let(gofla=(goDHb
= g{f(a)} = g(f(b)}
f(a) = f(b)
a=b

(- gis 1-1)
(- fis 1-1)

=
=

= (gof) is1-1
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(b) Letc e C
Since g is on-to, then exists an element

beB, such that

Since f is on-to, there exists an element
acA, such that
flay=b ........ (i1)
From (i) and (ii), we have
To each element ceC, there exists an
element ac A, such that
(gof)a=c
= (g o f) is on-to
(c) If (g o f) is 1-1, then f is also 1-1.

Otherwise g is not a function.

(d) If (gof) is on-to then f need not be on-to.

A—>5B—=2>C

al —)bl — C

a —)bz —> C
bs 7

Here (gof) is on-to, but f is not on-to.

37. Ans: (¢)
Sol: (a) We have, 4 ®y 7 =1 = Identity element
.. Inverse of 4 =7
(b) The set {1, 4, 7} is closed with respect
to ®g. Therefore it is a sub group of G.
(c) We have, 2 ®9 8 = 7 # Identity element

.. Inverse of 2 # 8

(d) The set {1, 8} is closed with respect to

®s. Therefore, it is a sub group.

38. Ans:1

Sol: Let e be the identity element.
—a*e=a VacA
=2ae=a

1

—e=

Let b = inverse of i

:>b*l=e
4
:>2bl=l

4 2
= b=1

.. Inverse of lz 1
4

39. Ans: (¢)

Sol: Order of the cyclic group = 10
Number of generators in G =¢(10)= Number
of positive integers which are less than 10

and coprime to 10 =4

40. Ans: (¢)
Sol: (a) The set {1, 4} is closed w.r.t. the given
binary operation.
.. It is subgroup of G
(b) The set {1, 11} is closed w.r.t. the

given binary operation.

.. It is a subgroup of G.
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(c) The set {1, 13} is not closed w.r.t. the
given binary operation.
.. The set is not a subgroup of G.
(d) The set {1, 14} is closed w.r.t. the given
binary operation.

.. It is a sub group of G.

41. Ans: (¢)

Sol: We have (A*B) € P(S) VA,B € P(S)
". *1s a closed operation.
The symmetric difference operation * is
associative.

The empty set ¢ € P(S) and ¢ is identity

element.
Wehave A'=A VA eP(S)
= (P(S),*) is a group.

42. Ans: (¢)

Sol: From the table
b*b=Db

= b is identity element

= The second row is a b c and

The second columnis a b ¢

Now ¢ cannot appear in the first row and 31

column.

=a*a=canda*c=Db

= The firstrowis ¢ a b

.. Thirdrowis b ¢ a

43.

Sol:

44.

Sol:

45.

Sol:

46.

Sol:

47.

Sol:

48.

Sol:

Ans: (¢)
{1,3} is closed with respect to *

- {1,3} is a group.

Ans: (¢)

(a*b)? = (a*b)*(a*b)
=a*(b*b)*a
= (a*a)*(b*b)

=a’ * b’

("." G is abelian)

Ans: (a)

Let e be the identity element
a*e=ate—ae=a

=e(l-a)=0 VxeQ-{l}

=e=0

Ans: (b)

-1 a
=>a =——
a—1
Ans: (a)
()2 ®3 7=1 (e is identity element)
.. inverse of 2 =7
Ans: (b)
We have

a*b=gc.dof {a,b}e D)y Va beDp
". * is a closed operation on D,

* s associative on Dj;
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Wehave a*12=a Va 52. Ans: (d)
The identity element = 12 Sol: (a) sum and product of any two even
The inverse of any element in D;, except numbers are also even.
12 does not exist. Further, addition and  multiplication
-.(D12;*) is a monoid but not a group. operations are associative.
- (A, .) and (A, +) are semi-groups.
49. Ans: (c) Sum of 2 odd numbers is always even.
Sol: Let e be the identity element. -, +is not a closed operation on B.
k =
—a*e=a VaeR .. (B, +) is not a semi-group.
—atet2=a
=e=-2 53. Ans: (a)
We have,a*a ' =e¢ Sol: f(x +y)=2""=2"2"={(x). f(y)
Sata'+2=-2 .. fis homomorphism.
—a'=(4-a) Further f(x) = 2" is a bijection.
- Inverse of 2 = (-4 —2) = —6 .. fis an isomorphism.
50. Ans: (d) 5. Probability
Sol: We havex *y=x"e N
= * is a closed operation 01. Ans: (c)
. Sol: Four numbers can be selected out of 40 in
(a*b)*c=a’*c = (ab) =a"
c 0C, =37 %38 x 65 ways.
a*(b*c)=a * b° = ")
) o E: Event that the four numbers are
. * is not associative on N.
] ] consecutive.
Hence, (N, *) is not a semi-group.
Favourable cases to E: (1 2, 3.4), (2,3.,4,5),
51. Ans: (d) (3,4,5,).......(37,38,39,40) whose number is
Sol: The identity element = 6 37

We have, 2° =2 ®,( 2 = 4
22=22®02=4®,02 =38
24=22®,02=6

.. 2 1is a generator

37 1
S PE)= = ——
YC, 2470

.. Required probability = P(E)
=1-P(E)
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o, 1 04. Ans: (b)
2470 Sol: Let
_ 2469 A = The event that 5 appears in first throw
2470 B = The event that sum is 6
02. Ans: (¢) The cases favourable to B are

Sol: The sample space is a square whose sides
are unit segments of the coordinate axes.
The figure whose set of points correspond to
the outcomes favourable to the event y* < x
is bounded by the graphs of the function and

y*=x,y=0and x = | is shown below.

CO, 1) B(1, 1)

0(0, 0) A(1, 0)

Required Probability = area of the shaded

. 2
region = IO\/; dx = 3

03. Ans: (¢)
Sol: Let x € S. Then either

xeP,xeQorxgP, xeQorxeP,
x ¢ Qorx ¢ P, x ¢ Q. Out of the above
four cases, three cases are favourable to the

event PN Q =¢.

