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r 1 Linear Algebra

Chapter

01. Ans: 1500

Sol: Given that P is 10 X 5 matrix.
Q is 5 X 20 matrix
and R is 20 X 10 matrix

Now PQR is 10X 10 matrix. Total number

of elements in PQR = 100. Here, we can
find the product PQR only in two ways
i.e., (PQ)R and P(QR) because PQ = QP.

So, to find the product matrix PQR first we
find PQ and then find (PQ)R (or) we, first
find QR and then find P(QR)

For the product (PQ)10x20

Number of elements in PQ = 200.
To compute each element of the matrix PQ,

we require ‘5’ multiplications.

.. Number of multiplications = 200 X 5
=1000

For the product [(PQ)R]1ox10

Number of elements in (PQ) R =100

To compute each element of the matrix

(PQ)R, we require 20 multiplications.

.. Number of multiplications = 100 x 20
=2000

Arthur Cayley
(1821 - 1895)

Hence, the total number of multiplication
operations to find the product [(PQ)R]i0x10
= 1000 + 2000
=3000

Similarly, if we find the product
[P(QR)]iox10 by above method, the total
number of multiplication operations to find
the product [P(QR)]i0x10= 1000 + 500

= 1500

.. The minimum number of multiplication

operations to find PQR = 1500.

02. Ans: (d)

Sol: Giving that
I-A+A*— .. +(=D)"A")=0..... @)
multiplying by A

AT+ A-A+ L+ DAY =0 (D)
Adding (i) & (i), we get
A+ (D)"A"=0

LA = (DDA

03. Ans: (b)
Sol: Here determinant of A =—8
adj A

|Al

A=

=c= _?1 (cofactor of the element 6 in A)

Arthur Cayley was probably the first mathematician to realize the importance of the notion of a matrix and in 1858 published
book, showing the basic operations on matrices. He also discovered a number of important results in matrix theory.



04.

Sol:

0s.

Sol:
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_ 2 3 07. Ans: 0.5
_ _1(_ 13+1) ‘
8 0 4 1 1 1
=_1 Sol: Giventhat A= |l 1+sin6 1
1 1 1+cosO
Ans: 324 R,— R, Rs—R,
Det M, =2r -1 | | |
Det M1 + Det M2+ ...... Det M]g =10 sin© 1
:1+3+5+ .......... +37 O 0 Cose
=324 =sin 0. cos O
_ sin 20
Ans: -3 >
Given that |A]""=2" |
.. maximum value of A = —
= |Al==£2 2

06.

Sol:

= o’ -25=+2

= o’=-27 or a’=-23

= o =-3 or oc=(—23)%

Ans: 8

k
Given that Z A =72

n=l

k k k
= k’+k k’+k+1 k’+k |[=72
k2 k> kK +k+1

Cz —> (Cz—cl), C3 —> C3—C1

k 0 0

= k’+k 1 0 (=72
kK2 0 k+1

= k(k+1) =72

=k=8

08. Ans:0
Sol: Given that

cosx x 1
f(x)= [2sinx x> 2x

tan x X X

applying % and R

X
cosx x 1
f(x) |2sinx
= 2
X X
tan x 11
X
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. (3

09. Ans: (c) =(1-t’=0

Sol: In a skew symmetric matrix, the diagonal —t=1

elements are zero and a;; = —a;; for i #j.

Each element above the principal diagonal, 12. Ans: 1

we can choose in 3 ways (0, 1, 1), Sol: If the vectors are linearly independent, then

Number of elements above the principal L1 01
n(n—l) oot 0
diagonal = ———= 1 =1 0 t 7
0 0 1 O
.. By product rule,

Required number of skew symmetric Expanding by third column

n(nfl) 1 1 1
matrices=3 ? . =Hg 0 1}%0
1 -1t

10. Ans: (¢)
. . . = D. (1 —(t=1)-1)=0
Sol: Number of 2x2 determinants possible with

4 =t=z1
eachentryas O or 1 =27 = 16.
LetA= 2 b‘ 13. Ans: (¢)
c d
-1 2 5 -1 2 5
If A > 0 then a=d =1 and atleast one of the Sol: | 2 -4 a-4|~|0 0 a+6
entries b or ¢ is 0. 1 -2 a+l 0 0 a+6
.. The determinants whose value is +ve are -1 2 5
=10 0 0| ifa=—-6andRank=1
ot oo e ]
, and
0 1 0 1 11 If a # —6 then Rank of the matrix is 2

.. Required probability = % < Option (c) is correct.

11. Ans: 1 14. Ans: (¢)
Sol: If the vectors are linearly dependent, then Sol: The characteristic equation is
I-t 0 0 JA—Al|=0
1 1-t 01=0

S>MW -4\ +4)=0
11 1-t
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=1'=16
By Caley Hamilton's Theorem
A* =16l
15. Ans: 4
-1 1 0 0 O
O 0 -1 1 0
Sol: A={0 -1 1 0 O
1 0 0 0 -1
0 0 0 I -—I]
Rs > R4+ Ry
-1 1 0 0 O
O O -11 0
A~l0 -1 1 0 O
0 0 -1
0 0 I—
R, & Rj
-1 1 0 0 0]
O -1 1 0 O
A~ |0 0 -1 +1 0
O 1 o0 0 -1
0 0 0 1 -I]
Rs4—> R4+ R,
-1 1 0 0 o0
O -1 1 0 O
A~10 0 -1 +1 O
O 0 1 0 -1
100 0 1 -1
R4 —> R4 +R;

16.

Sol:

Linear Algebra
-1 1 0 0 0]
0o -1 1 0 O
A~|0 O -1 1 O
0O 0 O 1 -1
10 0 0 I -1
R5 —> R5 — R4

0 0 0 1 -1
0 0 0 0 0]

= Echelon form of A
.. Rank of A = number of non-zero rows in

Echelon form of ‘A’ =4

Ans: (b)
The augmented matrix of the given system
is
1 -1 2 1|1
[AB]=11 0 1 1]o0
0 -1 1 -2|-1

R, —-Ry

—_
|
—_
\S]
|
—_
—_

R3;+ R

,_
|
—
\9]
|
—_
—_

~10 I -1 2|-1
0 0 0 0]|-2

Rank of coefficient matrix A =2
Rank of [A|B] =3

.. The system has no solution
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17. Ans: (¢)
Sol: Let the given system be AX =B

The augmented matrix of the system

1 0 0 olo
01 0 1/0
=[AB]=
1 1 0 00
00 0 1/1
R; - R,
‘1 0 0 0]0
01 0 1/0
01 0 0l0
00 0 11
R;—R,
1 0 0 0]0]
01 0 110
00 0 —1[0
00 0 1|1
R4+ R3
1 0 0 0]0]
01 0 110
00 0 —1[0
00 0 0fl

Here p[A]=3and
p[A[B] =4

.. The system has no solution.

18. Ans: (d)
1 1 3
Sol: A=| 5 2 6
-2 -1 -3

19.

R, - 5R,
R3 + 2R,
1 I 3
~1 0 -3 -9
-0 1 3
3R; + R,
1 1 3
~10 -3 -9
0 0 0
Here p[A] =2

If B is a linear combination of columns of A,
then p[A] = p[A[B]

.. The system has infinitely many solutions

Ans: (¢)
Sol: If the system has non trivial solution, then
a b c
b ¢ a|=0
c a b

Ci—>C+C+Cs

a+b+c b ¢
= la+b+c ¢ a|=0

a+b+c a b

R>—Ri, Rz =R

at+b+c b c
= 0 c—b a-¢[=0
0 a-b b-c

= (a+b+c)(@+b*+c—ab—bc— ca)=0

=a+b+c=0ora=b=c
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20. Ans: (b) 1 1 1 6
Sol: Let the given system be AX =B ~10 1 2 4
The augmented matrix of the system 0 0 A-3|p-6

1 2 -3|a
=[AB]=]2 3 3 |b
5 9 —-6|c
R, - 2R,
R; - 5R;
1 2 -3 a
~ 0 -1 9|b-2a
0 -1 9|c-5a
R;-R,

1 2 -3 a
~10 -1 9| b-2a
0 0 O|c—b-3a
The system is inconsistent
if c-b—-3a=#0

=3a+b-c#0

21. Ans: (¢)
Sol: Let the given system be AX =B

The augmented matrix of the system

1 2 Alp
R>—Ri, Ry =R
1 1 1 6
~10 1 2 4
01 A-1|p-6

R;-R»

22.

Sol:

23.

Sol:

The system has unique solution if A # 3.

Ans: (d)
If the system has non trivial solution then
1 -k 1

k 3 -k=0

31 -1

= 1(k-3) +k.2k + (k-9) =0
=2k +2k—-12=0

=k=2, -3
Ans: 2
The characteristic equation is

IA-Al|=0
A real eigen value of AisA =5

The eigen vectors for A = 5 are given by

[A-S5I]1X=0

00 o 17[x] [0
00 0 0l/x]| |0
- =
00 =3 1 |[x,] |0
00 3 —4||x,| |0

:>X4:0,X3:O

= p[A] =2 and n = 4=number of variables

.. The number of linear independent eigen

vectors corresponding to A = 5 are 2.
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24. Ans: 0
3 4
Sol: Leta=
4 -3
The characteristic equation is
JA-Al|=0
3-A 4
= =0
4 -3-A

= A=15

The eigen vectors for A = 5 are given by

[A-5I]X=0
AN

= =
4 =8|y 0

=>x-2y=0

X] =C 2
1

The eigen vectors for A =—5 are given by
[A+5]]X=0

=[2G

=2x+y=0

25. Ans: (a)
1 2
Sol: Let A= 0

The eigen values of A are 1, 2

The eigen vectors for A = 1 are given by

[A-T]X=0

~[o 10

=y=0

X] =C !
0

The eigen vectors for A = 2 are given by

[A-21]X=0

=13 B

=-x+ty=0

X2=C2 2
1

1 2
.. The eigen vector pair is {0} and [J

26. Ans: (¢)

Sol: If A is singular then 0 is an eigen value of A.
.. The minimumeigen value of A is 0.
The eigen vectors corresponding to the eigen

value A =0 is given by

[A-0I]X=0

3 5 21|x 0

= |5 12 7||y|=|0
2 7 5||z 0

Applying cross multiplication rule for first
and second rows of A, we have

X y z

- — = =
11 —-11 11
X Z
- —=——=—
1 1

.. The eigen vectors are

1
X=k|-1
1
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27.  Ans: (b) = (2-1).(3-1).
Sol: Here, A is the elementary matrix obtained 1 0 0 0 1
given I3 with elementary operation R; <> R3 0 1 1 1 0
SA=l0 1 0 I -1 -1 -1-A 0
The characteristic equation is =A1=2,-3
A —Al[=0 . product of the non zero eigen values = —6
-2 0 1
=>Al0 1-A 0[=0 29. Ans:3
! 0 -2 Sol: If A is eigen value then AX=2AX
=S(1-1)(A*=1)=0 4 1 271 1
=Ar=1,1,-1 =117 2 1][2|=\2
14 -4 10||k k
28. Ans: -6 — 6+2k=2
Sol: The given matrix has rank 2 21 4k =0
.. There are only 2 non zero eigen values 4D 4 ok =4,

The characteristic equation is
A=12 and k=3

JA—Al|=0
-2 0 0 o 1 30. Ans: 3
0 -1-2 -1 -1 0 )
Sol: Sum of the eigen values = Trace of A =14
=0 -1 —-1-12 -1 0 |=0
1 -1 -1 —=1=)x 0 =atb+7=14.... (1)
1 0 0 0 1= product of eigen values = |A| = 100
R; — R; +Rs and = 10ab =100
Ry >Ry +Rs+ Ry — ab= 10 .....(i)
2 - 2 -
A 0 0 0 A solving (i) & (ii), we have
0 -3-A -3-A -3-A 0
=10 -1 -1-x -1 0 =0 =a=5andb=2
1 -1 -1 -1-A 0 S la=b|=3
1 0 0 0 1-A
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31. Ans:1 = Here Rank of [A - 2I] =1
Sol: Product of eigen values = |A[ =0 . Number of Linearly independent eigen
3 4 2 vectors forA=2isn—r
= 9 13 7 = O — 3 - 1 — 2
-6 -9+x -4
For since, A = 3 is not a repeated eigen
R, = 3Ry, R3 + 2R, . .
value, there will be only one independent
3 4 2
. 0 eigen vector for A = 3.
= =
0 x—-1 0 .. The number of linearly independent eigen
vectors of A = 3.
=31-x)=0 =x=1
32. Ans: (d) 34. Ans: (d)
Sol: The characteristic equation is Sol: The characteristic equation is
PR AW —60+9L—4)=0
=0 |A| = product of the roots of the
— A 1) =0 characteristic equation = 4
A=0.1.—1 +3] Trace of A = sum of the roots of
=>A=0,1,-1++31
characteristic equation = 6
=A=0,1,-0.5£(0.866)i
35. Ans: (b)
33. Ans: 3 Sol: A is symmetric matrix.
201 The eigen vectors of A are orthogonal.
Sol: LetA={0 2 1 . .
0 0 3 For the given eigen vector, only the vector
given in option (b) is orthogonal.
Here, A is upper triangular matrix . option (b) is correct.
The eigen values are A=2, 2, 3
The eigen vectors for A = 2 are given by 36. Ans: (c)
[A-21]X=0 Sol: The characteristic equation is
0 0 11l[x 0 7\.3*187\424‘457\,:0
=10 0 1|y|=|0 =>A=0,3,15
0 0 Ijjz 0 The eigen vector for A = 15 are given by
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‘{l@sgﬂmﬁg&%@u@ﬁm 111 Linear Algebra
[A-I5I]X=0 (A-1)(A-2])
4 -6 -6||3 -6 -6
-7 =62 x) |0 =/-1 3 2||-1 2 2|=0
:> —_ — — =
6 -8 —4yy|=0 3 -6 -5|[3 -6 -6
2 -4 12|z 0
.. The minimal polynomial of A
L X_y _z = -DH -2
40 -40 20 =32 3)0+2
XY _Z 39. Ans: (a)
2 -2 1
Sol: Let the given vectors X; =2, 2, 0],
.. The eigen vectors for A = 15 are X>=1[3,0,2]and X5 =12, -2, 2]
2 suppose X; =a X; +b X,
X=k|-2| (k#0) =[2,2,0]=a[3,0,2] +b[2,-2, 2]
! — 2=3a+2b .. Q)
2=-2b ... (i1)
37. Ans: (¢)
0=2a+2b..... (111)
Sol: The characteristic equation is
a—-A 1 0 From (i) and (i1), we get
a=A 1 =0 a=0andb=-1
0 1 a=h But, equation (iii) is not satisfied for these
= @-M[{a-1*-1}—(@-1)]=0 values.
= A= a, at2 .. The given vectors are linearly
independent
38. Ans: A’ -3A+2
40. Ans: k=0
Sol: The characteristic equation is ) )
Sol: If the given vectors form a basis, then they
ko =6 6 are linearly independent
-1 4-A 2 |=0
3 -6 —-4-A ko1l
101 1{#0
=>A-1)(A-2)>=0 k 0 k
. : _ _ _ 92
o Either W —1) A —2) or (A —1) (A —2)" is Pk k20
the minimal polynomial
=k=#0
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Calculus
(With Vector Calculus & Fourier Series)

Chapter Sir Isaac Newton G. W. Von Leibniz
(1643 - 1727) (1646 — 1716)