20
.. The required probability = (%)

{(5,5,6),(5,6,5),(6,5,5), (4, 6, 6),
(6,4,6),(6,6,4)}

ANB={(,5,6),(5,6,5))

Required probability = P(A|B)

_n(AnB) 2 _1
n(B) 6 3
05. Ans: (a)
Sol: The total number of five digit numbers

formed by 1, 2, 3, 4 and 5 (without
repetition) = £5 =120

A number is divisible by 4 if the last two
digit number (i.e., tens and unit place) is
divisible 4.

The last two digit number must be:
12, 24, 32 and 52 (4 cases). With last two
digits fixed, the other three places can be
arranged in £3(=6) ways.

.. The number of favourable cases = £3 x 4

24

. Probability = =+ = 1
120 5
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06. Ans: (¢) 08. Ans: 04
a b Sol: If A and B are independent then
Sol: Let A= where a, b, cand d
¢ P(A nB)=P(A). P(B)=0.16 ....... (1)
can take values 0 or 1. By Addition theorem of probability
. Y
.. Total number of such matrices =2" =16 P(A U B) = P(A) + P(B)— P(A N B)
Let E be the event that A is non singular. — 0.64 = P(A) + P(B)— 0.16
o det A=0.
LAz — P(A)+P(B)=08 ...... (2)
1.e., atleast one of the two numbers a & d is From (1) & (2), we get
zero or atleast one of the two numbers b & ¢ P(A) = P(B)
is zero. _04
The matrices whose determinants are non
Zero are: 09. Ans: (a)
Sol: We have
(1 oj (1 oj {1 1} 181
’ ’ P(A)=P(B)=P(C)= — = —
0 1/{1 1/{0 1 ()()()162
1 o/l1 1)1 0 _2
3
LPE)=2 =2 _1
16 8 4
1
07. Ans: (d) Thus P(A " B) = e P(A) P(B)
Sol: Total number of triangles that can be formed |
by using the vertices of a regular hexagon = P(ANC)= 4 = P(A)P(C)
°C, =20. 1
PBNC)= 2 =P(B)P(C)

Among these, there are only two equilateral

triangles.
. o 2
. Required probability = 20

1

10

which indicates that A, B, and C are pair
wise independent. However, since the sum

of two numbers is even,

{ANBAC)=¢ and P(A) P(B) P(C) = %
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. P(AN BN C)#=P(A)PB)P(C) By Total theorem of probability P(W)=
which shows that A, B, and C are not
=P(E,) P{EJ + P(Ey) P(Ej +P(E3) P(Ej
independent. E, E, E;
_ L2y 13, 104
10. Ans: 0.46 3l5)7315) 731
Sol: Let
9 3
A, = event that the number is divisible by 2 - E - g
Aj = event that the number is divisible by 3
As = event that the number is divisible by 5 12. Ans: (a)

Then the required probability Sol: Let A, B and C denote events of a bolt

manufactured by A, B and C.
—P{(As U As) | As} Y

Let D be the event of the drawn bolt is

A, n As defective.
AVA By Total theorem of probability P(D)

D D D
P(A) P(Xj + P(B) P(Ej +P(C) P(E]

‘
Il

v :25(5j+35(4j+40(2j
(A, UA)AA,] 1001100 100(100)" 100( 100
n(Az) 69
=2 046 2000
50
13. Ans: (¢)

11. Ans: (¢)

) Sol: E : Correct diagnosis
Sol: Let E;, E,, E3 be the events of selecting urns

E : Wrong diagnosis
D : Event of death.

U, Uy, U; respectively and W be the event
of the drawn ball is white.
60

1 _ 60 _3 T2
3 PE=T00 "5’ P(E) 5

p[P1_70_7 HD)_380 _4
E) 100 10’ E) 100 5
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By Baye's theorem
P(E3)P(Ej
E = B
Required probability P(—j 3
D PP
= E;
P(E)P(Dj |
- E S
D — — 2
P(E)P(j +P )P(_j 1 111
E X4 —x—+—x]
3 4 6 8 2
3.7 24
J— X R = —_——
_ 5 10 29
7 2
= x 10 +=x—
15. Ans: (¢)
_ 21 Sol: Let E; be the event that the bag contains
37

14. Ans: (b)
Sol: Let E; bet the event of guessing, E, the
event of copying and E; the event of
knowing the answer.

. P(E)) = %, P(E,) = %, P(E3)

[l )
3 6) 2

Let E be the event of writing correct answer.

P £ =l, P £ :l (Given)
E, ) 4 E,) 8

By Baye's theorem,

Required probability = P(%j

jnumber of red balls (j =1, 2, 3, 4)
- P(Ey) = % G=1,2,3,4)

Let E be the event of drawing a red ball.

o E) L (E) 2 E)3
E, 4 E, 4 E, 4
e e
E,) 4

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




-
4R, ACE
W, (Y] . .
L") W
b "]

Engineering Publications :50: Discrete Mathematics
16. Ans:
6 ns: (d) ~C= 1
Sol: E;: Event of letter coming from LONDON. 6
E,: Event of the letter coming from Expected demand = E (D)
CLIFTON. 3 dP(D=d)

E: Event of two consecutive letters ON.
1 )
P(En) = P(Ex) = . 6) \6J \8) I8

19
Word LONDON consists of 5 pairs of =( j

consecutive letters

(LO, ON, ND, DO, ON) out of which there | 18- Ans:3

are 2 ON's. Sol: Let X = Amount the player wins in rupees
CLIFTON consists of 6 pairs of consecutive The probability distribution for X is given
letters below

(CL, LI, IF, FT, TO, ON) out of which there

Number of heads | 0 1 2
is only one 'ON". X ~ 11 13
( ) [ E J PX) 1121
P(E, )P| — Al a4
P[El j _ 1 E, 4 | 4 |4
E E E
P(El)P(E}'P(Ez)P(EJ For the game to be fair we have to find x,
1 2
so that E(X) =0
L2
- 25 :X'GJH'GJH'GJ:O
1 2 1 1 4 4 4
—X =X —
25 26 —x=5
= % .. Number of rupees, the player has to lose,
if no heads occur = 5.
17. Ans: (¢)
] 19. Ans: (b)
o d 2
Sol: Total probability = ZC(Z_d] =1 Sol: P (Xiseven) =P (X=2)+P (X=4)
d=1
+P(X=6)+....0
4 2
=>CR2+2+—-+—-)=1 1 1 1
3 3 :?4‘?4‘? .......
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20. Ans: 0.62857 Range(0.62 to 0.63)
Sol: Let E; = The selected reader is reading only
one news papers

E, = The selected reader is reading atleast
one of the newspapers

The Venn diagram for the given data is

A & B
(3X2)

C

Required probability = P(E|E;)
P(E,NE,)_P(E,)

P(E,)  P(E,)
_022 0.62857
0.35
21. Ans: (b)
Sol: Here f (x) is an even function

E(X)= jx.f(x)dx:O
(- x f(x) is an odd function)

E(X*)= sz f(x)dx

22.