01. Ans:7 04. Ans: (a)
. . .
Sy ) Sol: Lt s1n2x+3asmx b
Sol: Lt (7" +5")=Lt 7 1+(7j =0 x
By L' Hospital's rule
=7 [ Lt " =0, |r|<1} Lt 2cos2x+acosx=b
=0 x—0 3X2
=2+a=0 (" bis finite)
02. Ans: o
a=-2
Sol: Lt |secx — 1, By L' Hospital's rule
X_,g 1 —sinx . .
Lt —4sin2x +2sinx _y
1-sinx —cosx 0 . 2
= Lt : — form . \ o
x| cosx(l-sinx) 0 again, by L' Hospital's rule
2
—8cos2x+2cosx
[l—cosx+sinx} Lto =b
= Lt - x>
| —sinx — cos2x
2 = b=-1
(by L' Hospital's Rule) A= 2&b=-1
=00
05. Anms:1
03. AnS: 1 1 tan x
X sin x 0 Sol: Lto (—] (OO)0
Sol: Lt l [— form} UK
x=0l X —sin X 0 an x
, Let y= Lt (lj
e’ —e™.cosx =0\ X
_ Lto{—}
” 1-cosx Taking Logarithms on both sides
(by L' Hospital's Rule)
. _ _ logy = Lt tanx log[lj ......... 1 (0 x o0)
=1 (applying L' Hospital's Rules two times) X0 X
- logx ( © j
x=0 cotx o0

Issac Newton and Leibnitz independently developed calculus which leads to the development of differential
and integral equations of mathematical physics
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By L' Hospital's rule =L 1— le _0)
-1 x>0\ 1+ x
=Lt —%5 [ 1
x>0 —COS” X N Lto (1 X)T — §(0)
i (4 x)x
:Lt(smxj Lt sinx =0 '( )
x—0 X x—0 e_l
= —=f(0
logy=0 e ©)
=>y=¢'=1 = f(0)=¢”
06.
08. Ans: (¢)
Sel: Lt f(x)= Lt f(x)=1(0) Sol: fi(x)=2ax,x < 1
Lt f(x)= Lt f(0—h)= Lt f(~h) =2x+a,x>1
x—>0" h—0" h—>0"
(1) =1(1"
1-ph —4/1+ph
_ o diop hJ P ( - since f(x) is differentiable at x = 1)
h—0" —
(1 ph) (l+ph) 2a=at+2=a=2
- h0 —h(\/l —ph + \/1 N ph) f(17)=f(1") (" f(x) is continuous at x = 1)
) atl=1+a+b
= Lt P b—o
h—0" \/l—ph +\/1+ph =
= 2_2p 09. Ans: -1
Sol: Let f(x,y)=x"+y" =C
=p
o)
dy ox
200)+1 _ -1 @ __
Now f(0) = = —
ow f(0) = <05 = = dx (23
-1
Lp=— o
2 __yx’ +y'.logy
x¥.logx +xy*"
07. Ans: (a) ﬂ .
Sol: If f(x) is continuous at x = 0, then dx )00~
Ii‘gf(x) =1(0)
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10. Ans: 2.718 13. Ans: 1.732
Sol: u=x ¢’ zwhere y = [42 —x2 and z sin? x Sol: By Cauchy's mean value theorem
W _ou o dy o de fld)_1o)-f)
dx  ox oy "dx 6z dx g (d) g(3)—g
=eyz+xeyz.( _ J+Xeysin2x _ V3-1
2 2 = -d=
a’—x 1 |
3
(QJ =e=2.718
dx Jo1) =d=43
11. Ans: (¢) 14. Ans: (d)
Sol: (a) Let f(x) = (x-2) in [1, 3] Sol: Letx—m=t
Here, f(1) # f(3) X=m4t
.. Roll's theorem is not applicable sinx _ sin (71 + t)
(b) Let fix) =1—(1-x)"in [0, 2] X—T t
Here, f(x) is not continuous in [0, 2] _ —sint
.. Roll's theorem is not applicable t
. . _ 3 5
(c) Let f(x) = sin x in [0, 7] :Tl{t—%+%— ......... }
Here, f(x) is continuous in [0, 7] and S
differentiable in (0, ). Further, - _ ﬁ _i _______
313
f(0) = f(m)
4
.. Roll's theorem is applicable - 14 (X — n) _ (X — n) .......
3! 5!
(d) Let f(x) = Tan x in [0, 27]
Here, f(x) is not continuous in [0, 27] 15. Ans: (c)
.. Roll's theorem is not applicable > 3
Sol: o —14 (X+X2)+ (X+X2) n (X+X2) +
1! 2! 3!
12. Ans: (d)
. . . 3x* 7
Sol: Here, f(x) is neither continuous nor =1+x+ T+gx +oees 00
differentiable in the interval [1, +1].
.. Option (d) is correct.
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16. Ans: (b) 18. Ans: (¢)

Sol: Given

3.3
Sol: Letuztan‘l( fy 4j
X +y

3 3

+
= f(u)=tanu= X4 y4
X +y

Here, tan u is a homogeneous function of

degree 2.

By Euler's theorem

X—+ y@ =2 f(u)
x oy f'(u)

= sin (2u)
17. Ans: (b)
Sol: Letu= /x’+y° +27°
2x
u

’ 2\/X2+y2 +z°

X
u

2
u

19.

Sol:

20.

Sol:

u(x,y) = x* tan ' (y/x) — y*tan ' (x/y)

u(x, y) is a homogenous function of degree 2

By Euler's theorem,

,( 0*u o*u ,( 0%u
X°| —5 |+ 2xy Y| —
ox Ox0y ay

Ans: (¢)

] =2(2- u

2u

Give u=1f{ (2x — 3y, 3y — 4z, 4z — 2x)
Letr=2x—-3y,s=3y—4zand t=4z—2x

Ux = UpTx T Us.Sx T Upty
=2 U+ us. 0+ uy(-2)

Uy = Up.Ty + Us.Sy + Uty
=-3u;+3us +u.0

U, = U.r; + Us.S, + uet,

=u. 0 +uy(—4) + u(4)

6ux +4uy, = 12 u, — 12u —12 u, + 12 ug

=12u—- 12

=—3u,

Ans: (d)

1

Let f(x) = x*
1o
f(x) = x* [1 l(z)gx}
X

fx)=0 = x=e

Further f'(e) <0

.. f(x) has maximum at x =0

The maximum value = f(e) = ¢ e

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pamna | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




:16:

Postal Coaching Solutions

21. Ans: 0.785

: Lety =f(x) = tan‘l[l_x}
I+x

f(x) has no stationary points.

Further f(0) = % and

f(1)=0
.. The maximum value of y = g
22. Ans: (b)
Sol: f'(t)=(t-2)*(t-1)

f)=0 = t=1,2

f'(t) = (t -2)* + 2(t — 1) (t-2)
(1)=1 and

(2) =0

. f(t) has a minimum at t = 1

23. Ans: (¢)
Sol: y=alog [x| + bx*+x
= {ﬂ} =0
dX x=-1
=-a-2b+1=0.......... (1)
= [ﬂ} =0
dx | _,
a
= —+4b+1=0 ....c..c.... (2)

solving (1) & (2), we havea=2,b= _71

24. Ans:2
Sol: f(x)=6x>— 18 ax + 12a*
=6(x —a) (x —2a)
S f(x)=0 =>x=a or 2a
Ifx;=a then x,=2a
X=X =2a=a =a=0 or2
Clearly f has a local maximum at x =2 and a

local minimum at x = 4

25. Ans: 5

Sol: z=a’+p*=(a+PB)*—20p
=a’—2a+6
=(@-1+5>5

c.zis leastiffa=1

least value of z = [z],=1 = 5

26. Ans: (a)
Sol: f(x,y)=2(x>-y)—x"+y*
consider f, = 4x — 4x° =0
=x=0,1,-1

f,=—4y+4y’=0

=y=0,1,-1
r="f,=4-12x°
s=1fy=0

t="f,,=—4+12y

At (0,1), we haver>0 and (rt—s*) >0
.. f(x, y) has minimum at (0,1)
At (-1, 0), we have r < 0 and (1t — s%) >0

. f(x, y) has a maximum at (-1, 0)

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pamna | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




(1T

Q. . ACE
v :Engu:)eenng Publications 17 : Calculus
27. Ans: (b) =4+5+...+t9
Sol: f(x,y)=xy+x-y =39
fk=y+1=0
30. Ans: 0.523
ff=x-1=0
. . ) Sol: We have,
.. P(1,-1) is a stationary point
b b
F= £ =0 j f(x)dxzj f(a+b-x)dx
s=fy=1
Y Here, f(x) = ;4
t=1f,=0 1+ tan” x
rt—s*=-1<0 cos * x
. P(1,-1) is a saddle point cos’ x +sin* x
s sin * x
28. Ans: 0.0023 flatb—x)=f (5 - xJ =
sin” X +cos " x
Sol: f(x,y,z)=xy'z’ X X
i i 4
X+y+z=1 ... (1) LetIZIizf(x)dx=j;2 %dx
) 3 I 1 COS X+sin X
Letf=xyzZ +A(x+y+z-1)
fo=y2 =0 @) again
ELd st .
f,=2XYZ +A =0 o 3) = [Pfa+b-x)dx = [ —SDX g
B N SIn”° X +CO0S X
f,=3xy’Z"+ A =0 ......... 4) ,
adding
from (1), (2), (3) and (4) X
1 1 1 2A= [ =27
=, = T = 5 12
e T 12 T8 E
.. The maximum value of xy2Z3 1= T
6
2 3
= l(i} [Lj =0.0023
6\12) \18 31. Ans: (d)
o0 _3 ~
29. Ans: 39 Sol: J.t A(l—e t)dt
0
10
Sol: .|.4 [x] dx 4 ° o
= |- )2 (-2)| —["(-2)* & at
ZIS [x]derJ.6 [x]dx + +Ilo [x] dx 0o
) , xldx .
1
© o 1
:.[54 derI6 5dx +........ +J.10 9dx =2.Lett2dt=2. F(—j=2\/g
4 5 9 2
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32. Ans: (a)
Sol: _[x sin* x cos® x dx apply property (3)
0
By property 9

T
TE .
I:EJ.sm(’xcos4 xdx

|2

=2~ |sin®xcos* xdx (property 6)

T
2

o'—.m

By reduction formula

[oq 33131 m 31’
10.8.642 2] 512

33. Ans: 4
Sol: Jjn [xsin x]dx =kn
= J: xsinx dx +rﬂ —xsin xdx =kn

= [x(~cosx +sinx)[l [~ xcosx +sinx|”" =kn

= n—[3n]=kn

=k=4
34. Ans: (a)
[ o le*+e”
Sol:jsmhxdx:|coshx| =
°, =2 |
_2_[e7+e”
2 2
=1—0—e—:—oo
2

35. Ans: (b)
Sol: Length = .[ 1+(ﬂj2 dx
dx
= ‘[03 VI+x dx
3714
=2l =
[( + x)z :|0 3
36. Ans: (a)
Sol: .rl% =2 ;% (- % is even function)
=2 Lt 1(1—)2((sincca LZ is not defined)
x—0" 90 x X
1\
= 2[—) =2{(-1) - (-=0)}
X Jo
= oo(Divergent)
37. Ans: (a)
s+ x2
Sol: d tx =1
0 -!.(x—l)z X at x
/ 2
Let f(x)= 1+X2 f(x) >0 asx — 1
(x-1)
Let g(x)=—
(x-1)°
Lt f(X) =Lt 1+X2 ><(x—l)2 =2
x>l g(X) x>l (X — 1)
3
But j ﬁ is known to be divergent.
 \X—

.. By comparison test, the given integral also

divergent.
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38. Ans: (a) 40. Ans: (¢)

Sol: {j% Sol: .[0; .[)zacosersinﬁ dr do

3 1 n rz 2acosb

X’ + CR

Let f(x) = = |2 sin0 | — do
et ) = —— [; (J

0

f(x)— -2 5
(x) >0 anx = J.OZ sin® 2a* cos’0 do
1

V2-Xx =_23a° ftz dt PutcosO=t

f(x)_ X +1 _ . 2 (L2
gz@_EZ{ 2__Xx\/2—xj—9ﬁn1te =2a J;)t dt

Let g(x) =

2a
But j g(x) dx in known to be convergent - T
.. By comparison test, the given integral also 41. Ans: 0.1143

convergent. Sol: J'Ol .EZ .E “'x dz dx dy

39. Ans: (d)

(x2 X
S I A R
. (53] @

Let f(x) = <
X
Choose g(x) = — o6 2 3 35

X

[e(x)dx = [L dx==1 is known to be | 42 Ams:1.047
1 1 X

. 27 g 1 5 .
convergent. Sol: L L L 1 sin ¢ drdpd®

. By comparison test, the given integral

. 21
= — | sin¢ d¢pdo
also convergent. '[ '[ ( J bt

= "3 cose); o =

a

r
3
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43. Ans: 8 45. Ans: (¢)
Sol: Y a
4 Sol: j jd)(x,y) dydx
y = x| 0 Jax
By changing the order of integration the
y=4-x H above integral becomes
—4 0 2 4 X LY
= [ [ ¢(x.y) dydx
On solving the two curves in the first
Now,
Quadrant, we get x = 2. Therefore, the area .
qs W WY
bounded by the curves is J'[(I)(x, y) dxdy = J; La d)(x, y) dydx
pr
2 2
= 2('[0 (4—x) dx—j0 X dxj J
- s H _y
2 2 a
2 2
A=) 51)
0 0 46. Ans: 32

=2(8-2-2)
= § sq. units
44. Ans: 0.0536

Sol: ” (xzy +xy’ )dxdy

[ (x? y+xy?)dy

Sol: The volume = ”z dx dy
R
= _[06 Jj (4 — xz) dx dy

6 3T
:.[ 4x -2 dy
o 3],

32

47. Ans: 25.12

4 2
Sol: Volume = J:) ny” dx

= J.: nx dx

= 81 cubic units
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48. Ans: (d) Given a = Vf
dv ) .. . a
Sol: Length = J’ 1 +(_Yj dx Directional Derivative = V{. m
dx
N \%1
- / =Vf. —
IO 1+x dx |VE |
=|Vf|=+4+4+64

I
1
—~
—
+
b
S~
N | w
| I
(98]
I
p—
N

49. Ans: 1.88

1
Sol: Volume = Ion x> dy
1 2
=n [y’ dy ~ 188

50.