Sol:

23.

Sol:

24.

Sol:

0 1
IJ.XZ (1+x)dx+J-x2 (1+x)dx=%
-1 0

Variance of X =E (Xz) —(E (X))2 :é

Ans: (a)
Required probability
1Y (1Y
=C(0,5). | =] .|=| -1
w09-[3] )
_ IOC5
210
Ans: (¢)

If the person is one step away, then we have
two cases:
Casel: 6 forward steps and 5 backward

or

Case2: 6 backward steps and 5 forward.

Required Probability
= C(11,6)(0.4)° + C(11,5)(0.6)° (0.4)’
= C(11,5) (0.4)’ (0.6)° (0.4 +0.6)

=462 x (0.24)

Ans: (d)
E; = Event of writing good book
E, = Event of not writing a good book

E = Probability of publication

P(E;) = P(Ey) = % P(EEJ =§,

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




Discrete Mathematics

P(E) = P(

1
>

X denote the number of books published.

..Required probability =
PX=1)+P(X=2)

2
=2C1£x13+2C2(11]

24" 24 24
11 13 (11Y
=2X—X—+| —
24" 24 |24
_ 407
576
25. Ans: (a)
Sol: P(A) =P(B)=P(C)=%

E = Event of getting 2 heads and 1 tail
2
o Bz (L)(1)3
A 2)\2) 8
2
{8
B 3)3) 9
2
o BV e (1)(2)-2
C 3)3) 9

Required probability

O —

E E E E
P(A)P| — |+P(B)P| — |+P(C)P| —
()(A]+(>(B]+()[Cj

13
_ 38 _27_9
38 39 3 9
26. Ans: (b)

Sol: Let X = Number of times we have to toss a
pair of dice.

P = probability of getting 7 in one throw

AN~

q=1-P
= probability of not getting 7 in one throw

>
6

q probability of not getting a 6 in
6 throws
P (X < 6) = Probability that it take less than

6 tosses to geta 7

(g

Required probability = P (X > 6)

LT H

~ 0.335
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27. Ans:7 29. Ans: 0.122
Sol: The probability of missing the target is Sol: We view the number of misprints on one
q=1-p=0.7. Hence the probability that n page as the number of successes in a
missiles miss the target is (0.7)". Thus, we sequence of Bernoulli trials. Here n = 300
k th 11 for which
seek the smaflest n for whic since there are 300 misprints, and p = —,
1-(0.7)" > 0.90 or 500
equivalently (0.7)"<0.10 the probability that a misprint appears on a
Compute given page. Since p is small, we use the
(0.7 =07, (0.7 = 049, (0.7) Poisson approximation to the binomial
— 0,343, distribution with A = np = 0.6.
(0.7)* = 0.240, (0.7)° We have
=0.168 P(Omisprint) = f(0; 0.6)
6_ 7 0 06
(0.7)°=0.118, (0.7) _(0.6) e 406 _ 0.549
=0.0823 0!
Thus, atleast 7 missiles should be fired. P(1 misprint) = (1; 0.6)
1 06
28. Ans: (b) - (0‘6% = (0.6) (0.549)
Sol: Let X = number of accidents between 5 P.M '
and 6 P.M. = 0.329
For Poisson distribution, Required probability
=1- +
A=np = (1000) (0.0001) = 0.1 1-(0:549+0.329)
=0.122

A AX
P(X=x) = e "N

Required Probability = P(X > 2)

=1-P(X<2)
=1-{PX=0)+P(X=1)}
=l-e*(1+0.1)
=0.0045

30.

Sol:

Ans: 0.1353
Given that A = 900 vehicles/hour
=1 vehicle/ 4 sec =2 vehicles/8 sec
Probability for k vehicles in a time gap of 8
e

seconds = P(X =k) =
k!

Required probability =P(X =0)=¢ " =¢*
=0.1353
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31.
Sol:

32.
Sol:
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Ans: (¢)
The area under normal curve is 1 and the

curve is symmetric about mean.

80 100 120

- P(100 < X < 120)=P(80 < X < 120)
=0.3
Now, P(X <80)=0.5—-P(80 <X <120)
=05-03=0.2

Ans: 0.7939
This is a binomial experiment B(n, p) with
n=23500,p=0.04,andq=1-p
=0.96.
Then p=np =(3500) (0.04) = 140,
o” = npq = (3500)(0.04) (0.96)

=134.4,
c=41344 =11.6

Let X denote the number of people with
Alzheimer's disease.

We seek BP(X < 150) or, approximately,
NP (X < 149.5).
and NP denote

(BP denote Binomial
Probability Normal
Probability)

We have 149.5 in standard units

_ (149.5-140)
11.6

=0.82

33.

Sol:

34.