Sol: T=xy +yz+zx
= VT= I(y+z)+j(x+z)+£(x+y)
at(1,1,1), VT = 2i+2j+2k
Given a =3i -4k

.. Directional Derivative

—vT. 2
2]
_ i+ 254 20) B2
(21+2J+2k)m
_ -2
5

51.
Sol: f(x,y,z)=x>+y* +27°
V= 2xi+2yj+4zk

at (1,1,2), Vf= 2i +2j+8k

7
zzm

52. Ans: (a)

Sol: The Directional Derivative is maximum in
the direction of V¢
Given ¢(x, y, z) = X°y’z"
= Vo = (2xy’z") i+ (2x%yz) j+ (4x’y*2’) k
At(3,1,-2), V= 961 +288 j— 288k

= 96(i +3j - 3k)

53. Ans: (¢)
Sol: Given f=x+y’+7°, T =xi+yj+3k
= {1 =fxi + fyj + fzk

div (ff)=§(fx)+%(fy)+%(fz)

= [x.(2x)+ f]+ [y.(2y)+ f1+ [Z.(2y)+ f]
=2(x*+y* + 7)) + 3f=5f

54. Ans: (b)
Sol: Div F= i, 9 I
ox Oy 0z

=e"+e ¥+ 2sin hx
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55. Ans: (a) =F =V
i i k where ¢(x, y, z) is scalar potential
= 0 0 0
Sol: V x 'V = 2 8_X2 g 5 :>(2xy+z3)i+X2j+3xzzk:gi)i+g$j+gi)k
y —Xx"+y x(2y + 1) 0 B 5 ) ,
=>dp=02xy+z’)dx +x"dy + 3xz"dz
=i[0-0]-jl0-0+k|2y+1)-(2y+1
1[ ] 1 [( Y ) ( y )] = j(2xy+z3)dx+xz dy+3xz2 dz
=0
= j d(x2y+ XZ3)
56. Ans: (b) — ¢(X, v, Z) — X2y + XZ3
I: Gi —
S0 leeﬂ ~ B B .. Workdone = j F.dr
V=(x2+yz)i+(y2+zx)j+(zz+xy)k c
DIVV :2X+2y+22¢0 :4)(37154)74)(1772’1)
= V is not divergence free =BMHEH] - [12) + 1(D)]
_ _ _ =202
i ] k
Curl V = o 9 9 58. Ans: 0
19)'¢ oy 0z

xX*+yz y +zx Z°+Xy

= ilx—x]-jly-y]+klz-2]=0

= V is irrotational

57. Ans: 202
Sol: Given F = (2xy +7 )I +x*j+3xz2°k
i ik
clF=| & 2 9
18 oy 0z
2xy+z° x° 3xz’

= i[0-0]- 32> =32} |+ k[2x —2x]=0
— F is irrotational

= Work done by F is independent of path

of curve

Sol: By Stokes' theorem,

[Fdr = [[ (VxF).7 ds

i j ok
Here, V x F = i i i
ox 0Oy o0z
et 2y -1
=0
~ [Fdi=0
59.
Sol: +yY
(2.4)
y=2X
(0,0) 2,0) "X
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By Green's Theorem, 61.
Sol: By Green's Theorem,
Jde+Ndy=”{g—N—a—M}d dy Y
C R L OX oy §de+Ndy=”BN—aa§ﬂdx dy
C R X
where M=x +y, N=x’and
Here, M=x—-yand N=x+y
N _M_, |
ox 0Oy QE—QMi=1—04):2
0x 0Oy
The given integral= J.z sz (2x - 1) dy dx
x=0 Jy=0
) . y=/x (LD
= [ xy—y[ dx
2
y=Xx
= J.z [4)(2 —2X]dX
" (0,0)
= @
3
60. Ans: (¢) The given integral = ”[(’;—N—%\A} dx dy
X
Sol: By Green's Theorem, K

ON oM
ide+Ndy=JJ{a—X—E} dx dy

Here, M=2x—-yand N=x+3y

N_M _
ox 0Oy
Y
0, 1)
> X
(-2,0) 2, 0)

(0’ _1)

The given integral = ” 2 dx dy
R

= 2 Area of the given ellipse
=2(m.2.1)=4n

= _E:O J'fxz 2 dy dx

- Zx/;—xz]dx

x=0

-, :
x2 x°
= 2 —_— . ——
3 3
L 2 0
_,2_ 1
13 3
= %
3

62. Ans: 0
Sol: Given A =V
Curl A=0

— A is Irrotational
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-~ Li integral of Irrotational t -rtrrr
ine 1Integral o rrotational  vector - .L:o L:o J‘Z:O (x +y+ z) dzdydx
function along a closed curve is zero
4 3
= [Adr=0 = [ [ Jxrdyslay az
C
. = [* [12x +18+24]dx
X y x=0
where C is —+=—=1 is a closed curve.
4 =264
63. Ans: (¢) 65. Ans: (b)
Sol: By Green's Theorem, Sol: Using Gauss-Divergence Theorem,

o o Nay - ”F_N_%ﬂ dxdy

C is the circle x* + y* = 4

Here, M =y’ and N = x°
M

ON 0 1y 2_(_

= 3y2) =303 +y)
= HS(XZ + y2) dx dy

ox Oy

Where R is x> + y* = 4

Using polar coordinates,
x=rcos0, y=rsin0, [JJ=r and
Ky =r

’ I * 3¢ 1 drdo
=0 r=0

zf {3_&}2
0-0| 7" 4 |

Sol: Using Gauss-Divergence Theorem,

d0 =12x2n=24n

64. Ans: 264

ny dy dz+yz dzdx +zx d dZ:”L div F dv
S

= J-”(y+z+x) dv

LFN ds = jv div F dv
— jv3 dv=3V

=3 x%nﬁ = 4n(4)* = 256m

66. Ans: (d)
i j k
Sol: Curl F = 9 9 o
0x oy 0z
2xy—-y -— yz2 - yzz
= i[-2yz+2yz]-j[0]+ k[0 +1]
— Curl F=k

Using Stokes' theorem,
Jf.df = jcurl FN ds= JEN ds
C S S

Let R be the protection of s on xy plane

dxdy
INk|

:jkNds—j kN
R

= “—1 dxdy (N=-k)

= Area of Region
=’ =-n(1)’ =
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67. Ans: (d) 70. Ans: (b)
Sol: The function f(x) = x.sin X is even function o A1)
) ) ) Sol: f(x) = Z k|2 2( 1) sin (nx)
. The fourier series of f(x) contain only | n
cosine terms. -
. . Atx=—
The coefficient of sin 2x =0 2
_k 1 1 1
68. Ans: (b) —; 1—§+g—7 ......
(n—x)
Sol: Let f(x) = it =
4 35 7 4
The fourier series of f(x) in (0, 2m) is
0 Z { ) b, ( )} 71. Ans: (d)
X ——+ a_ cos nx +b_sin(nx
I, O0<x<m
Sol: f(x)=
1 c2n 0, m<x<2m
ao=—["f(x) dx
T a — )
Let f(x) = =+ z [a, cos nx +b, sinnx]
1 p2n (n—x)z 2 n=l
= —L 1 dx
TU n
ap = lr f(x) dx
3 2n 7T ¥0
_ 1{(% x) }
n| -12 L e
0 . [1dx=1
| P e
12n 72. Ans: (¢)
o Sol: f(x) = (mx — x2)
121 6 Y
e, f(x) = an sin nx
The constant term = — = — n=1
2 12
— [ o 2)
b, = nJ.O (TCX X )sm nx dx
69. Ans: (b)
. . . . 2 2 .
Sol: The given function is even in (-7, T) b = ;J-O [(nx -X )sm x] dx
. Fourier series of f(x) contains only cosine
®) Y - %[(nxfxz)(fcosx)f(nf2x)(fsinx)+(72)cosx]g
terms. "
= §
T
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73. Ans: (b)
Sol: f(x)=(x— 1)

The Half range cosine series is

(x-1)*= %Jr ian cos (nmx)

n=l

an = gr(x—l)2 cos (nmx) dx
7T Y0

. . 1
— 2|:(X _ 1)2( Sin l’lTCXJ n 2(X _ 1) COS2 I’ITEX ) Sll’l:’lT}CX:|
T nmw n m nTm 0
4
1'127'[:2

74. Ans: (b)
Sol: f(x) = |x| is even function
The fourier series of f(x) in (-7, 7) is

f(x) = ||

where

a= %J: f(x) dx

= %J.Onx dx

] S
n20

2 en
a, = —I X.cosnx dx
T 0

el ]

_ %{(Hcos(nn)—l}

2
T n

substituting the values of ap and a, in (1)
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3 Probability & Statistics

Chapter

01. Ans: (¢)
Sol: Four numbers can be selected out of 40 in
0C, =37 x 38 x 65 ways.
E: Event that the four numbers are
consecutive.
Favourable cases to E: (1 2, 3.4), (2,3,4,5),
(3.4.5)....... (37,38,39,40) whose number is
37

37 1

S PE)= = ——
E) YC, 2470

.. Required probability = P(E)
=1-P(E)

1
2470

2469
2470

02. Ans: (¢)
Sol: The sample space is a square whose sides
are unit segments of the coordinate axes.
The figure whose set of points correspond to
the outcomes favourable to the event y* < x

is bounded by the graphs of the function and

y?=x,y=0and x = 1 is shown below.

03.
Sol:

04.
Sol:

C(0, 1) B(1, 1)

220
o
s

s

p
e

b
!
S

o
i
e
e
s
e
s
L

b
et

!

e

Required Probability = area of the shaded

. 2
region = IO\/; dx = 3
Ans: (d)

Let x € S. Then either

xeP,xeQorxgP, xeQorxelP,
x ¢ Qorx ¢ P, x ¢ Q. Out of the above
four cases, three cases are favourable to the

event P N Q = ¢.

20
.. The required probability = (%)

Ans: (b)
Let
A = The event that 5 appears in first throw
B = The event that sum is 6
The cases favourable to B are
{(5,5,6),(5,6,5),(6,5,5), (4, 6, 6),

(6,4, 6),(6,6,4)}

ANB={(5,5,6),(56,5)}

Calyampudi Radhakrishna Rao, FRS known as C R Rao (born 10 September 1920) is an Indian-born, mathematician and statistician.
The American Statistical Association has described him as **a living legend whose work has influenced not just statistics, but has had far
reaching implications for fields as varied as economics, genetics, anthropology, geology, national planning, demography, biometry, and
medicine.
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05.

Sol:

06.

Sol:

Eﬁsmﬁubm :28: Postal Coaching Solutions
Required probability = P(A|B) Let E be the event that A is non singular.
_n(AnB) - det A #0.
n(B) i.e., atleast one of the two numbers a & d is
_2_1 zero or atleast one of the two numbers b & ¢
6 3 .
is zero.
The matrices whose determinants are non
Ans: (a)
The total number of five digit numbers Zero are:
formed by 1, 2, 3, 4 and 5 (without 1 Oj [1 0 [1 lj
repetition) = £5 =120 0 1)1 1/00 1
A number is divisible by 4 if the last two 0 1}(0 ! , [1 lj
1 0){1 1)\{1 0
digit number (i.e., tens and unit place) is
divisible 4.
v pE)=2=3
16 8
.. The last two digit number must be: 12,
24, 32 and 52 (4 cases). With last two digits 07. Ans: (d)
fixed, the other three places can be arranged Sol: Total number of triangles that can be formed
in Z3(=6) ways. by using the vertices of a regular hexagon
= °C, =20.
.. The number of favourable cases = £3 x 4
_ o4 Among these, there are only two equilateral
triangles.
. 24
.. Probability = — b 1
120 . Required probability = — =—
20 10
= l
5
08. Ans: 0.4
Ans: (¢) Sol: If A and B are independent then
a b P(A nB)=P(A). P(B)=0.16 ....... (1)
Let A= L d} where a, b, ¢ and d By Addition theorem of probability
can take values 0 or 1. P(A U B) =P(A) + P(B) - P(A N B)
~. Total number of such matrices = 2* =16 = 0.64=P(A) +P(B) - 0.16
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09.

Sol:

10.

Sol:

Probability

= P(A)+P(B)=0S ... (2)
From (1) & (2), we get
P(A)=PB)=0.4

Ans: (a)
We have,

_pB)=pC)= B8 _1
P(A)=P(B)=P(C) 36 2
P(AnB)=P(AnC)=P(BnNC)

_9_1

36 4

Thus P(A " B) = %= P(A) P(B)
P(ANC)= i =P(A)P(C)
PBNC)= % =P(B)P(C)

Which indicates that A, B, and C are pair
wise independent. However, since the sum
of two numbers is even,

{ANBNC)=¢ and
PANBNC)=# % =P(A)P(B)P(C)

which shows that A, B, and C are not

independent.

Ans: 0.46

Let

A, = event that the number is divisible by 2
Az = event that the number is divisible by 3
As = event that the number is divisible by 5

11.

Sol:

Then the required probability
= P{(A3 |\ A5) ‘ Az}

A
a%

U
_ nf(A,UA)NA,]
n(Az)
-3 046

Ans: (¢)

Let E;, E,, E3 be the events of selecting urns
U, Uy, U; respectively and W be the event
of the drawn ball is white.

P(E) = P(E:) = P(E) =

By Total theorem of probability P(W)

LAy

15

3
5
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12.

Sol:

13.

Sol:

Q. . ACE
% ‘:Engineering Publications
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Postal Coaching Solutions

Ans: (a)

Let A, B and C denote events of a bolt
manufactured by A, B and C.

Let D be the event of the drawn bolt is
defective.

By Total theorem of probability P(D)
D D D
=P(A)P| — [+ P(B)P| — |+P(C)P| —
OLEIRUL EARCEE

_25(5 +35 4 +4O 2
1001100,/ 100\100/) 100\100
- 69
2000

Ans: (¢)

E : Correct diagnosis
E : Wrong diagnosis
D : Event of death.

60 3 =\ 2
P(E)= — ==, PIE)==
®) 100 5 () 5
D)0 _7 D) 80 4
E) 100 10 E) 100 5
By Baye's theorem,

Required probability = P

P(E)P
pE)P| 2 |+ p(E)p[ 2
E E
3.7
_ 5710 _21
3.1 2.4 37
510 55

14. Ans: (b)

Sol: Let E; bet the event of guessing, E, the
event of copying and E; the event of
knowing the answer.

- P(E) - % P(Ey) = %
(L 1)1
P(E;) =1 (3+6j >

Let E be the event of writing correct answer.

P[Ej = 1 , P[Ej = 1 (Given)
E ) 4 8

E,

By Baye's theorem,

Required probability = P(%)

15. Ans: (¢)
Sol: Let E; be the event that the bag contains
jnumber of red balls j =1, 2, 3, 4)

- P(Ey) = % G=1,2,3,4)

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pama | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




16.

Sol:

Em%wm :31: Probability
Let E be the event of drawing a red ball. E
. P(E, )P =
PKEJZL, P[zj:z, P(z}z -. p(flj: D
EJ 4 \E) 4 (E) 4 P(E,)P| - |+P(E,)P
E 4 " ’
Pl—|=,=1 1 2
E,) 4 “xZ
__ 25 _12
.. By Baye's theorem, lxg+lxl 17
E 25 26
- P(E,) P(EJ
P( 4 j = a 17. Ans: (¢)
E 4 E
5ol of £ Ly
A VU R - 2
= j Sol: Total probability = ZC — =1
d=1 Zd
1 x1
= 4 _2 SCc@i2+ 212y
1(1 2 3 4 5 3 3
—|=+=+=+=
44 4 4 4 1
=C=—
6
Ans: (d) Expected demand = E (D)
E;: Event of letter coming from LONDON. 4
. =>dP(D=4d)
E;: Event of the letter coming from o
CLIFTON.
SORHEHERG
E: Event of two consecutive letters ON. 6 6 8 18 9
1
P(E1) = P(E2) = 9’ 18. Ans: 5
Word LONDON consists of 5 pairs of | Sol: Let X =Amount the player wins in rupees

consecutive letters

(LO, ON, ND, DO, ON) out of which there
are 2 ON's.
CLIFTON consists of 6 pairs of consecutive

letters

(CL, LI, IF, FT, TO, ON) out of which there
is only one 'ON'.

The probability distribution for X is given

below

Number of heads | 0 1 2
X X 1 3

P(X)

NG )
S

S
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19.

Q. . ACE
% ‘:Engineering Publications

Postal Coaching Solutions

For the game to be fair we have to find x, so

that E(X) =0

)1 ) )

=>x=5
.. Number of rupees, the player has to lose,

if no heads occur = 5.

Sol: P (Xiseven) =P (X=2)+P(X=4)

20.

Sol:

+P(X=6)+...%

Ans: 0.62857
Let

Range(0.62 to 0.63)

E; = The selected reader is reading only one
news papers

E, = The selected reader is reading atleast
one of the newspapers

The Venn diagram for the given data is

()
(32

C

21.

Sol:

22.

Sol:

23.

Sol:

Required probability = P(E,|E,)

P(El N EZ)
P(E,)

_P(E)_022
“P(E,) 035

=0.62857

Ans: 0 and 0.4

Here f (x) is an even function
E(X)= jx.f(x)dx:O
(- x f(x) is an odd function)

E(X*)= sz f(x)dx
=ffx2 (1+x)dx+jix2 (1+X)dx=l
-1 0 6

Variance of X =E (Xz) —E (X))2 :é

Ans: (a)
Required probability
1Y (1Y
=C(10,5). | = | .|=| -1
w9 (3] )
B lOC5
o 210
Ans: (b)

If the person is one step away, then we have
two cases:

Casel: 6 forward steps and 5 backward
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24.
Sol:

Probability

(or)
Case2: 6 backward steps and 5 forward.

Required Probability
= C(11,6)(0.4)° + C(11,5)(0.6)° (0.4)’
= C(11,5) (0.4)’ (0.6)° (0.4 +0.6)
=462 x (0.24)°

Ans: (d)
E; = Event of writing good book
E, = Event of not writing a good book

E = Probability of publication

P(E;) = P(Es) = % P(EEJ =§ ,

X denote the number of books published.
..Required probability=P(X =1) + P(X = 2)

2
+C, 1
24

11 13 (11Y
=2X—X—+| —
24" 24 |24

24" 24

25.

Sol:

26.

Sol:

Ans: (a)

P(A)=P(B)=P(C) =

W | =

E = Event of getting 2 heads and 1 tail

el ()
<63
()< ()63

Required probability =
P( é) ) P(A)P(ij
F P(A)P(ij + P(B)P(Ej + P(C)P[E)

C

1 3
7X7
3 8
1 314 12
X XX
38 39 39
27_9

25

75

Ans: 0.335
Let X = Number of times we have to toss a
pair of dice.

P = probability of getting 7 in one throw

1
6
~P

Il
[a—

q

obability of not getting 7 in one throw

r
>
6
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217.
Sol:

28.
Sol:

Q. . ACE
% ‘:Engineering Publications

Postal Coaching Solutions

q° = probability of not getting a 6 in 6
throws

P (X £ 6) = Probability that it take less than

(g

Required probability = P (X > 6)

(e

~0.335

6 tosses to get a 7

Ans: 7
The probability of missing the target is
q=1-p=0.7. Hence the probability that n
missiles miss the target is (0.7)". Thus, we
seek the smallest n for which

1 -(0.7)">0.90 or
equivalently (0.7)" <0.10

Compute

0.7)' = 0.7, (0.7)* = 0.49, (0.7)* = 0.343,
(0.7)* = 0.240, (0.7)° = 0.168,
(0.7)°=0.118, (0.7)” = 0.0823

Thus, atleast 7 missiles should be fired.

Ans: 0.0045

Let X = number of accidents between 5 P.M
and 6 P.M.

For Poisson distribution,

A= np = (1000) (0.0001) = 0.1

29.

Sol:

-A AX
P(X=x)= S

(x=0,1,2,....... )

Required Probability = P(X > 2)

=1-P(X<2)
=1-{PX=0)+P(X=1)}
=1-e*(140.1)
=0.0045

Ans: 0.122
We view the number of misprints on one
page as the number of successes in a

sequence of Bernoulli trials. Here n = 300

since there are 300 misprints, and p = ,
500

the probability that a misprint appears on a
given page. Since p is small, we use the
Poisson approximation to the binomial

distribution with A = np = 0.6.

We have
P(Omisprint) = f(0; 0.6)
0 0.6
_06)e™ _ 0o s4
0!
P(1 misprint) = f(1; 0.6)
1 06
- —(0'6)1'6 = (0.6) (0.549)
=0.329
Required probability
=1-(0.549 + 0.329)
=0.122
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Probability

30. Ans: 0.1353
Sol: Given that A = 900 vehicles/hour
=1 vehicle/ 4 sec
= 2 vehicles/8 sec
Probability for k vehicles in a time gap of 8
Ae™

seconds = P(X =k) =
k!

Required probability =P(X=0)=e¢ " =¢?
=0.1353

31. Ans: 0.2
Sol: The area under normal curve is 1 and the

curve is symmetric about mean.

80 100 120

S P(100<X <120)=P(80<X<120)=0.3
Now, P(X <80)=0.5-P(80 <X <120)
=0.5-03=0.2

32. Ans: 0.7939
Sol: This is a binomial experiment B(n, p) with
n=3500,p=0.04,andq=1-p

=0.96.
Then p=np=(3500) (0.04)

= 140,

&” = npq = (3500)(0.04) (0.96)

= 1344,
c=1344 =116

33.

Sol:

34.

Sol:

Let X denote the number of people with
Alzheimer's disease.

We seek BP(X < 150) or, approximately,
NP (X £ 149.5). (BP denote Binomial
Probability and NP denote
Probability)

We have 149.5 in standard units

_ (149.5-140)
11.6

Normal

=0.82

Therefore,
Required Probability = NP (X < 149.5)
=NP(Z £0.82) =0.5000 + ¢(0.82)
=0.5000 + 0.2939
=0.7939

1
f(z)=—==e 2 is the probability density
(2) o
function of Normal Distribution
jf(z) dz=1

.. The value of given integral

=2Jf(z) dz=2

—00

Ans: 0.3085
Let X = diameter of cable in inches

mean = p = 0.80
Standard deviation = c=4/0.0004 = 0.02
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35.
Sol:

Q. . ACE
% ‘:Engineering Publications

Postal Coaching Solutions

—p
o

The standard normal variable Z =

When X =081, 7= 281980 _ 1
0.02 2

Required probability = P (X > 0.81)
=P(Z> l)
2

=1 — (Area under the normal curve to the left
of Z=10.5)
=1-0.6915=0.3085

Ans: ()28 (i) 28  (iii) 205

The parameters of normal distribution are
p=68 ando =3
Let X = weight of student in kgs
X—p
c

Standard normal variable = Z =

(i) When X =72, we have Z =1.33
Required probability = P(X > 72)
= Area under the normal curve to
the right of Z=1.33
= 0.5 — (Area under the normal
curve between Z =0 and Z = 1.33)
=0.5-0.4082
=0.0918
Expected number of students who weigh
greater than 72 kgs =300 x 0.0918
=28

(i)

(iii)

36.

Sol:

When X = 64, we have Z =-1.33
Required probability = P(X < 64)
= Area under the normal curve to the left of
Z=-133
= 0.5 — (Area under the normal curve
between Z =0 and Z = 1.33)
(By symmetry of normal curve)
=0.5-0.4082
=0.0918
Expected number of students who weigh
less than 68 kgs =300 x 0.0918
=28
When X = 65, we have Z = -1
When X =71, we have Z = +1
Required probability = P(65< X <71)

= Area under the normal curve to
the leftof Z=—1andZ=+1

=0.6826

(By Property of normal curve)

Expected number of students who weighs

between 65 and 71 kgs =300 % 0.6826

~ 205
Ans: (b)
If X has uniform distribution in [a, b] then
2
variance = (b-a)
12

[3a—(-a)]’ 16a’ 4a’
12 12 3
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v gm%g,%ubhm :37: Probability
37. Ans: (b !
() :jzldX—I—J.;ldX
Sol: Let X be a uniformly distributed random 14 54
variable defined on [a, b]. 1/1 3
= Z(E +1+3- 5]
Mean is a+b=1:>a+b=2 ....... (1)
= z
—aV 4
Variance is (b a) . =b-a=2....2)
12 3
On solving, we geta=0,b=2 39. Ans: 0.393
1 Sol: The probability density function of X is
.. The PDF of f(x) is = ,a<x<b N
b-a re x>0
f(x)=
1 0 ,x<0
=—,0<x<L2
2 5
1 1 P(X<5) = j f(x)dx
P < L) [2f(x)dx = Fldx _1 0
2° % 02 4 s .
= jieE dx ~0.393
38. Ans: (¢) 0 10
Sol: f(X) = %, -2<X<L2 40. Ans: (a)
1 Sol: Meanl—OS:OZLZZ
IX-1| > 5 : 0 0.5
1 The probability function of exponential
( 7 <(X-1)< ZJU( <(X-1)< 2} distribution is f(x) = 2¢ >, x > 0.
! PX> 1) = [(2edx = (ce )i
X125 == (e )i
=0)—{-<e'y=¢"'
= -1<X£l + E§X<3 O)-t="}
2 2
) 41. Ans: (d)
i) -
2 Sol: The density function f(x) = ge 3
=P(-1<X§%j+P(%SX<3) %
We require P(x>8) = j f(x) dx =e ™"
1 3 8
= 2
Lf(x)dx + E f(x)dx 02
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42. x* x* 1 I 1 1
Z X = 6 —_— = 6 —_—— | = —
Sol: Mean =——'=34 34 34l 2
n

43.

Sol:

44.

Sol:

Median is the middle most value of the data
by keeping the data points in increasing
order or decreasing order.

Mode =36

S.D=4.14

Ans: (b)

Mean = 2x;p; = 3

Variance = z xp, —u’
=102-9=12

We have J f(x)dx =1

1
Ik(x—xz)dx=l
0

Mean = j xf(x)dx

1
= j6(x2 —x7)dx
0

Median is that value ‘a’ for which

1
P(X<a)=—
( ) 5

Mode a that value at which f(x) is max/min
- f(x) = 6x —6x°
fl(x)=6—12x

For max or min f'(x)=0=6—12x=0

= X =

| =

f'l(x)=-12

f”(%)z—u <0

. 1
.o maximum at X = E

.. mode is l
2

S.D = {E(x*) - (E(x))’
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v gm%bhm :39: Probability
45. Ans: 0.95 m, —m, 25-16
tan O =
Sol: l+mm, 1+2.5x1.6
X u=x-5|v=y-12 | v’ | vV} [ uv 20—20.18
I 4 3 16]9 |12 5
2 8 -3 —4 9 | 16| 12
o Bl N 0 o I Sol: We have, (X, Y) = cov(X.¥)
5 (11| o ~1 010 var(X) var(Y)
6 13 1 1 1 1 1 - 10
7 14 2 2 4 | 4| 4 /—5.5 %325
8 16 3 4 9 |16 | 12
o 15| 4 3 |16]9 |12 =0.747
Total 0 0 60 | 60 | 57
48. Ans: 0.4
correlation coefficient = Sol: We have X Xx; _ 15 3,
L S uv n 5
A A e e——
Zuz_ZVz YI:—Z i = ﬁ - 7.2
n 5
_ 57
V60.60 cov (x,y) = (Z"iyi —iﬂ
=0.95
= (@—3x7 2) =04
46. Ans: 0.18
Sol: We have r=,/1.6x0.4 = 1/0.64 =0.8 ) .
49. Ans:i.(a) ii.(c) iii. (d)
by =r1. - Sol: (i) The line of regression of y on x is
c
x X
y=—-2
o r 0.8 1
= byx = 5
1o, 1 e 5
= P 08 " T3 The line of regression of x on y is
_y
L —08%x2=16 x=5+10
Gy
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= byy = % Now the test statistic z = ; H
{ Jn
r= b, xb, =— —
2 p =280, X = mean of the sample = 265
o = 30, n = size of the sample = 400
(i) byx=r. = 265-280
Z="""0 -0
Ox 30
1 j 400
_1_1\4) = 1Z|= 10
2 2 o,
Zy=1.96
3%:% Since [z = 10 > 1.96, we reject null
hypothesis

(ii1) Let the mean of x = X
and the mean of y =y
Then the point (i,?) satisfy the given lines

of regression

= 2X-y-20=0
and 2y—-x+4=0

solving, we get X =12 and y=4

50. Ans: (b)
Sol: Null Hypothesis Hy: The sample has been
drawn from a population whit mean p = 280
days

Alternate Hypothesis H;: The sample is not
drawn from a population with mean p = 280

ie. u=280
Two-tailed test should be used.

51.

Sol:

The sample is not drawn from population.

Ans: (¢)

H,:P= 1, i.e., 20% of  the product
5

manufactured is of top quality.

H, :P# % .
p = proportion of top quality products in the
sample
0 1
400 8

From the alternative hypothesis H;, we note
that two-tailed test is to be used.
Let LOS be 5%. Therefore, z, = 1.96.

1

,_P-P_ 85
JPQ J1X4X1
n V5 5 400

Since the size of the sample is equal to 400.
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which we are trying to find the confidence
limits and P is nearly equal to p.

i.e.[p— mxl.%js Pé(p+ mxl.%j
n n

I 7 1

ie. | 0.125—,[=x—x——x1.96 | <P
8 & 400

<0125+ LTl «1.06
8 8 400

1.e.0.093<P<0.157

Therefore, 95% confidence limits for the

percentage of top quality product are 9.3 and
15.7.

v gm%g,%ubhm 141 Probability
fen Z= > x50=-3.75 52 Ans: (d)
40 Sol: Hy: p =P, i.e. the hospital is not efficient.
Now |z| =3.75 > 1.96. Hi:p<P
The difference between p and P is significant One-tailed (left-tailed) test is to be used.
at 5% level. Let LOS be 1%.
Also Hy is rejected. Hence Hy is wrong or the Therefore, z, = — 2.33.
production of the particular day chosen is p—P 63
. z=———, where p=——-=0.0984
not a representative sample. /PQ 640
95% confidence limits for P are given by n
|p— |£1.96 P=0.1726, Q=0.8274
Pq
n ~0.0984-0.1726
Note: \/0.1726x0.8274
640
We have taken |22 in the denominator,
n =-4.96
because P is assumed to be unknown, for 2> |zl

Therefore, difference between p and P is
significant. i.e., Hy is rejected and H; is
accepted.

That is, the hospital is efficient in bringing
down the fatality rate of typhoid patients.
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Differential Equations -

(With Laplace Transforms)

Chapter Leonhard Euler
(1707 — 1783)
01. Ans: (¢) 03. Ans: (a)
Sol: Given that Sol: The given equation
(siny—y sinxy)dx+(x cosy — x sinxy) dy =0 (5x° + 3xy + 2y")dx + (x> + 2xy)dy = 0
= (siny) dx + x cos y dy — sin xy (y dx+xdy)=0 Let M =5x’ + 3xy + 2y> and
— d (x sin y) — sin(xy) d(xy) = 0 N =x"+2xy
= [ d (x siny) - [ sin(xy) d(xy) = & M _siidy and %N —2x + 2y
= x siny + cos(xy) = A o
where A is arbitrary constant M _ON _ X+ 2y
oy 0x
02. Ans: (a) i(@_M_a_Nj_ x+2y 1
=S =—
Sol: (Xy2 +2x%y’ )dx + (xzy —x’y’ )dy =0 N{dy o XT+2xy X
2.3 3.2 frs
Xy [y dx + x dy] + 2x7y” dx — x"y~ dy =0 ~ILF=ex =x
=k=1
(y dx +x dy) 2x’y dx —x’y*dy
A v + Cy? =0 Multiplying the given Differential Equation
by the integrating factor, we get
w + 2 dx — 1 dy=0 (5x* +3x2y+2xy2)dx +Hx+2xy)dy = 0
X'y X y o
which is exact
1 2 1 The solution is
d|-—— |+—dx——dy=0 i )
Xy|] X y [(5x* +3x*y+2xy?)dx = C
x+xy+xy)=C
Integrating, we get
04. Ans: (¢)
1 21 -1 =C
o Telogx—logy = Sol: Given that

Xy

2
log[x—j—L =C
y) Xy

d
(x+2y) (d—)}:j =y

ydx —x dy =2y’ dy

Leonhard Euler is considered to be the pre-eminent mathematician of the 18th century and one of the greatest
mathematicians to have ever lived. He made important discoveries in every branch of mathematic



143: Differential Equations
ydx —xdy ON
5 =2ydy g:2x—2ay
() oe s 1foM N1
; Bl Nlody ox) x
X . J.l dx
Jd —|= JZy dy Integrating factor=e’* =x
y
By multiplying the given differential
2
X _12Y .c equation by the integrating factor, we get
2
Y (3x%y — 2ay*x)dx + (x> — 2ax’y)dy = 0
—cv+vo
xTeTy which is exact
05. Ans: (b) Integrating,
3 2.2 _
Sol: Given that Xy-axy =C
dy o = x’y (x —ay)=C
dx ixz +y° —Zyi
, 07. Ans: (d)
= 2xdx=(x"+y —-2y)d
(xFy , y>2 4 Sol: Given that
2xdx+ydy)=(x"+y)d
( ydy)=( y) dy rsin® dO + (r° — 2r* cosO + cosO)dr = 0
2xdx +2yd
[—”] ~dy Let M~ rsind and
X Ty
- N =1’ —2r” cosO + cosf)
d(log(x™+y") = dy M N
Integrating both sides P sin® and e +2r’sin@—sin 0
log(x*+y*) + C =
seTe L(N M) 1
=y =log(x+y)+C Moo or ) r
2 r—1 dr
06. Ans: (c) Integrating factor (I.F) = ej ( J
Sol: Given that o
2 2 _ =
(3xy —2ay“)dx + (x” — 2axy)dy =0 2
Let M = 3xy — 2ay” and
N=x’— 2axy 08.
oM Sol: Given that
— =3x—4ay 3 5 ) 3
oy Xy +x)dy+ Xy —y)dx=0
&y -1 ydx+(xy* +1)xdy=0
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09.