Sol:

Therefore,
Required Probability = NP (X < 149.5)
=NP(Z £0.82) =0.5000 + ¢(0.82)

=0.5000 + 0.2939
=0.7939
Ans: 2
1 -z’
flz)= e 2 is the probability densit
( ) m p y Yy

function of Normal Distribution
jf(z) dz=1

.. The value of given integral

o0

=2If(z) dz

Ans: 0.3085
Let X = diameter of cable in inches

mean = p = 0.80
Standard deviation = c=4/0.0004 = 0.02

The standard normal variable Z = =— H
c
When X =0.81,Z = w: l
0.02 2

Required probability = P (X > 0.81)
—pz> 1)
2

=1 — (Area under the normal curve to the left
of Z=0.5)
=1-0.6915=0.3085
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35. Ans: (i) 28 (ii) 28 (iii) 205
Sol: The parameters of normal distribution are
p=68 ando =3
Let X = weight of student in kgs
X —

(@

Standard normal variable = Z = H

(i) When X =72, we have Z = 1.33

Required probability = P(X > 72)

= Area under the normal curve to the right
of Z=133

= 0.5 — (Area under the normal curve
between Z =0 and Z = 1.33)

=0.5-0.4082

=0.0918

Expected number of students who weigh

greater than 72 kgs =300 x 0.0918 =28

(ii) When X =64, we have Z =-1.33
Required probability = P(X < 64)

Area under the normal curve to the

leftof Z=-1.33

0.5 — (Area under the normal curve
between Z =0 and Z = 1.33)
(By symmetry of normal curve)
=0.5-0.4082
=0.0918

Expected number of students who

weigh less than 68 kgs =300 x 0.0918

28

(iii) When X =65, we have Z =—1
When X =71, we have Z = +1
Required probability = P(65< X < 71)
= Area under the normal curve to the
leftof Z=-—1andZ=+1

=0.6826

(By Property of normal curve)
Expected number of students who

weighs between 65 and 71 kgs

=300 x 0.6826

= 205

36. Ans: (b)
Sol: If X has uniform distribution in [a, b] then

(b—a)’
12

variance =

_[Ba—(-a)® _16a’ 4a’
12 12 3

37.
Sol:

Ans: (b)
Let X be a uniformly distributed random
variable defined on [a, b].

a+b

Mean is =]l=a+b=2

Variance is

12
On solving, we geta=0,b =2
1

.. The PDF of f(x) is =

,a<x<b
b

0<x<2

1
2 b
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1. 1 1
P(X <) [2£(x)dx = jﬁdx:Z

38. Ans: (¢)

Sol: f(x)Z%,—2SXS2

Xo1|> L
2

Z[_?IS(X—I)<—2JU(

IX-1] >

s(X—1)<2]

N | —

1
2

= (-1<X£lj + (E§X<3J
2 2
P(|X-1|21J
2
1 3
=P(-1<X£—j +P(—SX<3]
2 2

39. Ans: (b)
Sol: The probability density function of X is

—AX
£ (x) = re x>0
0 ,X<0

40.

Sol:

41.

Sol:

42.

Sol:

P(X<5) = jf(x) dx

—X

5 1 X
- j—elo dx =~ 0.393
)10

Ans: (a)

Mean le.S :>6=L=2
0 0.5

The probability function of exponential
distribution is f(x) = 2¢ >, x > 0.

P(X > %) = E”ze—zx dx = (_ o2 )Of

=(0)— {—<'}=¢"

Ans: (d)

The density function f(x) = %e5x

We require P(x>8) = If(x) dx=¢™*"
8

=0.2
Ans: Mean = 34, Median = 35,
Modes = 35,36 & SD =4.14

Mean 2& =34
n

Median is the middle most value of the data
by keeping the data points in increasing
order or decreasing order.

Mode = 36

SD=4.14
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2 3
43. Ans: (b) g2 a1
2 3 2
Sol: Mean = X2x;P; =3 .
il 1
Variance = ZXfpi—uz =102-9 =1.2 = 3a” 2a’= > :>a=5
44. Ans: k=6, Mean= 1 , Median = 1 , Mode a that value at which f(x) is max/min
2 2
- f(x) = 6x —6x°
1 1
Mode= — and S.D=—— '(x)=6—
) 25 f(x)=6-12x
B For max or min f'(x) =0 =6 — 12x =0
Sol: we have jf(x)dx =1 1
= X=—
e 2
1 1
Jk(x—xz)dX: f'l(x) =—12 fl‘(§j=—12 <0
0
2\! 3\ . 1
X X .o maximum at X = —
2 0 3 0 1
L1 .. mode is —
= k|=——=|=1
2 3
S.D = 4/E(x?)— (E(x))’
3-2
=k . = 1
=575
=k=6
i |
Mean = | xf(x)dx = J.6(x2 ~xY)dx 6. Linear Algebra
:oo 0
= 01. Ans: (b
e x] 1) o
304 13 4| 2 Sol: Given that P is 10 X 5 matrix.
Median is that value ‘a’ for which Q is 5 X 20 matrix
1
P(XSa)ZE and R is 20 X 10 matrix
a . X .
jé(x—xz)dx :% Now PQR is 10 X 10 matrix. Total number
0 of elements in PQR = 100. Here, we can
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find the product PQR only in two ways i.e., .. The minimum number of multiplication
(PQ)R and P(QR) because PQ # QP. operations to find PQR= 1500.

So, to find the product matrix PQR first we
find PQ and then find (PQ)R (or) we, first
find QR and then find P(QR).

02. Ans: (d)
Sol:  Giving that
I-A+A*— .+ (=D)"A")=0..... 0

For the product (PQ)10x20 multiplying by A™'

~1 2 n—1 An-1 _
Number of elements in PQ = 200. AT-T+HA-A+. .+ (DA =0
To compute each element of the matrixPQ, | e (ii)

Adding (1) & (i), we get
A+ (1)"A"=0
LA =)D An

we require ‘5’ multiplications.

.. Number of multiplications = 200 X 5

=1000
For the product [(PQ)R];0x10 03. Ans: (b)
Number of elements in (PQ) R =100 Sol: Here determinant of A =8
To compute each element of the matrix A= adiA
(PQ)R, we require 20 multiplications. Al
.. Number of multiplications = 100x20 —C= _?1 (cofactor of the element 6 in A)
=2000 1ok 3
Hence, the total number of multiplication - ?'(_1 ) 0 4‘ =-1
operations to find the product [(PQ)R]10x10
=1000+2000 04. Ans: 324
=3000 Sol: Det M, =2r -1
Det M; + Det M, + ...... Det Mg
Similarly, if we find the product 1 +345+ . +37
[P(QR)]i0x10 by above method, the total — 304
number of multiplication operations to find
the product [P(QR)]i0x10= 1000 + 500 05. Ans:-3
=1500 Sol: Given that |A['"=2"°
= |A|=£2
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Sol:

07.

Sol:
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3 _
=0 -25=%2 .. maximum value of A = 1
=ao’=-27 or o =-23 2
1
=ao=-3 or a=(-23) 08. Ans: 0
Sol: Given that
Ans: 8
cosx x 1
k _ . 2
Given that Z A, =72 fx)=(2sinx x" 2x
n=1 tanx X X
k k k R, R,
Sk K4kl KP4k [=72 applying —= and —=
'S k? k*+k+1
cosx x 1
C > (C-C), G > G -G f(x) |2sinx
5= x 2
X X
k 0 0 tan X 11
= k’+k 1 0 [=72 X
2
k 0 k+1 1 o0 1
£(x)
= k(k+1)="72u xlito el 2 0 2/=0
=k=8 R
09. Ans: (d
Ans: 1 (@)
2 Sol: In a symmetric matrix, the diagonal
1 1 1 elements are zero and a;; = —a;; for i # j.
Given that A=l 1+sin® 1 Each element above the principal diagonal,
! ! I+cos® we can choose in 3 ways (0, 1, —1).
R, Ry, Rs R, Number of elements above the principal
diagonal = M
1 1 1
=10 sin®6 1 .. By product rule,
0 0 cos Required number of skew symmetric
= sin 0. cos 0 ‘ n(n-1)
matrices = 3 2
_ sin26
2
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(5

Expanding by third column

10. Ans: —
1 1 1
Sol: Number of 2x2 determinants possible with =g 0 1{#0
1 -1t

each entry as 0 or 1 =2*=16.
= (1). (1 —(t=1)-1)#0

a
LetA=
c

=t=1

b‘

If A> 0 then a=d =1 and atleast one of the 13. Ans: (¢)

entries b or ¢ is 0. -1 2 5 -1 2 5
. The determinants whose value is +ve Sol: | 2 -4 a-4|~| 0 0 a+6
are 1 =2 a+l 0 0 a+6
1 0 1 1 1 0 -1 2053
, and =10 0 0| ifa=—6andRank=1
0 1 0 1 1
0O 0 O

. Required probability = % If a # —6 then Rank of the matrix is 2

.. Option (c) is correct.

11. Ans: 1 14. Ans: (d)

Sol: If'th t linearly d dent, th . .
0 © vectors are Hincarly dependent, thenl Sol: The characteristic equation is

=t 00 A— =0
1 1-t 01]=0 s s
| 11—t >A-4Yn+4)=0
. =1t=16
={1-t7=0 :
By Caley Hamilton's Theorem
=>t=1 4
A" =16l
12. Ans: 1

Sol: If the vectors are linearly independent, then

0

=0

S = =
—_—
O = =

0
0
1
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15. Ans: 4 -1 1 0 0 0]
O 0 -1 1 0 A=0 0 -1 1 O
Sol: A=l0 -1 1 0 0 60 0 1 -l
1 0 0 0 -1 (0 0 0 0 0]
0 0 o0 1 -1
- - = Echelon form of A
Rs— R4+ Ry .. Rank of A = number of non-zero rows in
-1 1 0 0 O] Echelon form of ‘A’ =4
0O 0 -11 0
A~|0 -1 1 0 0 16. Ans: (b)
o0 1 0 0 -1 Sol: The augmented matrix of the given system
O 0 0 1 -1 .
- - is
R, & R; 1 -1 2 -1|1
- _ [AB]=1 0 1 10
chb 000 0 -1 1 -2/-1
0 -1 1 0 0 B Il
A~]0 0 -1 +1 0 R,- R,
0 1 0o 0 -1
0 0 0 1 -1 1 -1 2 -1)1
~ 1 -1 21-1
Ry > R4+ R, -1 1 =2|-1
-1 1 0 0 0 R3 +R;
0 -1 1 0 0
A~|0 0 -1 +1 0 1 -1 2 =11
0 0 0 -1 ~10 1 -1 2]|-1
0 0 0 1 -1 00 0 0l
Ry —> R4+ R Rank of coefficient matrix A =2
__1 1 0 0 0 ] Rank of [A|B] =3
0 -1 1 0 0 .. The system has no solution
A~{0 0 -1 1 O
0 0 1 -1 17. Ans: (¢)
0 1 -1
- - Sol: Let the given system be AX =B
Rs — Rs— Ry The augmented matrix of the system
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1 0 0 0[0 1 1 3
0 1 0 1(0 ~10 -3 -9
=[AB] =
1 1 0 0[0 -0 1 3
0 0 0 1|1
3R; + Ry
R;—R
P 11 3
1 0 0 0]0 ~10 -3 -9
0 1 0 10 0 0 O
0 1 0 0f0
If B is a linear combination of columns of A,
R; - R;
then p[A] = p[A[B]
1 0 0 0(0 e .
.. The system has infinitely many solutions
01 0 110
000 -10 19. Ans: (c)
0 0 0 1]1 o .
Sol: If the system has non trivial solution, then
Ry +Rs a b c
1 0 0 0(0 b ¢ a/=0
01 0 110 c a b
00 0 -10 Cl—)C1+C2+C3
0 0 0 0]1
a+b+c b ¢
H Al=3 and = la+b+c ¢ al=0
ere plA]=3an a+b+c a b
plA[B] =4
.. The system has no solution. Re =Ry, Rs =Ry
a+b+c b c
18. Ans: (d) = 0 c—b a—c[=0
1 1 3 0 a-b b-c
Sol: A=| 5 2 6
2 1 -3 = (a+b+c)(@®+b*+c—ab—bc— ca)=0
R, - 5R; =a+b+c=0 or
Ry 2Ry a=b=c
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20. Ans: (b) 11 1 6
Sol: Let the given system be AX =B ~10 1 2 4
The augmented matrix of the system 0 1 A-1jp-6
1 2 -3la R; —R;
> 9 —6fc ~lo1 2| 4
0 0 A-3|n-6
R, — 2R,
The system has unique solution if A # 3.
R; - 5R;
1 2 -3 a 22. Ans: (d)
~10 -1 9|b-2a Sol: If the system has non trivial solution then
0 -1 9 |c—-5a 1 -k 1
k 3 -k=0
R3 =R, 301 -1
1 2 -3 a = 1(k-3)+k2k+(k9)=0
~10 -1 9] b-2a =2k’ +2k—-12=0
0 0 Ofc-b-3
emom k=2, -3
The system is inconsistent
23. Ans:2
if c-b—-3a#0 o o
Sol: The characteristic equation is
=3a+b-c#0
A=Al =0
21. Ans: (c) A real eigen value of AisA =5
Sol: Let the given system be AX =B The eigen vectors for A = 5 are given by
The augmented matrix of the system = [A-51]X=0
1 1 16 00 0 1I||x 0
[AB]=|1 2 3|10 |00 0 0 10
1 2 Alp 0 0 -3 1 [|x; 0
00 3 -—-4||x, 0
R;—R;, Ry — Ry
= X4 = 0, x3=0
= p[A] =2 and n = 4=number of variables
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.. The number of linear independent eigen