Sol:

(1T

::Endnéﬁg‘%lbﬁmﬁons 144 : Postal Coaching Solutions
Let M=x’y*+x and Integrating,
N=x% -y 4x'y+4x’y* —x* =C
LF= _ 10.
Mx — Ny .
Sol: Given that
= 2__1 (v + 2x7y)dx + 2(x> — xy)dy = 0
X
Y Let M =y +2x%y and
multiplying the given differential equation 3
N =2(x"—xy)
by L.F, we get
oM ON
2 1 —X2 1 E:4X+6y &:2X+2y
B ldx+ y dy =0
22X 2 2y
1foM _oNj_-2
Integrating Nl oy ox B
2.2 2 &
XY |4 llog X — llog y=k Integrating factor = eI oy
4 2 2
y x2y> multiplying the given differential equation
= log (—j + ——=C
X 2 by LLF, we get
15 2 2 3
— (Y +2X7y)dx + = (x —xy)dy =0
X X
Given that which is exact.
(4xy + 3y2 —x)dx + x(x+2y)dy =0 Integrating,
Let M =4xy + 3y2 —x and 2x2y — y2 =Cx
N = x(x+2y) 11.
M_ 6y N _, o 2y Sol: Given that
oy 0x
x dy y
| o I
L[a_M_a_NJ_z b +y?) sy
Nlody ox) x xdy - ydx
o =&
) IE dx 5 X +y
Integrating factor = e’* =x
multiplying the given differential equation J'd {tan‘l [l} } - J'_ dx +C
X
by L.F, we get
X (4xy+3y2 —x)dx + X3(x+2y)dy =0 tan™ [Zj =—x+C
which is exact. y =x tan (C —x)
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12. Ans: () V.l:J-—l.l dx+C
Sol: Given that X X
xy(C —logx) =1
x’ dy = (3)(2 -2xy + 1)
dx
X2ﬂ+2x =3x>+1 A (@
dx y= Sol: Given that
ﬂ-k% _3x7+1 g+zzlogx with y(1) =1
dx x . x> dx  x
1
—dx
LF. = edex =x’ LE= ejx -
The solution is The solution is
1 xy =] log x. x dx
yx’ = j(3 + —Zj.xz dx+C , )
X
= xy = log x. L e
1 C 2 4
y=X +—+—2
X X 5
=1 = C=-—
y(1) 2
13. Ans: (b) The solution is
Sol: (?j+(l):yz =§10gx—§+i
x) \x 775 4 4x
y dx Xy 15.
Sol: Given that
Put —=v
y
g—xTan(y—X)=l
_ldy_dv dx
y> dx  dx Puty—x=t
vl W
dx x dx dx
ﬁ_lvz_l ﬁ+1—Xtant=1
dx x dx
_ j_ild" _ ogx_ 1 $=xtant
[LF=e¢ =e = ; dx
The solution is [eottdt=/xdx
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2 Puty ‘=t
logsint = LS Y
2 4y dy = dt
2 dx dx
log [sin(y —x)] = —+C
g [sin(y —x)] = — ld ot
4dx 2x
16.
i 1 ot 0k
Sol: Given that (1 +y”) dx =(Tan 'y — x)dy dx  x
— 2
tan”' y —x ﬂ=1 I.F=ekdx=x2
1+y° dx o
The solution is
-1 _
Put tan™y =t tx’=]-20x* x> dx + C
1 dy dt X s
T T X X
I+y dx dx —=—20—+C
y )
dt
(t—x)—=1 X+ @x-CQy*=0
dx
dx
—+x=
dt 18.
LF= ejldx _ Sol: Given that
The solution is Tan yj—y +Tan x = cos ycos” x
X

x.e'=[t.e'dt+C
xe' =e[t—1]+C
x=t—1+Ce"

X = (tan_l y— 1)+ Ce

17.
Sol: Given that
2xy' = (10x’y° +y)

d_y_lzsxzys
dx 2x

—4
Lsﬂ—y—=5x2
y dx  2x

dy 2
secytany d—+secytanx =cos” X
X

Putsecy=v

:>secytanyg—ﬂ
dx  dx

v, (tanx v = cos® x
dx

LF = el xdx = go0 x
The solution is

2
v. sec x =] cos? x .sec x dx + C

sec y = cos x(sin x + C)
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19. Ans: (a 2
® ¥+Pﬂ+(Q—l)y:ex

Sol: The auxiliary equation is d x dx

4D*-4D+1=0

becomes
11
=>D= AN A~ 2
2’2 4y _ o
L d’x
The solution is
x ‘ = dy_ e +C,
y:(C1+C2X)62 ........ (1) dx
y0)=2 =C; =2 >y=e¢"+Cx+C,
| X X
y =[Ci+Crx] e?. — +C; e?
2 21. Ans: (¢)
y(0)=2 =C=1 Sol: The given equation is
substituting the values of C; & C, in (i) (D*-2D+5)y=0
x The auxiliary equation is
y=@+x) e’ : :
(D°"-2D+5) =0

20. Ans: (a) = D=1+£2i, 1+£2i
Sol: For the solution y = C; cos x + C; sin x the The solution is

corresponding roots of the auxiliary y=¢"[(Ci + C2X) cos 2x

equation are D=+ . +(Cs + C4 x) sin 2x]

The auxiliary equation is

D+ D-1)=0 22. Ans: (b)
= [D*+1)=0 Sol: The roots of the auxiliary equation are 1,
The differential equation is * 2i.
dz_y ty=0 The differential equation is
dx” (D 1) (D +2i) (D —2i)y=0
Comparing this equation with the given Sy oy gy 4y =0
equation
ﬁ-yPﬂ-yQ o 23. Ans: (¢)
> y= e ..
d"x dx Sol: The auxiliary equation is
wehave P=0and Q=1 P Rpr 1
L LC

Now, the equation
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_ R R y(0)=1
2L 2L — C,=0
The solution is yl — 4 C
_Rt Lroyy —
i=(A+Bt)e y(0)=2
=C =1
24. Ans: (c) substituting the values of C; & C, in (i)
Sol: The auxiliary equation is y=e +x
D*+3i—1)D-3i=0
) 27. Ans: (d)
=D=1,-3i
The solution is Sol: Particular Integral (P.I) = 0P cosh 3x
y=C e+ C g X
_ 1 [eM4e™
D*+1 2
25. Ans: (b) )
1 eSx e—3x
Sol: Ife™* (Cj cos v/3x +Cysin 4/3x) +C; &* == +
(© x +Gosin 3x) 4Gy e 2| D* 11 DZ—J
is the general solution then,
3x -3x
The roots of the auxiliary equation are _lje ©
2110 10
~1+i43,2
The corresponding differential equation is 28. Ans: (c)
D-2)[D-(-1+ i3 1[D-(-1- i3 ly=0 Sol: The auxiliary equation is
= (D’ - 8)y =0 D’+1=0
3 =>D=+1
- 9 gy-0
X
Complementary function (C.F)
26. Ans: (d) =Cj cos x + Cy sin x
Sol: The given equation is
PI= ——sinx
dy _ . D* +1
_2 =€
dx
q =X. D sin X
Yot
dx —
= — COS X
y=¢ +Cx+Cy..... (1) 2
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The solution is = C; =0
B ) X ) ) dy
y=Cj cos x + C; sin X —Ecosx ...... (1) Given EZO whent=0
Zl=0 =c=0 ~ =t
2 ? 78
y0)=1 =C =1 substituting the values of C; & C; in (1)
substituting the values of C; & C; in (i) y= %(sin 2t — 2t cos 2t)
X
y =CO0S X — — COSX
2 30. Ans: (c)

29. Ans: (b)

Sol: The auxiliary equation is
D’+4=0
D=+2i

Complementary function (C.F)
=Cj cos 2t + C, sin 2t

PI= sin 2t

D* +4
= t.L sin 2t
2D

—t
= — cos 2t
4

The solution is

y=Cj cos 2t + C; sin 2t — % cos 2t ....(1)

% =-2C; sin 2t + 2C, cos 2t

cos2t tsin2t
+
4 8

y(0)=0

Sol: P.I1= 41 x’
D" +1

—(1+ D4)71 -
=(1-D*+D% ... )X

=x° - D%* =x° - 120x

31. Ans: (a)
1 x
Sol: P.I= (2—}:2
4D -4D+1
= X. ! e?
8D -4
(By Case of failure formula)
x> 2 . 1
= —e? (Replacing D with —)
8 2
32. Ans: (d)
Sol: PI=[— | (x> +7x+9)
D +5D+4

-1
2
= %{H(DZ—SDH (x2 +7x+9)

2 2 2
[y (presp) (Dnesp) fe )
4 4 4
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_ a2y 42
:l[(xz+7x+9)——_—(2x+7)+—2} =(1+2D,=3Dp) ¢
4 =t +4t+6
= l[ 2 +2x _,_2} The solution is
4 2 y=(C1+C2t)et+t2+4t+6
=(C, + + 24 +
33. Ans: (a) =y =(C; +C;logx) x + (log x)° + 4logx + 6
Sol: Particular Integral (P.I) = 572 (x sinh x) 35. Ans: (¢

( 1 j . 2D .
=X —5— sinhx —| ————— |sin hx
D’ -4 (D> —4f

X(D21—4j(ex ;e-x]{(;]—:y}(ex ze—x

= % sin hx —% coshx (applying rule 1)

34. Ans: (b)

Sol: Given that

X’y —xy' +y = (log x)’

Letx=c¢' and D; = i
dt

The given equation becomes
Di(D;-1)y-Diy+y=¢t
(D} —2D; + )y =1’
The auxiliary equation

D’ —2D;+1=0
=D=1,1
C.F=(C; + Cat)e'

1

O

=(1-D)~*.t

PI=

|

Sol: The given equation is
Xy + 6xy' + 6y =x

Letx=¢' and D, = d
dt

The given equation becomes
Di(D;-1)y+6Dy+6y=¢'
(D} +5D; +6)y=¢'

The auxiliary equation

D; +5D;+6=0

= Dy :—2, -3
CF=Cie 2 +C, e_3t
Pl=-— ! e'
(D2 +5D, +6)
= e_t
12

The solution is

t
—Cle 2+ Gt + =
Yo 2 12

Y x> x> 12
36. Ans: (¢)

Sol: The differential equation is

| ACE Engineering Publications >Hydembad|Delhi|Bhopal|P\me|Bhubaneswar| Lucknow | Pamna | Bengaluru | Chennai | Vijayawada | Vizag | Tirupati | Kukatpally | Kolkata




(1T

:f, EEnglnénanEPubhmuons :51: Differential Equations
DO-1)D+1)y=0 solving (ii) & (iii), we get
whereD:iandZZIng C1=E and C2=—i

dz 7 7
= (D*-1)y=0 substituting the values in equation (i), we get
=DMD-1)y+Dy-y=0 y—ix*‘ 4
7 7
= x’ dz_y + xﬂ -y=0
o Tax 0T As x — o, we have 'y — o
42 1\d . The solution does not tend to a finite limit
= —}2] + == lz =0
dx x)dx \x as X — o,
37. Ans: (d) 38. Ans: (a)
Sol: The given equation is Sol: The given equation is

X2y1 1+2xy —12y=0

Letx =¢' and Dl—i

dt
The given equation becomes
Di(D;-1)y+2Dy-12y=0
(D} +D;—12)y=0
The auxiliary equation
D; +D;-12=0
=D =473

The solution is

y=Cie *+Cye"
y=Cix*+Cx ...... (i)
y(1)=1

=1=C+Cy ....... (ii)
y'=4C x 7 +3C, x°

y' (1)=0

= 4C;+3Cy....... (iii)

3
NI BPRLS L
dx dx dx

Letx =¢' and Dl—i

dt

The given equation becomes

Di(Di— 1) (D1-2) y—4Di(D: — 1)y +6D1y =0

(D} —7D? +12Dy)y =0

The auxiliary equation

D; - 7D; +12D;=0

D] = 0, 4, 3

CF=C;+Cue*+ Cye™

Pl=— 12 Ade' = get
D} -7D? +12D, 3

The solution is

y= C1 + (:2634t + C3e3t+ %e‘

=y :(Cl +C2x3 +C3x4 +§xj
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39. Ans: (a) The auxiliary equation is
Sol: The given equation is D+17%=0 =D=-1,-1
2 C.F=(C; +Cxx)e™
y'+ 4y +4y = © — = P (say) © e
X = Clefx + Cz X€7X
The auxiliary equation is =C1y;+ Cays
, PI=Ay  +B.ys couun... (1)
F= + X
¢ (€1 Cax)e where,
=Cie X+ Cyxe ™
1 2 _ Im dx
=Ciy1 +Caoya . ) 5
where, W =y1.y2 —y2.y1 =€
where, C; = e & Cr=xe = - .
A= _J'e ogjx. xe " 4
P.I= A.yl + B.YQ ............ (1) €
2
_ X (1_ 2
where, A = —J-mdx 4 (1 log x )
W
Py
’ ’ X B = _ldX
where, W =y1.y; —y2y1 =¢* I \\Y
e x o2 _ Ie"" logx.e™ dx
A=- — dx -2x
I X2 e—4x (§
= X (logx - 1)
=—log x
B J.mdx 41. Ans: (b)
w Sol: The given equation is
et e 1 2 2x
dx dx X
substituting the values of A & B in (i) The auxiliary equation is
PI= —eizx[l + log X] (D 72)2 =0 =>D=2,2
— + 2x
40. Ans: (b) CF=(Ci+Cxje
_ 2x 2x
Sol: The given equation is =Cie” + Crxe
y"+ 2y +y =¢e™ log x =Gyt Gy,
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Sol:

P.I=—xe™+ xe™ log x
The solution is

y=(C; + Cox + xlogx — x) e™*

The given equation is

z=ax+by+a’+b’....
0z ..
—=p=a..... ii

3 (ii)

0z
—=q=Db..... (ii1)

oy

substituting the values of a & b from (ii) &

(iif) in (i)
z=px+qy+p +q

E@Em Publications :53: Differential Equations
where, C; = e & Cr= xe™* 43.
PI= Ay +BYs e (i Sol: The given équation is
where. A = J-Pyzd z=Xy+yvx’ —a’+b’
’ w
2x .
, , p=y+ty — (1)
where, W =y.y2 — y2.yi 29x" —a
:e4x q:X+ IXZ_aZ
™ xe™ = Vx’ -2’ =q—X e, ii
AZ—Ie .Xix dx X a=x (i)
X €
- from (i) & (ii)
Xy
p=y+
B= Imdx q-x
W
pxX+qy =pq
- J' et e dx which is the required partial differential
t o 4x
xc equation.
= log x
44,
substituting the values of A & B in (i) . o
Sol: The given equation is

z=y + 2f(%+logyj

p=2f (l+log yj. (— sz ............ (1)
X X
q= 2y +2f (l+logyj . (1)
X y
1h! 1 .
q-2y=2f | —+logy |.|—| ccerre.. (i1)
X y
dividing (i) by (ii)
D N
q-2y X
px’ +qy =2y’
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Sol:

EnginéﬁanEPubhmnons 1564 Postal Coaching Solutions
47.