vectors corresponding to A =5 are 2.

24. Ans: 0
3 4
Sol: Leta=
4 -3
The characteristic equation is
JA—Al|=0
3-A 4 1
4 3=

= A=15

The eigen vectors for A = 5 are given by

[A-51]1X=0
o AGH
= =
4 -8||y 0
=>x-2y=0

The eigen vectors for A =—5 are given by

[A+51]X=0

25. Ans: (a)

1 2
Sol: Let A=
0 2

The eigen values of A are 1, 2

The eigen vectors for A = 1 are given by

[A-1]X=0

~[o 10

The eigen vectors for A = 2 are given by

[A-21]X=0
o ol o
= =
0 Oyl |O
=x+y=0

X2202 2
1

1 2
.. The eigen vector pair is {0} and [J

26. Ans: (¢)
Sol: If A is singular then 0 is an eigen value of A.
.. The minimumeigen value of A is 0.
The eigen vectors corresponding to the eigen
value A = 0 is given by
[A-0[1X=0
3 5 2||x 0

=|5 12 7||y|=|0
2 7 5||z| |0
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Applying cross multiplication rule for first The characteristic equation is
and second rows of A, we have A=Al =0
X y z 1-A 0 0 0 1
- — ==
11 11 11 0 -1-2 -1 -1 0
=10 -1 -1-» -1 0/|=0
X y z
172171 1 -1 -1 -1-2 0
1 0 0 0 1-A
.. The eigen vectors are
R1—>R1+R5 and Rz—)R2+R3+R4
1
2-A 0 0 0 2-A
X=k|-1
. 0 -3-A -3-A -3-2 0
=10 -1 -1-1 -l 0 (=0
1 -1 -1 -1-A 0
27. Ans: (b) 1 0 0 0 1-x
Sol: Here, A is the elementary matrix obtained
=2-1).(3-n0).
given I3 with elementary operation R; <> R3
1 0 0 0 1
0 0 1 0 1 0
A=10 1 0 0 -1 -1-» -1 0 =0
1 0 0 1 -1 -1 -1-A 0
1 0 0 0 1-A
The characteristic equation is — =23
A=Al =0 .. product of the non zero eigen values = —6
-A 0 1
—~xlo 1-n ol=o0 29. Ans:3
1 0 - Sol: If A is eigen value then AX =AX
-2 (A -D=0=>r=1,1,-1 M :
== -D=0=4=1 1. =17 2 1|[2]=2|2
14 -4 10||k k
28. Ans: -6

Sol: The given matrix has rank 2

.. There are only 2 non zero eigen values

=6+2k=X\
21 +k=2A
=42 + 2k =4\

A=12 and k=3
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Sol:

32.

Sol:
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Ans: 3 33. Ans:3
Sol: Sum of the eigen values = Trace of A =14 2 0 1
=a+tb+7=14... (1) Sol: LetA={0 2 1
product of eigen values = |A| =100 003
= 10ab =100 Here, A is upper triangular matrix
= ab =10 .....(i1) The eigen values are A=2, 2, 3
solving (i) & (ii), we have The eigen vectors for A = 2 are given by
=a=5andb=2 [A-2]X=0
S la—b]=3 0 0 1|x| |0
=10 0 1{y|=|0
Ans: 1 0 0 1}z 0
Product of eigen values = |A| =0 — Here Rank of [A — 2] = 1
3 4 2 . Number of Linearly independent eigen
=19 13 7(=0 :
vectors for A=21isn—r
-6 -9+x -4
=3-1=2
R, — 3Ry, R3 + 2R,
3 4 9 For since, A = 3 is not a repeated eigen
—~0 1 1l=0 value, there will be only one independent
0 x-1 0 eigen vector for A = 3.
=3(1-x)=0 .. The number of linearly independent eigen
=>x=1 vectors of A =3.
Ans: (d) 34. Ans: (d)
The characteristic equation is Sol: The characteristic equation is
A= =602 +9L—4)=0
=2 _-1=0 |A|= product of the roots of the characteristic
=M -1)=0 equation = 4
S A=0,1,-1++3i Trace of A = sum of the roots of
) characteristic equation = 6
= A=0,1,-0.5£(0.866)i
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35. Ans: (b) 37. Ans: (¢)
Sol: A is symmetric matrix. Sol: The characteristic equation is
The eigen vectors of A are orthogonal. a—-n 1 0
For the given eigen vector, only the vector 1 a-A 1 |=0
given in option (b) is orthogonal. 0 I a-2
.. option (b) is correct. )
=@-2)[{@a-1"-1}-(@-1]=0
36. Ans: (¢ = A= a,at\2

Sol: The characteristic equation is

. Ans: A2-30+2
W18 02 +450=0 38. Ans: A" -3}

Sol: The characteristic equation is
=A=0,3,15

5-L -6 -6
The eigen vector for A = 15 are given by -1 4-4 2 =0
3 -6 —-4-A
[A-1511X=0 5
=>A-H(Ar-2)y=0
-7 -6 2 |Ix| |0 ~. Either (A —1) (A — 2) or (A —1) (A — 2)* is
=|=6 -8 —411y|=0 the minimal polynomial
2 -4 -12||z 0
(A-T)(A-2D
:%:%zzi 4 -6 -6|[3 -6 -6
0 —40 20 -1 3 2||-1 2 2|-0
x y 7z 3 -6 -5{|3 -6 -6
= —=——==
2 -2 1 .. The minimal polynomial of A
.. The eigen vectors for A = 15 are =A-1)(-2)
=230 +2
2
X=k|-2| (k=0)
1
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LU Decomposition 41. Ans: (a)
1 -3 5
39. Ans: (b) Sol: A=| 2 —4 7
Sol: The coefficient matrix 1 -2 1
A= 4 > R2—2R1
12 14
R; + R;
R, -3R; 1 -3 5
~10 2 -3
4 5
~ 0 -5 6
0 -1
5
R;+ —R
4 5 P
U=
0 -1
1 -3 5
~(0 2 -3
40. Ans: (b) 0o o =3
2
1 2 1
Sol: A=\ 2 33 From the elementary operations used
-3 —-10 2
above, we can write
R; — 2R,
R; + 3R, 1 0
-1 =
~10 -1 1
0 -4 5
R; - 4R,
1 2 1
~10 -1 1
0 0 1
1 2 1
~U=]0 -1 1
0 0 1
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03. Ans:7
7. Calculus 1
1 n\ g,
n n\n 5
01. Ans:1 Sol: Lt (7 +5 )“ = Lt 7[1+(7j j
Sol: Putx=l.Theny—>0asx—>00. —7
y
[ ) '.'Ltr“:O,|r|<1}
Given Lt= Lt /L2+3—1—l [ noe
yOLNY Y Y
r 7 04. Ans: 2
Jr2y—y? -1 e
= Lto 1
aal y i Sol: Lt (secx— - J
. 1-sinx
1 2
= Lt —(2-2y)
y— — —q1 —
24{1+2y -y — 1 —-sinx c‘:osx Qform
xs ™ cosx(l—smx) 0
= 1 2
- Lt 1 —-cosx +sinx
02. Ans: 1 | —sinx —cos2x
2
a*—x" :
Sol: inta = =-1 (by L' Hospital's Rule)
X 1 a-1 - _2
ol Xo(gfaIax) _
X—a +
X 0ex% 05. Anms:1
B LvH tlv Rl X _ ,sinx
(By ospital’s Rule) Sol: Lt {—e (,3 } [9 form}
x=0 X —sin X 0
a* loga—aa"" _ 1
a’ (1+loga) _ L{ex—esmx.cosx}
x>0 I—-cosx
loga—1 )
=— (by L' Hospital's Rule)
loga +1
=1 (applying L' Hospital's Rules two times)
=loga-1=-loga—1
=loga=0
=a=1
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06. Ans: (a i
® =Lt0(smxj Ltosinx:O
i i X X X—>
Sol: 1 SM2XFasinx
x—0 X log y _ 0
By L' Hospital's rule y=el=1]
Lt ZCos2x+2acosx b
x—0 3X _ 1
. . 08. Ans: —
=2+a=0 (- bis finite) 2

a=-2
By L' Hospital's rule

—4sin2x +2sinx
6x

Lt b

x—0

again, by L' Hospital's rule

Lt —8co0s2x +2cosx _

x—0 6

b

=b=-1

= 2&b=-1

07. Ans:1

L[

x—0 \ X
tan x
1
X

Taking Logarithms on both sides

Sol:

Let y= Lt

x—0

logy = Lto tan x log( ! j .........

X

_ 1 ~logx ( © J
x>0 cotx 0
By L' Hospital's rule

-1

=Lt —%5
x>0 —COoS™ X

Sol: Lt f(x)= Lt f(x)=f(0)
x—>0" x—>0"

Lt f(x)= Lt f(0—h)= Lt f(~h)
x—>0" h—>0" h—0"
_ 1 \/l—ph—\/l+ph
h—>0" —h
_ (L—ph) - (1 +ph)
heO’—h(\/l—ph +\/l+ph)
- Lt 2P -2
-0 JI-ph+,1+ph 2
=p
Now f(0) = 201 _ -1
0-2 2
I
) 5
09. Ans: (d)
Sol: f(14)= Lt X=31=172
x—>1* X—l
_ g ZXF3-2
x—1" X—l
X' 3x 13
f(l)= Lt +—2 4
x—>1" X—l

1 x—1)(x—
B ZXEE( (X)El) 5): .
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.. fis continuous and differentiable at x = 1 12. Ans: (¢)
3= Sol: (a) Let f(x)=(x-2)in[1, 3
f,(3+):Lt|x 3-0 _, (a) (x) = (x-2) in[1, 3]
o3 (x=3) Here, f(1) = f(3)
PG)= Lt - (X - 3) — 1 .. Roll's theorem is not applicable
= (x-3) (b) Let f(x)=1— (1 —x) " in [0, 2]
.. fis not differentiable at x = 3 Here, f(X) 1S not continuous in [0’ 2]
X]j:[3f(x) :in,t3 |x=3=0=1(3) .. Roll's theorem is not applicable
.. fis continuous at x =3 (¢) Let f{x) = sin x in [0, ]
Here, f(x) is continuous in [0, ] and
10. Ans: (a) differentiable in (0, ).
Sol: If f(x) is continuous at x = 0, then Further, f(0) = f(r)
Ltf(x)=1£(0) . Roll's theorem is applicable
1—x)t (d) Let f(x) = Tan x in [0, 27]
= Lt x = 1f(0)
=0 I+x Here, f(x) is not continuous in [0, 27]
[ ( ] )l .. Roll's theorem is not applicable
= Lt | =10)
_(1 +x)x 13. Ans: (d)
¢! Sol: Here, f(x) is neither continuous nor
= —= f(0)
€ differentiable in the interval [-1, +1].
= f(0)=¢" .. Option (d) is correct.
11. Ans: (¢) 14. Ans: 1.732
Sol: f!(x)=2ax,x<1 Sol: By Cauchy's mean value theorem
=2x+a,x>1 f'(d) _ £f3)-f(1)
f(1) =F(1 g(d) e -e
(- since f(x) is differentiable at x =1)
V31
2a=a+t2=a=2 —d= |7
f(17) =f(1") (- f(x) is continuous at x = 1) ﬁ -1
atl=1+a+b=b=0 = d=+3
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15. Ans: (d)
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18. Ans: (¢)
1 Sol: y=alog [x| + bx’+x
Sol: Let f(x) = x*
dy}
1 = | =0
f(x) = x* F kjgx} {dx i
X
=>-a-2b+1=0...... (1)
fx)=0 = x=e
Further {"(e) < 0 = [g} =0
dX x=2
.. f(x) has maximum at x = 0
1 = 2 A4 1=0 )

The maximum value = f(e) = ec

16. Ans: 0.785
Sol: Lety = f(x)

f(x) has no stationary points.