Sol: The given equation can be written as Sol: The given equation is
Z—xy=¢(x2+y2) p—q=log(x+y)
Differentiating partially with respect to x

. Th ili ti
oy =02y 2% 0 e auxiliary equations are
. i . : dx d d
Differentiating partially with respect to y &5z
Ly 1 -1 log(x+y)
q—-x=0(xX"+y).2y ....... (11)
dx dy
Dividing (i) by (ii) 1
p-y_X = x+ty=C
q-x Yy
), 2 &__ &
Px=py=x -y 1 log(x+y)
1
=dx= dz
Ans: (a) log C
The gi fon i
e given equation is N C,
aZu a2u log C
S+ =f(xy)
aX 8}’ 7
=>x-——=C(,
The general form of 2™ order linear partial logx +y
differential equation is given by The solution is
2 2 2
8121+Bau+C612l (|)X+y,x——Z =0
[8)4 ox0y 0Oy log(x +y)
+f(x,y,z%,%]: ........... (1) 48.
Sol: The auxiliary equations are
Equation (1) is said to be & dy  d .
(i) Parabolic if B2 — 4AC=0 1oy xez yox T ()
.. Coe . )
(i) Elliptic if B"-4AC<0 Using the multipliers 1, 1, 1 each of the
(iii) Hyperbolic if ~ B*—4AC >0 fractions in (i)
Here, A=1,B=0&C=1 _dx+dy+dz
B 4AC=-4<0 0
.. The given differntial equation is Elliptic = dxtdy+dz=0
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Sol:

50.

Sol:

:55:

Differential Equations

Using the multipliers x, y, z each of the

fractions in (i)

_ xdx+ydy+zdz
0

=>xdxtydy+zdz=0

The solution is

fx+y+zx+y +2°)=0

The given equation is

q=3p” (Type-I)

Let the solution be

z=ax+by+c..... (1)
p=a
q=>b

substituting in the equation, we have
b=3a" ... (ii)
Eliminating b from (i) & (ii)

The solution is z = ax + 3a’y + ¢

The given equation is
¢ =2p’(1-p°)  (Type-Il)

Lett=x +ay

S1.

Sol:

S52.

Sol:

substituting in the given equation
dz '\’ ,( dz ? dz\’
a— | =z | — | |1-| —
dt dt dt

dz |z°-a’
dt z’

jd(\/zz—az)zjdt+c
V22 —a? =t+C

7> =(x+ay+C) +a’

The given equation is

p’+q’=x+y (Type-I)

=>p-x=y-q’=a (say)
=p=+a+x andq=.y-a
dz=pdx+qdy

=dz=+a+x dx+ y—a dy

Intégrating,

z= (%j(a +x)"7 + (%j(y —a)? +b

The given equation can be written as
1
z=px+tqy+ —— (Type-IV)
P—q
The solution is

z=ax+by+(

b
a—b)
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53. substituting in equation (i)
Sol: The given équation is 3X'Y +2XY'=0
M _ 4 0 X _Z2
O0x oy X Y
Let u=X(x).Y(y) 3X' K oand = éY’ _1
;ﬂ =X'Y and % =XY' )
X —X
=X=C; e’ and
substituting in equation (i) X
X'Y =4XY' Y=C,e?2
X _A
X Y Now the solution is,
X' 4Y’ K K
¥—k and?—k u=C1 e? Czezy
K, ('S
= X=C;e* and Y=C,e* u=Cz e’ e?
Now the solution is,
) given that u(x,0) = 4e ™
u=CC, ekx eZy L
) =4e " =C; ¢}
u=Cye™ et . (ii) = C;=4 andk=-3
given u(0,y)=8¢"" N axsy)
u= 4e?
k
=8¢ =u(0,1)=Cs e*
55. Ans: (b)
= C3=8,k=-12 . . . .
Sol: The one dimensional heat equation is
. _ —12x-3y
Lu=8e ,
@ =(? 6_121
54, o ox
Sol: The given equation is The general form of 2" order linear partial
ou o differential equation is given by
3 a— + 2 g = 0 ) ) )
X
0 121 +B 0 +C 0 121
Letu=X(x).Y(y) ox Ox0y oy
@ =X'Y and @ =XY' +f X,y,z@,@ =0 (1)
e 0x 0Oy
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56.

Sol:

57.

Sol:

(1T

b,  ACE
» Engineering Publications

(2

:57:

Differential Equations

Equation (1) is said to be

(i) Parabolic if B*—4AC=0

(ii) Elliptic if B*—4AC<0

(iii) Hyperbolic if ~ B*—4AC >0
Here, A=C*,B=0,C=0
B*—4AC=0

.. The equation is parabolic

Ans: (b)
0’u
ox?

The given equation is — =«

Let u = X(x).T(t)
substituting in equation (1)
X'"T = o XT'

& _ aT K

X T

and @ = XT'
ot

The solution is

B o )

u=Ce"|C,e +C,e [

Ans: (d)
The equation given in option (d) represents

one dimensional wave equation.

58.

Sol: The solution of the given equation is with

59.

Sol:

conditions

y(0, t) = 0; y(5,t) = 0; y(x,0) = 0;
is

nnx

2nrt
n

2nmt (2nnj
5 U5

y(x,t)= > B, sin
n=1

@: Z B, sin X cos
ot o 5

given that

oy _

3sin2mx — 2sind5ntx at x=0

= 3sin2nx—2sinSnx = i B, Snn;cx(h;n)

n=1
Comparing coefficients of sin 2nx &
sin Smx, we get

3 1
Bijp=— and Bjy;=-——
10 47 » 5m

remaining coefficients are zero.

The solution is

y= 3 sin(27x )sin(4t) - = sin(5mx )sin(10mt)
4n Ry

The given equation is
o’u B o*u
ot ox’

The solution of the given equation with
conditions

u(0,t)=0; u(l,t)=0;u(x,0)=0 is
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60.

Sol:

(1T

‘}\I
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i ) ] ] comparing the coefficients both sides
ux, t) = z B, sinnnx sinnmt ... (1)
ou fl A= 2Y0 and A= 0
E: Z B, sinnnx cosnnt.(nn) 4
. n=l 0=A)=A4=A5=..........
given that
. Hence, the solution is
—(x,0)=u
ot ( ) ° y(x,t)= %{3 sin X7 cos T _ i X W}
4 l l l
= Uy = z B, sinnnx (nn) 61
n=] .
Sol: The solution of given equation subject to the

By half range sine series, we have
1
B, (nm) = 2.[0 u, sin nnx dx

nzz—unoz [1-cos(nn)]

B,=

The solution is
> 2Uu,

u(x,t)= Zﬁ

[1 —(=1) ] sinn7x sin nmt
n=l nmn

The solution of the given equation with

conditions

y(0,t) = 0; y(l,t) = 0; % x,00=0 is

ot
y(x, t) = z A, sin ™ cos nmet . (1)
n=1 f f
given that
.5 [ XT

Y=Y,sm 7

= Yo sin > (Ejz z A, sinnﬂ
/ ~ /
Yol sinE—sin3£ = Z A, sin
4 4 4 o 4

62.

Sol:

conditions

u(0,t)=0, u(n,t)=01is

u(x, t) = ZAn sinnx e ™"
n=0

given that

u(x, 0) = sinx

. > . 22
=sinx= Y A, sinnx ¢*""
n=0
:>A1:1 andA2=A3=

.. The solution is

u(x, t) =sinx e

The solution of given equation subject to the
conditions

u(0,t)=0,u(80,t)=0 1is

given that

u(x, 0) = 100 sin (Ej
80
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4 EEnginéﬂanEPubhmuons :59: Differential Equations
= 100 sin ( j ZA sin anx u(0.y)=ull.y)=0 is
nmy nmy
u(x, y) = sin X1 Ae " +Be !
:>A1:100 andA2=A3= ...... =0
substituting the values in (i) given that
c?n’t _
u(x,t)=100 sin(ﬂj e 0400 u(x, ) =0
80 ~0=A=0
[y
63. Now, u(x, y) = sin X1 ge }
Sol: The solution of given equation subject to the L
conditions The general solution is
u(0,y)=u(l,y)=u(x,00=0 is o [
u(x,y)= ZBH sin X T | (1)
. nmx | 2 - - /
u(x, y) = Asin e’ —e ! N
given that u(x, 0) =uy
nmx
u(x, y) = 2 Asin % sinh 2 (i) = Uo= ZB sin—=
given that B, I o Sin—— dx
nmx ’
u(x,a) = SmT nmx
_ 2u, —COS e 2u, [1 3 (_ 1)“]
= sin—mTX = 2Asin n7ex sinh ny ¢ an nm
l 1 0
1 The solution is
—=2A= 2u -7 . (nmx
sin p 7@ u(x,y) = : [1 ]e ‘ sin —j
/ /
Now, the solution is 65.
Sinh(n’fyj Sol: f(t) = [t 120
u(x )— ‘ sin| 27X
4 sinp[ 7 nma Y B 2 whent <1
l 2t whent>1
L{f(t)}= j e f(t)dt
64. 0
1 ©
Sol: The solution of given equation subject to the - J' e 2dt+ J' e 2t dt
0

conditions
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T st 71" = [logs—log(s—1)|
e e e logs—tog(s—1)
-s |, - s” ], oo
e—st 1 es es = |:10g (Llj:|
=2 +—]+2 +— SRR VAR
-s s s s
S
- - =0- log| —
:2{62 +l}=g[l+e J Og(s—lj
s s| s S
~ og (S_—lj
66. 5

Sol: L (I+te)?
=L (1+2te'+t* e
1 2 2

+ +
s (s+1)* (s+2)

(By first shifting property)

67.

S

s?+1

Sol: L(cost)=

By first shifting property

(s+1) s+1

L(e™ cost)= =—
(s+D)+1 s +2s+2

By multiplication by t" property

. d s+1
L(te t)y=(-1) —| —
(tecost) =(=1) (s2+25+2j

ds
_ s*+2s
(s> +2s+2f
68.
Sol: L(1 —¢') = -1
s s—1
By integral property

L(l_tetjzf (é—ﬁj ds

69.

Sol:

70.

Sol:

L(sint) =
(sin s?+1
sin t o ]
Lift)) =L — | = ds
o) [
Z[tan’ls]:
T -1
= ——tan_ S
2
=cot's
L{f'(t)} = cot' s—f(0)
=cot's—1
L(cost) =
( ) s?+1

By fist shifting property

(s+1)

~t -

L(e . cost)= (ST)ZH

By integral property

e el 250

(By integral property of Laplace
Transforms)
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t, 0<t<l1

Sol: f(t)Z{0 l<t<n

-+ f(t) is periodic function with period 2

L{f(t)} = 1_16_25 joze*“ f(t) dt

_ e
_1—e‘25-[0t'e dtf

72.

Sol: L(e") = b
s—1

elu(t—3)=[e"". ult-3)]e’
By second shifting property
Lic'u(t-3)]=¢’. L[e" °. u(t—3)]

—3s 3-3s
_ 63. € _ €
s—1 s—1

73.

Sol: L (sint) =
( ) s?+1

L (tsint)= J.:e"St (t sin t)dt

= (-1). i( ! j: I:e’St (tsint)dt

ds\s?+1

= (522—0—51)2 = [7e™ (tsin t) dt

Puts=3

2(3)

(32 +1)2

U

- jwe‘s‘ t sint dt

0

= Jmoe_St t.sint dt=i
0 50

74. Ans: (a)

Sol: f(t) = Ll[

1
sz(s+1)}
I A B._C
s’(s+1) s 8
= 1=A (s+1) + B(s+1) + ¢s?
C=1,B=1,A=-1

s fy=1L1" [_—1+L2+L}
s s s+l

S s+1

=—1+t+e"

75.

Sol: L (izj =t
S

By first shifting property

fetgl

By second shifting property

4 e™® 2(t-4)
L (—2 =¢C u(t — 4)

s—2)
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76. 78.
s(s—1) (s—1)(s* +1
:L_l[ 1 _1} 3+1 A BstC
s—1 s (s—l)(sz+1) s—1  s*+1
=e' -1 35+ 1=A(s+ 1)+ (Bs+C)(s—1)
s=1=4=2A = A=2
77.
A+B=0=>B=-2
Sol: L'| —— = B+C=C=1
(s2+4)
-1 3S+1 -l L_ S 1
. {(s—l) sz+1}_L L—l 2(sz+1+s2+lﬂ
_ 1 S 1
s>+4 )\ s> +4 =2¢ —2cost+sint
s 79.
L{ - jZCOSZt and
s"+4 Sol: 1- 1
ol: —_—
(s-1)6-2)
B 1 ) sin2t
$s+4) 2 1 A B C
2 = + + 2
(s-1)s-2)] s-1 s-2 (s—2)
By convolution theorem, 1= A(s—2)° + B(s-1)(s-2) + C(s-1)
s=1 =>A=1
2 S 1
L sl beaw A+B=0=B=-1
s=2=C=1
=rcos ZX.M dx e 1 _| ! 1 1
(s—1)(s—2) s—1 s-2 (s-2)
_ t :et_ezt+tezt
_ t sin (2t)+ —COS(Zt 4X)
4 4 0
80.
t sin 2t Sol: L(y') + L(y") =L(t") +2L(t
4 {s —sy(0)-y'(0)} + {s ¥ —y(0)}
_ 2
s’ +s°
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2+2s

3
S

2s+2

3
S

(s+5)y —4s—2=

(s+5)y =4s+2+

4s* +28° +2s+2

y:

s4(s+1)
4s* +2s°+2s+2 A B C D E
7 =t gttt
s*(s+1) s s° s s s+l

45 +28° + 25 + 2 = As’(s+1) + Bs*(s+1)

+ Cs(s+1) + D(s+1) + E.s*
s=0 =>D=2
s=—-1=>E=2

Comparing s° coefficients, A+B=2=B =0
Comparing s* coefficients, A +t=4 = A =2

Comparing s coefficients, B+ C=0=C =0

s st s+l

t3
=2+ —+2¢"
3
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5 Complex Variables

Chapter Augustin-louis Cauchy
(1789 —1857)
01. Ans: (a) 03. Ans: (d)
Sol: Letu +iv = f(z) = 2* = (xHy)’ Sol: sin(z), cos(z) and polynomial az* + bz+c are
then u + iv = f(z) = (x> —y*) + i(2xy) analytic everywhere.
Su=x"-y and v=2xy . sin(z), cos(z) and az’+bz+c are an entire
= u, = 2X vy =2y functions.
=uy=-2y vy =2x Ll is analytic at every point except at
Here uy = vy and v, = —u, at every point and ’ |
also u, v, uy, uy, vy, vy are continuous at z = 1 because the function 71 is not
every point. defined at z= 1.
.. f(z) is analytic at every point. 1
= 1 is not analytic at z=1
02. Ans: (a) 1
Sol: Letu+iv=1f(z)=zIm (z) = (x +iy) y " 1 is not an entire function
then u + iv = f(z) = xy + iy’
= u=xy and v=y> 04. Ans: (a)
=y V=0 Sol: Given that z = sin hu.cos v + i coshu. sinv
Uy =X vy =2y = z = sinhu.cosh(iv) + coshu.(i sinv)

Here, uy = vy and vx = —uy only at one point
origin. i.e., C.R equations uy = vy and
vy = —uy are satisfied only at origin. Further
Vx, Vy, Uy, Uy are also continuous at origin.