Further f(0) = g and f(1)=0
.. The maximum value of y = %
17. Ans: (b)
Sol: f(t)=(t—2)*(t—1)
f(t)=0
=t=1,2

f'(t) = (t =2)* + 2(t — 1) (t-2)
f'(1)=1and f'(2)=0

.. f(t) has a minimum at t = 1

solving (1) & (2), we havea=2,b= _71

19. Ans:2
Sol: fi(x)=6x"— 18 ax + 12a’
=6(x—a) (x —2a)
L f(x)=0 =>x=a or 2a
Ifx;=a then x,=2a

2

XZZXIZ =2a=a" =a=0or 2

Clearly f has a local maximum at x =2 and a

local minimum at x = 4

20. Ans:5

Sol: z=o’+p*=(a+P)—2ap
=a’-2a+6
=(@a-1+525

s.zisleastiffa=1
least value of z = [z],=

=5
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21. Ans: (a) again
Sol: f(x,y)=2(x*-y)—x"+y* RLd
' \ = [f(a+b-x) dx
consider fy =4x —4x” =0 o
=x=0,1,-1 :J'j? ‘4Sin4x4 "
fy=4y+4y3::° 5 sin”x+cos’x
=y=0,1,-1 adding
St
r:fxy:4_12X2 o] = J-Tl? dx:ﬂ
s = fxy =0 0 12
t="1,, =4+ 12y’ =T
At (0,1), we haver>0 and (rt —s?) >0 6
.. f(x, y) has minimum at (0,1) 3. Ans: 6.28

At (-1, 0), we have r < 0 and (rt — s%) >0

. f(x, y) has a maximum at (-1, 0)

22. Ans: 0.523
Sol: We have,

[ fx)dx=]" fa+b-x)dx

1

Here, f(x) = ———
®) 1+ tan*x

_ cos'x
B 4 - 4
COS X+Ssm X

fat+ b —x) = f(g - xj

sin * x

sin® x +cos * x

Sn

Letl= J.Ef(x) dx

12

Sn

— [
L

12

cos * x
— dx
cos’ x +sin’ x

Sol: On substituting x = 7 sin® 0 + 3 cos” 0,
We get 7—x=4cos” 0,
x —3 =4 sin” 0 and dx=8 sin 0 cos 0 d6.

Alsox—>3 =260
andx >7=0—> g
The given integral becomes
s 1=8. Jf cos’ 0 do

=2n=6.28

24. Ans: 16.15
Sol: Put 1 +x =t

thenlzf(tz—l)z.t.2tdt
2
2]12 (¢ -2t +2)dt = 2{%—2—t5+£}
1

_ 1696
105
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25. Ans: 39 28. Ans: (a)

26. Ans: (a)

T
Sol: _[xsin“ x cos® x dx
0

T
T .
I:—J-sméxcos4 x dx
2 0

(property 9)

>
= 2§jsin °xcos* xdx (property 6)
0
53.13.1 n| 3n
I=mx — | =
10.8.6.42 2] 512
27. Ans: 4

Sol: Jjn [xsin x]dx =kn

n . 2n .
= J;) X sin X dx+I —xsin xdx =kn
T

= [x(~cosx +sin x)[/ —[-xcosx +sinx " =kn
= n—[3n]=kn

=k=4

9 0
Sol: j sinhxdx = |cos hx|_

0

X —X

et +e
2 —0
_2 [e"+e”
2 2
=1-0- =—o0
2
29. Ans: 8
Sol:

On solving the two curves in the first
Quadrant, we get x = 2. Therefore, the area

bounded by the curves is

2('[02 (4 — x) dx — .[02 X dxj

2 0 2 0
=2(8-2-2)

= 8 sq. units

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pana | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




'J: :L‘Eng.né}nggpubmm :75: CSIT-Postal Coaching Solutions
30. Ans: 25.12 34. Ans: (a)
4 3 2
Sol: Volume = L ny’ dx Sol: J‘ 1+X2 dx  atx =1
y 1 (X_l)
= dx = 8 cubi it
IO nx dx = 87 cubic units _m
f(x)= 5 f(x) >0 asx — 1
(x~1)
31. Ans: (d)
> g(x)— 1 _ V1+x
Sol: Length = .[3 1+ dx (-1, _1 2
o dx x| 1 .
3
:.[o V1+x dx Ltm:—\llﬁ-xzx(x_l)zzﬁ
) - x—)lg(x) (X—l)
= E[(l+x)zl j‘ | :( 1 js
_ 14 =1 AL,
3 -1 1
=—+—=00
2 0
32. Ans: (b)
o i i 35. Ans: (a)
Sol: J-xe‘X dx=0 f(x)=xe™ 2 s
k X +1 ) e
* Sol: I > dx at x = 2 point of infinite
Odx) f-x)=—xe™ =—f(x) N
f(x —>o anx —2

Converges to 0

33. Ans: (a)
1 dx 1dx 1 . .
Sol: My = 2jox_2 (- = is even function)

=2 Lt 1d—)2((since Lz is not defined)
X

x—0"J0 x

-15)

X Jo
=2{(-D)—(0)}
= oo(Divergent)

36.

Sol:

3
Lt@: XAl 2% = 9finite

V2-Xx

2 2 1 3
Ig(X) =I = 2‘\5 L =2 convergent
1 1

:
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