. f(z) = z Im(z) is differentiable only at
origin (0,0).

(" cosh(ix) = cosx & i sin x =i sin hx)
= z = sinhu. cosh(iv) + coshu.sinh(iv)
= z = sinh(u+iv)
(" sinh(A+B) =sinhA coshB+coshA.sinhB)
= z=sinh(w) ("~ w=u+1iv)
= w = sinh '(2)
= w = f(z) = sinh '(z)

1

V1+27*

Sw' =f(z)=

Augustin-Louis Cauchy was a French mathematician. “More concepts and theorems have been named for

Cauchy than for any other mathematician”. Cauchy was a prolific writer; he wrote approximately eight hundred
research articles and almost single handedly founded complex analysis.
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Here, f'(z) is defined for all values of z
except at m =0 (or) 142> = 0 (or)
z=1,-1
= f'(z) does not exist at z =1, —i
= f(z) is not differentiable at z =1, —1
.. f(z) is not analytic at z =1, —1

05. Ans: (a)

Sol: Given that v=e¢"[y cosy + x sin y]
= vx=¢" [0+ siny] + e[y cos y + X siny]
and vy = e[~y siny + cos y + x cos y]
consider f'(z) = uy — iuy
:>fl(Z):Vy+iVx( TU = Vy &V =—y)
= fl(z) =" [~y siny + cos y + X cos y]

+1i e*[siny+ycosy+xsiny]

= [ f(z) = ze" — ¢ + & +c = z e“tc is a
required analytic function.

06. Ans: (¢)

Sol: Given that

u=x’—3xy’ +3x* -3y’ + 1
= u,=3x" -3y’ +6x and
u, = —6xy — by
Consider f'(z) = u, — iuy
= f'(z) = (3x* — 3y* + 6x) —i(—6xy — 6Y)
= f'(z) = (32° — 0+ 62) —i (0 — 0)
(Replacing 'x' by 'z' and 'y' by '0")
= f(2)dz=] (3% +62) z+ ¢

3 2
f)=3%2+2%2 +¢
3 72

07.

Sol:

08.

Sol:

=7’ + 37> + ¢ is a required analytic
function where ¢ = ¢; + ic; is a integral
constant & ¢ = ¢; + ic, because given real

point 'u' is containing constant '1".

Ans: (¢)
Given that u = e*[x cos y — y sin y]
= ux=¢€"[cosy— 0] +e*[x cosy—ysiny]
anduy,=e’[-x siny —y cosy —siny]
Consider f'(z) = u, — iuy
= f'(z) =e*[cos y + X cos y — y sin y]
—ie'[-xsiny—ycosy—siny]
= f'(z)=¢[1 +z—0]—ie“[0—0-0]
[Replacing 'x' by 'z' and 'y' by '0"]
= [fl(z)dz=¢"zdz+[e*zdz+¢
S f(z)y=ze"—e"+e" +c

=ze"+c
wherec=c;+i1c; =0+ 1c,
because the given part 'u' is not containing

any constant.

Ans: (¢)
Given that Re{f'(z)} = 2x + 2, f(0) = 2 and
f(1)=1+2i
Let f'(z) =u+iv

f'l(2) = ux+1 vy

=u—1uy=2

fl(z)=2z+c¢
flz)=72"+cz+k

f0)=2 =k=2
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09.

Sol:

10.

Sol:

(1T

:?h@%mcg"ubm 166 : Postal Coaching Solutions
fi)=1+21 =c=2 where
s fz)=72"+2z+2 F(z) = (1+) f(z), U=u—-v & V=utv
fi(z)=2z+2 then F(z) = U + iV is analytic
=2(x+iy)+2 (= f(z) =u +1v is analytic)
=2(x+ 1) +1i(2y) Now Uy = e*[cos y — sin y]
~. Imaginary part of f'(z) = 2y & Uy=ie'[-siny—cosy]
consider F'(z) = Uy — iU,
Ans: (¢) = F'(z) = ¢[cos y — sin y]-ie*[~sin y—cos y]
Given u = (x —1)* — 3xy” + 3y’ — Fl(2)=e"(1-0)—ie{0—1)
= u, =3(x — 1) -3y? s Fl(z) = e(1+)
and uy =-6xy + 6y — [F(2)dx = (1+i) [ ¢ dz + ¢
consider f'(z) = u, — i uy N F(z) = (14i) " + ¢
= f'(z) = 3(x — 1)* = 3y — i (-6xy + 6y) s (14) f2) = (14) ¢+ ¢
= fl(2)=3(z-1)>-0—i(—0+0) c
(Replacing 'x' by 'z' & 'y' by '0") 7 fz) ="+ ke where k= 1+i
= [fi(z)dz =[3 (z-1)’dz+c
= f(z)=(z-1)’ +ic 11. Ans: (b)
Sol: Given u” =x*—y* - 3x

because the given real part does not contain

any constant.

Ans: (b)
Given that u — v = e*[cos y — sin y]

Let f(z) =u + iv (1) be the required

analytic

thenif(z)=iu—v

Adding (1) & (2), we get
f(z)+if(z)=(u+1iv) + (lu—-v)
=>{0+)f(zy=@-v)+ti(utv)

Let F(z) = U +iV

= uy=2x-3 and uy,=-2y
consider dv =V, dx + V, dy
= dv = (—uy) dx + (uy) dy
(v u=vy&vy=—

=dv=_2y)dx+ (2x—-3) dy

uy)

which is exact differential equation
= [dv=[2ydx+ [(-3)dy+k
Sv(x,y)=2xy -3y +k
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12. Ans: (d) consider dv = v, dx + vy dy
Sol: Given that v = x> — 3xy’ = dv = (-uy) dx + (u,) dy
= vy =3x" -3y’ and vy =-6xy = dv=—(-6 xy+ 6y) dx + (3x> —6x + 3 — 3y?)
Consider du = u, dx + uy dy = [ dv=—J(=6 xy+ 6y) dx + ](3 = 3y?) dy + k
= du=(vy) dx + (-vx) dy LXK, y)=3xy-6xy—y +3y+k
(v u=vy &vi=-uy) =3(x-1)’y—-y +c¢
= du = (-6xy) dx + (-3x” + 3y*) dy
which is exact differential equation 15. Ans: (b)
— [ du=[(-6xy) dx + |3y?) dy + k Sol: Letf(z)=¢“+sinz andzy=n
L u(x, y)=-3x%y +yP k Then Taylor's series expansion of f(z) about
a point z = 7, (or) in power of (z — zp) is
13. Ans: (c -
© given by f(z) = Z:an(z—zo)n .
Sol: Given u(r, 0) = ¢ cos (logr) n=0
(n)
—u,=—¢ sin (log ). 1 and where a, = f—('ZO)
r n!
up=—e ” cos(log 1) Here, the coefficient of (z — z)" in the
Consider dv = ( % j dr+ ( % ) o Taylor's series expansion of f(z) about z = 7,
is given by ay — 1 (%)
given by a, .
= dv =(v;) dr + (vp) dO n!
- (_—1 uej dr+(r u,) do _ f"lz,) _ £'()
r 2! 2!
= 1 —0 -0 . Z . T
= dv= "¢ cos (logr) dr + (— e sin(log r)) de _ (e —sin Z)mT _ ¢
" - =
2 2
—=[dv=]e?® .l.cos (logr) dr+[0do+c
r 16. Ans: -1
~ov(r, 0) = e ¥ sin (logr) +c 1 1
Sol: Given f(z)= ———-—— and |z|>2
z-1 z-2
14. Ans: (b) Now, |7] > 2
. Gi — (x 1) 3% 4+ 32
Sol: Given thatu = (x —1)" -3xy” + 3y —iz>2> 1
= 3(x— 1) -3y
=u=3(x—-1) -3y and 12> 2and [2]> 1
u, = —6xy + 6y
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2 -1
— <1 and |—<1 = f(z) = log(l—l]
z z 7
1 1
)= —- - o (1_lj LD
z-1 z-2 g 2] Iz
1 1 .. —
= f(z) = N 5 slog(l1-2)=
1-— 1-=
Z( 2 Z( zj I 1(1)2 1(1)3
—| === = ] ] e ,
| g 57 z 2\2 3\z
A4
z z z z 1
— <1
= f(z) = z
it (2.2, O PRI L LR L Py
o LR . . I 272 32 z
1 1 .. The coefficient of 1 is 1
=>flz)=(1-1) —+(1-2) — z
z z
+(1—22)i3+ ....... 18. Ans: (a)
| Sol: Given f(z) = S in0<|z+1|<2
.. The coefficient of —=-1 (z-1)(z+3)

17. Ans:1

Sol:

<1

(on) ‘1
Z

then f(z) = log

= log

4

Letf(z) = log(lij and |z| > 1
-z

)

!
z

Letz+1=tthenz=t—1 and0<|t|<2

_ 1 _ 1
Now 1) = e3) ~ +2)

Instead of expanding in

(Z + 1)(2 + 3)

powers of z + 1 it is enough to expand

in powers of tin 0 <|t| <2

t(t+2)
1 . t
f(z) = —= 1n 0<|t|<2 or [—|<1
t(t +2) 2
1
:»f(z)z—;tzlé[ ;} ,%<1
2(1+2j t
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1 t) (tY t
= fz)= — 1—(—]+(—j — e , =<1
2t 2 2 2
1 1 1
=>flz)= ———+—t—...........
@ 2t 4 8
2
-ty = ! _l+(z+1)_(z+l)+
2(z+1) 4 8 16
Ans: (b)

19.

Sol:

1
Given f(z) = ———
@ 72 —3z+2

(or) |z] >2>1

in|z| > 2

1
=flz) = —————
@ )=
S injz|>2 &|z|>1
(2—2) z—1
= f(z) = 12— 11 in g<1
{-2) 4-1) "
Z Z
and |—|<1
V4

=0-33() %)

B . ) l n+1_ » l n+l
@w=-32(;] %[}

20.

Sol:

21.

Sol:

Complex Variables
Ans: (a)
Given that f(z) = > in0<|z[<4
4z -1z
1 . z
=f(z)= ——— in |z] <4 or |-{<1
2(4 - Z) 4
-1
)= = i[pf} in [Z]<1
4 4

Z<1

P
N
N
I
|H
1
p—
+
7N\
AN
N—
+
7 N\
AN
N—
[38)
+
L
ot
=
I

1 &(z)

= f(z) = — —| m |—<l1

@ 47 ;(4)

f(z)Zi 2" in 2 <1

prt 41’1+1 4
Ans: (a)
Given f(z) = > andzo=1
3z-z

The given function is analytic at z =1
Taylor's series expansion of f(z) is
possible at z =1
~3(3-22)
(32 -7’ )2
6z-9
(32 -z’ )2

= f1(z) = Bz=22)(6)-(62-9)2(2-2* )3~ 22)
(32 - 22)4

Now, f'(z) =

= fi(1)=

-3
4 9
18

3
fi(1)= = and f(1) = =
(1) o (1) 5
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22.
Sol:

23.

Sol:
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The Taylor's series of f(z) about z = z is
given by
f(z) = f(zo) + (z — 20) f'(20)

2
Z—7 "
+ %f (ZO)+"“

= f(z) =f(1) + (z-1) f'(1)

+ _(Z;!l)z £7(1)+ ...

3 3 (-3 181, .
) —2+(4j(2_1)+82'(2_1) +...

Ans: (¢)
The given function f(z) = Zz* is analytic at
every point.

The value of the given integral is
independent of the path joining z = 0 and

z=3+1

(27-27i-9-1)
3

SI= 6+(§ji
3

Ans: —-1.047

Let f(z) =

72 +9

(Z + 3i)(z - 3i)

24.

Sol:

Then the singular points of f(z) are given by
Z2+9=0 (or) z=3i,-3i
But only one singular point z = —3i lies

inside the given circle C: |z + 31| =2

Consider f(z) = M

z—1,

1
_ z-31

- - (-3)]

.. By Cauchy's Integral Formula, we have

§f(z) dz = 2“{2—1311_31

=TT~ 1.04719
3
Ans: (¢)
Let f(z) = cos(nz)
z—1
_ d(z)
YAV

Then the singular point of f(z) is given by
z-1=0(or)z=1
Here, the singular point z = 1 lies inside the

given circle C: |z—1]| = 2.

.. By Caychy's Integral Formula, we have
ii; f(z) dx = 2mi[cos (nz)]

C

z=1

= 2mi(-1)

=-2mi
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25. Ans: 0 Here, the singular point z = 0 of the function
47> +7+5 f(z) lies inside the circle C: |z| = 1.

Sol: Let f(z) = 2
Z f—

Then the singular point of f(z) is given by / \
z—4=0 (or) z=4 (_0

Given that C: 9x* + 4y” = 36

2 2
- 9x +4L _1 o(z) o
36 36 Let f(z) = =N 0]
. _
2 2
- )2(_2 + ;'_2 =1 Then by Cauchy's Integral Formula, we have

1! \dz

/ \ : = §f(z) dz = 2mi (~¢ )~
\j ii;f(z) dz =2mi

Here the singular point of the function f(z) 27. Ans: (a)

2 2

lies outside the ellipse XT+% =1. Sol: Let f(z) = Sin2(2)3
Z—T
.. The given function f(z) has no singular 6 j
inside and on the curve 'C' 3 . 9
_ 6sin”z
Hence by Cauch's Integral Theorem, we (z— n)3
have ﬁgf(z) dz=0. Then the singular point of f(z) is given by
C

(zmn)’=0 (or) z=m.

26. Ans: (¢)

Sol: Let f(Z): %=e—2:e—2 K\
z ¢ z (Z_O) z$0 z71 Z=T
Then the singular point of the function f(z) \j

is given by z%¢* =0 (or) z=0 (- ¢*#0 Vz)
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Here the singular z = &t lies outside the given
circle C: |z| = 1.

.. By Cauchy's Integral Theorem, we have
iff (z)dz =0

c

Ans: (d)

e2z

(@+1)

Then the singular point of f(z) is given by

Let f(z) =

(z+1)'=0=>z=-1.

L0

zF0 zF3

Here, the singular point z = —1 lies inside the

given circle C: |z| =

Let f(z) = AT 4’(2)]“1

B eZz

G

Then the Cauchy's Integral Formula, we

have

= if(z) dz = 2_Tti(8622) .

g iff(z) dz = (gjniez

Sol: Let f(z) =

29. Ans: (d)

cos (n22
(Z - 2)(2 — 1)
Then the singular points of f(z) are given by
(z-2)(z-1)=0

=z=landz=2

70 jizz%

Here, the two singular points z=1 and z= 2

lie inside the circle C: |z| =

Now, f(z) = cos(nz’). {

-
) COS(TCZZ {z 1 2 _ﬁJ

(:os(7tz2 ) B cos(fcz2 )
z—2 z—1

= f(z) =

.. By Cauchy's Integral Formula, we have

§1(z) dz = §Md §M dz

a oz—2 A
= 27ti [cos(nz’],= — 2mi[cos(nz®)] =1
=2mi (1) - 27 (1)

= 4mi
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30. Ans: (¢) 31. Ans: (b)
1 2
Sol: Let f(z) =7 e* Sol: Given f(a) = J 52 —4zt3 dz
z—a
Then ¢
i . ) where 'C' is 16 x* + 9y* = 144 (or)
1 1 1 1 .
z) \z) \z) \z R A
f(z) = z*| 1+~ 22+ + + + 27y
(=) 1 2! 3! 4! 34
Let a= i for finding the value of f'(i).
1 11 11 Then the singular point z = a = 1 of the
:>f(Z)_Z +z+ —'+—'—+—'—2+ ...... 5Z2—4Z+3
2t 3z 4lz function —————— lies inside the ellipse
z—a
B 2 1 1 1
=f(2)=(z-0y+(z-0)+ , 31 (z 0) .. By Cauchy's integral formula, we have
2
R f(a) = J' 52—de
T T A T eeeseses Z — a
41(z-0Yy c
— i (52
= f(z) has a singular point at z = 0. =211 (52" —4z+ 3=
— i (842
Here, the singular point z = 0 lies inside the = f(a) = 2mi (52" —4a +3)
circle |z| = 1. = f'(a) = 2mi (10— 4)
R; = Res(f(z) : z = 0) = The coefficient of L f1(i)=2mi (10i-4)
1. . =4 (5 + 2i)
in Laurent series
(2-0)
1 | 32. Ans: 0
= R;=Res(f(z):z=0)= — = —.
306 Sol: Let f{z) = M
4z° +1
.. By Cauchy's Residue Theorem, we have (cosh(z)j
h 4
§1(z) dz = 2mi(R) coshlz) _ L .
2 i i
C 4z°+— z——||lz+—=
ol )
6 Then the singular points of f(z) are z >
= li b
3 -t
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_(1 : 4 -1 : .
= (j [270 (cos z)zzl} + (j [2751 (cos hz)zzlJ

41 2 41 2
ﬂ 2 T i -7 i
= — hl —||+] — h| ——
) (oot
z=|-1/2
=z cosh[lj ~ I cos h(_—lj
; 2 2) 2 2
Here, the two singular point z = — and
2 =0 (. cosh(-z) = cosh(z))
e B . _
z= 5 lie inside the circle |z| = 1. 33. Ans: 0
Sol: The singular points of f(z) = Sz
oS (Z) 1 Z. COS(Z)
Now, f(z) =
ow, 1(z) 4 i i given by z.cos(z) =0
z——||lz—|——=
2 2 P
= z=0and z=(2n+1) E’H el
= f(z) = cos(z) 1 =z=0 and z:iﬁ,i?)—n, ..........
IE ] o
z——|[| =+=
2)\2 2
(Hl](—l_lj N Y 7=
2)\ 2 2
(cosh(z)j (cosh(z))
= f(z) = al + 4 T T
z i —i =z=0,z= — and z= —— lie inside the
zZ—— zZ— (j 2 2
2 2
circle |z| = 2.
By Caychy's Integral Formula, we have Here, z = g and z = —g are simple poles of
i;f(z) dz sinz d)(z)
‘ R i R
1 (cosh(z))d 1 cosh(z) d
_Iif { 1} z+ _ 4 ,l-[ (—i } z where y'(z) = cos(z)- z sin z
zZ—— z—| —
2 2 j
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R, = Res(f(z): z= g): ("j _ —
\Ij J— —_
2 2

0o-% 7
2

Hence, R; + R, = (_—zj + (gj =0
i T

34. Ans: 0.33

Sol: f(z) = %—Ls[sinz(z)]
V4 V4

_ 1 1T l—cos(Zz)
A 2
1 171
= f(z) = ———| =——=cos(2z
(z)=— 2{2 ( )}
2 4
1_(22) +(2z)
=>fzy=1 1 1 2! 41
3 5 6
s P2
6!
11
=>flz=1_1 22 2
2|2 2
24Uz 26!

3S.

Sol:

36.

Sol:

.. Res(f(z) : z= 0) = The coefficient of 1 in

above series

Ans: 1
The given singular point z = 0 is a simple
pole

(or) 1** order pole of f(z) = Ite

zcos(z)+sin(z)

Now Ry =Res (f(z) : z=0) = Lt (z—0)f(2)

1+¢”
R, = Lt(z-0).
=& z—)tO(Z )ZCOS(Z)+ Sin(Z)
[9 formj
0
— R =Lt ?(0+ez)+(1+e2)
250 — zsln(z)+ cosS (Z)+ COS(Z)
_ 0+1+1 _
04111
Ans: 0
2
Let f(z) = z 1tz

Then the singular point of f(z) is z = 1 and
the singular z = 1 lies inside the circle
|z| = 2.

Now,

f(Z) = ¢ Z) = [E _—'1_]1Z0

[ ]n+l
Z—1Z,
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37. Ans: (d)

(Z + 2)(2 - 3)2

Then the singular points of f(z) are z = -2 &

Sol: Let f(z) =

z = 3 of these two singular points z = -2 and

z = 3 only z = 3 lies inside the circle

iz 3| =4.
YR

7=-2 =3 zF7

Let f(z) = —"’(Z)]

[ n+1
Z—1Z,

)

- [Z . 3]l+l

Then by Cauchy's Integral Formula, we have

(c+2)
_ {(3 :323&323)2— e’ }
_ 8mie’
25
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6 Numerical Methods § \'3

Chapter

01. Ans: (¢)
Sol: f(x)=x>—4x-9=0
f(2)=-9<0,f3)=6>0

Let x; = % = 2.5 is first approximation

to the root
w f(x1) =1(2.5)=-3.375<0
Now, Root lies in [2.5, 3]

2.5+3

Let x, = 5 = 2.75 1is second

approximation root.

02. Ans: 0.67
Sol: f(x)=
Letxo=0.5,x;=1
f(xo) = £(0.5) =-0.375
fix)=1f(1)=1
_ f(xl).xo —f(xo).x1
f(Xl)_ f(xo)
is first approximation root

_ 1(0.5)—(=0.375)(1)

X+x-1=0

1-(-0.375)
_ 0.5+0.375 _ 0.875
1.375 1.375
=0.6363

f(x,) = £(0.6363)
= (0.6363)° + (0.6363) — 1

Carl David Tolme  Martin Wilhelm
Runge (1856 — 1927) Kutta (1867-1944)

=0.2576 +0.6363 —1
=-0.1061 <0

Root lies in (0.6363, 1)
_ f(Xl)XZ _f(XZ)'Xl

BT ()~ f(x,)

_ 1(0.6363)— (- 0.1061)1
1+0.1061

=0.6711

03. Ans: (b)

Sol: f(x) =xe"—x=0
f(0)=-2<0,1(1)=2.7183-2>0
Letxg=0,x;=1

R L0 N EH Y

) Tlx,)

_ 0.7183(0)—(=2)1

0.7183—(-2)
2
27183
=0.7357

f(x,) = £(0.7357)
=0.7357 &7 -2 =
Take X0 = 0.7357 & X1 = 1

f(x, )x, - f(x, )x,

—0.4644

SoX3 =
’ f(Xz)_f(Xl)
_ 0.9929 — 0.8395
1.1827

C. Runge and M. W. Kutta (German mathematicians) developed an important family of implicit and explicit iterative
methods, which are used in temporal discretization for the approximation of solutions of ordinary differential equations.
In numerical analysis, these techniques are known as Runge—Kutta methods.
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04. Ans: (b) 08. Ans: (a)
Sol: f(x)=x'-x-10=0; f'(x)=4x> -1 | 3
Sol: X411 = —| X, +—
f(1)=-10<0,f(2)=4>0 X,

Let x¢ = 2 is initial approximation

.zm:m_;%ﬁ X:%@+zj

X
2 _
22—i=1.871 X" =3
31
09. Ans: (b)
05. Ans: (¢) h
Sol: f(x)=3x—cosx—1 Sol: Trap.rule = 5[(3’0 TYs )+ 2y, +y, +; )]

f(xo) = f(0) =2
f'(x0) = £'(0) =3

e ) (2 2 = 0011 5334 +1.6004]
o X1 = Xo 3 2

= % [(0.2474+0.2860) + 2(0.2571+0.2667 +0.2764)]

= 0.005[2.1338]

06. Ans: (a) =0.0106
Sol: Letx = \/ﬁ 10. Ans: (a)
f(x)=x’~-N=0 Sol:
2
oo = X XnZ—N X -1]0]1
% fx)=5x—-3C+2x+1| 9|1]5
_ x2+N
2x, h
[ f(o) dx= 3o +2)+2(0)+4(y,)]
1 N .
Xpt] = —(xn +—] ......... (1) 1
20T - 2[4+ 40)] -0
07. Ans: (b)

11. Ans: (a)
Sol: Taking N =18 & x¢ =4 in equation (i) of )
Sol: Error = Exact value of the integral — The
previous examples(06), we get ) ]
value of the integral by the simpson's rule

2
_ 418, —0_0=0

X1
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12. Ans: (b) = 93101 2.1)+ 2027+ 3)+ 4(2.4+ 2.8+ 2.6)]
Sol: The area 3
h =7.783
= o+ yo)+20ys + v )+ 4y +ys + v )]
13. Ans: (¢)
Sol:
X o1 (2 (3 |4 5 6
- L [T
I+x 20 5110 17 | 26 | 37
6 dx h
Lo oam S ety 2+ v+ v+ v 4yl
1 1 I 1 1 1 1
=—|ll+=|+2 =+ =4+ —+—=+—
2 37 2 5 10 17 26
=1.4107
14. Ans: (a) 15. Ans: (a)
Sol: The volume of cylinder = 7t'|-01y2 dy Sol: Error = Max2 =2 xh? Xf”(x%
12
_ E 2 2 2 2 2
T 2 [(YO + Y4)+ ZYZ +4(Y1 +Y3 )] — LXLX6(2718)
12 100
0.25 —
=n—= (1+1)+2(9)+4(4+1)] =0.0136
= n%[@] Here,
fix)= "
_10=m "
- T Max [f ' (x)|jo,1; = 6€
~h=072
n
_ 1
10
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16. Ans: (¢) Second iteration will be
_ A 1
Sol: ‘blgoaxh‘*xmaxfW(x) <107° Xp = E(12—y1 ~71)
_ =0.90
Leth= b-a _ 1
n n 1
V2= E(B ~2x, +10y,)
1
flx)= —
) X =1.00
Max [fY(X)|arx - 1 = 24
A% I 222%(14—2X2—2y2)
Lx%x24 <107
180 n =1.00
—n>10.738 The required solution after second iteration
. n>10.738 iSX=0.9,y:1&Z=1
17. Ans:x=09,y=1&z=1 18. Ans: 0.6
Sol: Let Sol: y1 =f(x,y) =4 —-2xy
10x+y+z=12 Xo=,y0=0.2,h=0.1
2x + 10y +z=13 By Taylor's theorem,
2x+2y + 10z=14 and y(x) = y(xo* h)
X0 =0 y0=0,20=0 =y(x0) +hy'Gxo) + 2y (x,)
Then first iteration will be 2
(0.1)
i =0.2+0.1(4) + T(— 0.4)
x1=—(12-yo— :
=10 (12 = yo — z0)
=0.598=0.6
=12
yi= (13- 2x, +10y,) 19. Ans: 0.6
10 Sol: f(x, y) = 4 — 2xy
=%(13—2(1.2)—0)=1.06 X0 =0,y0=0.2,f =0.1
By Euler's formula
1
2= 5 (14-2x, -2y, Y1 =yo + h f(xo, yo) = 0.2 + 0.1(4 — 0)
1 =0.6
= B(14 —2(1.2)-2(1.06)) =0.95
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b

20. Ans: 0.04 23. Ans: 1.1165
Sol: By Euler's formula, Sol: f(x, y) =x+ Y7,
y1:y0+hf(X0,yO) X():O,yo:l,f]:().l
yi=0+(0.2)(0+0)=0 k; = hf(x, yo) = 0.1
=y, +hf(x,
2= (1, y1) ky = hf} x,, +E’YO +£j
y2=0+0.2(0.2 + 0) 2 2
Y2 = 0.04 i h k 2
=0.1 +— |+ y, +=
(X‘) 2j [“ 2 j
21. Ans: 0.095 B
=0.1168

1
Sol: y1=y0+5(k1+k2) .
ks = hf(x0 +h,y, +—2j
ki = hf(xo, yo) = 0.1 (1 = 0) = 0.1 2
ks = hf(xo + h, yo + ki) =0.1[0.05 + 1.1185]

=0.1(1-0.1)=0.09 =0.1168

1 k4 = hf(X(ﬁ‘ h, Yo + k3) =0.1347
yi=0+ 5(0.1 +0.09)

1
Vi =Yyo= g[kl +2k, +2k, +k, |

=0.095
=1+0.1164
22. Ans: 1.1961 y; = 1.1164
Sol: f(x,y)=x+siny
X0=0,y0=1,h=0.2 24. Ans: 2.6 -1.3x,2.3
k; = h(fo, yo) Sol: The various summations are given as

=0.2(0+ sin 1) follows:
=0.2(0.8414) = 0.1682
k, = hf(xo + h, yo + ki)

Xi ¥Vi X; Xpyi

=0.2(0.2 + sin (1.1682)) 2 6 4 -12
=0.2(0.2 +0.9200) 1 3 1 -3
=0.2(1.1200) 0 2 0 0
=0.2240 1 2 1 2

y1 =1+ %(0.1682 +0.2240) =1.1961
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Thus, Yyi =na+bXx; f(x) = f(x0) + (X — X0) f[X0, X1]
Ixiyi=aXx; +bXx’ +(x = x0) (x —x1) f[x0, X1, X1]
=l+x-1)13+(x-1)(x-3)8
These are called normal equations. Solving — 8 19x 4 12
for a and b, we get
an y. — Zx Zyl p(2)=6
> - (Yx ) p'(2)=13
a2V 2N — b 26. Ans: 8x*—19x +12, 6, 13
n n
Sol:
b:4x(—13)—(—2)x13 A I~
4%x6-6 b P(x) p p
=-1.3
RPN ) JPO 1 Lo 27-1_ 4
4 4 3-1
Therefore, the linear equation is 3713 .
y=2.6-13x 3 27 4-1
4
The least squares error = Z {yi - (a +bx,; )}2 64-27 37
i1 4-3
—(6-527+(3-3.97+(2-2.6) 4| o4
+(2-13)°
=23 By Newton's divided difference formula
, P(x) = P(Xo) + (x — Xo) f[x0, X1]
25. Ans:i.8x —19x+12 ii.6 iii. 13 (X — x0)(X —x1) f]x0. X1, X2)
Sol: f(x) = (a 3;Ex 4)) 1)+ ((3 38 :)) (27) — 1+ (x= D13+ (x—1) (x3).8
=8x" — 19x + 12
== 3)( 64) P'(x)=16x— 19
(4-1)(4-3)
P2)=6
f(x) =8x"—19x + 12
(x) = 8x" 19 P'(2) =13

f(2)=6
f'(2)=13
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27. Ans: x>+ 2x +3, 4.25,3

Sol: Since the given observations are at equal

interval of width unity.

Construct the following difference table.

x | f(x) | A f(x) | AM(x) | AM(x)
0| 3

3
1] 6 2

5 0
20 11 2

7 0
3018 2

9
4| 27

Therefore f(x)

f(x) = f(0) + C(x,1) Af(0) + C(x, 2) f(0)
34 (xx3)+ [X(X—_l)sz

2!

fx)=x"+ 2x +3
fl(x)=2x+2
£(0.5) = 4.25
£1(0.5) =3

28. Ans: X’ +6x + 11x + 6, 990, 299
Sol: Let us apply Newton's forward formula

Letu:x—a:x—l
h 2

To calculate forward differences

x | f(x) | Af(x) | AM(x) | A*(x)
1] 24

96
31120 120

216 48
51336 168

384
71720

Now by Newton's forward interpolation
formula, we have

flat+uh) = f(a) + uAf(a)

+ —“(“2!‘1) A f(a)

N u(u—l)'(u—2) A3 f(a)

y(x) = 24 + Xz_l (96)

+ (Xz_ljgz_l _lj (120)
+ [xz—lj (xz—l _lj (xz—l _2j "

6
=x’+6x>+11x+6
y'(x)=3x>+ 12x + 11
¥(8) =990
y'(8) =299
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